MATH 563H MIDTERM EXAM SPRING 2018

Name:

Total points: 60. Show all your work !!!

1 (10 pts). Let c be the space curve defined by the parametrization c(t) = (sin 2t, cos 2¢, t),
where t € R.

(1) Find a reparametrization of ¢ which is by arc-length.
(2) Find the curvature k() and the torsion 7(t) of the space curve c.

2 (20 pts). Let ¢(t) = p(t)(cost,sint) be a parametrized plane curve, for t € R, where
p(t) = 7 + cost for some real number r.
) Show that for any r, c(¢) is periodic. Moreover, find the period of c(t).
) For what values of 7, c(t) is not a regular parametrized curve? Explain your reasoning.
) Explain why for each of the values of r where r > 2, c(¢) has at least four vertices?
) Suppose r = 1.5. Determine whether c(t) is convex. Moreover, what is the winding
number of ¢(t). Explain your reasoning.

(1
(2
(3
(4

3 (10 pts). Let S be the surface (called helicoid) which is parametrized by the map
F :R? - R3, where
F(z,y) = (zsiny, —z cosy, y).
Show that S is a minimal surface.

4 (20 pts). Let S be the surface defined by the equation z2? + y? = 1 + 22. For any fixed

real number 6y, consider the space curve ¢(t) = (cosfy — tsin 6y, sin Oy + ¢ cos Oy, t).

1) Show that for any ¢t € R, c(t) € S, i.e., c(t) is a smooth curve on the surface S.

2) Find the normal curvature of c(t). '

3) Determine whether ¢(t) is a curvature line on S. Explain your reasoning.

4) Prove, without computing the principal curvatures or the Gauss curvature, that both
principal curvatures of S must be nonzero and they must have opposite sign, at every
point of the surface.
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