
Lecture 2 S .O . D
.
under wall-crossing

Naive ideasX smooth prej. variety X4 IDN
codimX=1 => X is a Fano visitor (Kiem-Kim-Lee-Leel

codimX1 = f . f . Db(x)< Db(BIx/PW) (orfoul
BIxIP* is rarely Fano but...
Question Can we arrange it to be log Fano ?
Def Y is called log Fano (or Fanotype) variety if

&

there exists a D-divisor DcY such that

(7,9) has felt singularities & -LK+A) is ample
I don't know any counterexamples (yet =(

*

In fact ,
there are some interesting examples :

&



https://colab.research.google.com/drive/1qUTYWFOgKur9JMJtqGkl0wypG15gLbUP?usp=sharing

Th (Aravenal let X be a #3 surface with PicX =-.A

Define genus of X by formula
N= 2g -2

If gz3 then X- IPC and BIxIP is leg Fano !
141

However
, this is not proved by exhibiting a boundary

divisor A . Instead
,

a much stronger result is proved,
a complete description of the stable base locus decomposition

Example g = 44

#

Any genus :



g= 44
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blow-up ofX 2-secant flip 3-secantflip
·Sequence of antiflips of(wisted) projective bundles↑

-k becomes "more ample"
·The sequence continues with antiflips over

X24), ..., X(0) (Hilbert schemes of points on X)



· followed by an antiflip overMrandatshea
CHK medali space of sheaves on KI surface x 1 ,
·two simultaneous disjoint antiflips loverCl andM2)
·The result is a small modification BIxID

**
..... Miz ,

- Miz is Fame ! - BlyID"" is Log Fano/Domenplum,a T
A

T- ~ +
Class of log Fano varieties IP*x IPT
is closed under Som Bu

+
-

and contractions m IP M+

(Prokhorov-Shokura) I

· Semi-orthogonal decompositions -iunder (twisted) standard antiflps rh IP- < wh N +



Brauer class twist
· DS (m+= <DP (m -1

, DP(D) ,
DP/B, p). . . .

.. Dblip")]
(T+- +& is* (a(

*( (0un(1))(a(+*(00(k))
(Bondal-Orlov Belmans-Fu-Raedshelder (untwisted

Aravena (twisted case)
· h+ 1 = rk+ rk/p-

S

Iterating over a sequence of antiflips M.Mr..., we get
·Covellary #3 surfice X is a Fano visitor (itg#3 mod4)

· Bonus There exist HK varieties of arbitrary
dimension that are tano visitors

,
e

.g. X
123

,
on 8%

·Where does the sequence of antiflps come from ?



Remarks · Each Mi is a Lagrangian submanifed
in the HK modeli space of Bridgeland stable objects on X
·If gis even (and possibly if g is odd) ,

there exists

a Poincate family 3 on X * Mi and
->

FM &c : Dh(x)-DP(M
,) is alsofif!

·In is a very different functor than the "torsion" functor
defined by iterating standard antiflips but

the proof "mutates" one into another
·I will explain the technology but for a different
modulispace : of vector bundles on curves



what happens to the S.
O.D. 's

beyond the Fano model ?

In our example of a g=44

k3 surface, we can continue

beyond B1xIP44 ... Miz :

alp-IP- p
+

J
M
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IP" se
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Mig 1 ,
I

M
,a

divisorial
(3)

Mic Mo d contraction

x
.Lin Mis L



In this direction ,
DP decreases - but how ?

More generally ,
consider a 2-ray game :

Netthil log Fame L

& extremal contraction
Nef(M , ) . log Fame Mi

i i
Nef(M) Fano small

M
modificationsMOVIM)X ·

Net (M2) los Fam M2
Net (h) log Fan dextremal contraction

For simplicity , suppose all these varieties are smooth



Two-ray gameconjecture : there exist S
.
0 .D

.S.

&AMi)
compatibility
with contractions

< A. ... As 13, ...Dr G ... Er ..... ) =DP(M)
S

t Braid group action

↳ Ai ... Ais 13, ... C. ... Er ..... ) =DP(M)

Ca, .... As % . . . (() =x3(m)compatibility
< A ! ... As = xb(h)

with contractions



· Notion of compatibility depends on geometry ofcontractions
· For projective bundles , blow-ups, and standard flips
compatibility is given by the Bondal-Orlor package
Example Db (In?)

ePWEH OL) (H) a
-

exceptional BIIP
divisor line
E it

pi -
OILE) CfL) OLE) C

Mov = Net
#

*XP1XP)
L-E Cruling ofa Db(n') = J 0() ,07

&



·If this doesn't sound too unrealistic ,
here are

even more outlandish conjectures about Db(Fanol :
· Kontserich Conjecture D"(M) has a "canonical SoD"

lunique up to mutation) indexed by eigenvalue
in the quantum spectrum of M.

s Braiding Conjecture Mutation in two-ray games
is induced by the monodromy of the quantum spectrum
sto state this conjecture rigorously , I need
to introduce some notation

I standard for the Imperia College)



Full exposition in these notes
,
but only

highlights in the Lecture :
NEIM) B = Spec & [NEIM)&He (MID1]
Moricone & ENEIM)nHz (M,2)me @ EO(i)
D

⑧ laffne toric variety)
⑨

⑳ *

OtB "large complex structure limit"
Hz(M , IR) small quantum cohomology :

&H (M) is a sheaf of finite-dimensional algebras on B
lassociative

, commutative, ... )
& H(M) lo = H

*(M ,()



· Convex polyhedral coves
Nef(M) <N (M) = H*(M,M) /recall : Mis Fanc)
NE(M) < N (M) = H2(M , IR)
· - office horic variety is with come Net (M)
O(D) is a serigreap algebra with basis
29 for de NE(M)nHz (M ,

2) (Novitor variables

B H2(m, c)-Hime)< B

open torn
-1- eT1 A %(a) =Sin

-A OEB

large complex structure limit



small quantum cohomology &H(M)
· free 0lb)-module O(B)H

*(M, C)
· algebra structure
#08 , 86: ECB. HOD" lusing Poincare duality
de NE (m) M Hu (M ,

2)
-

where (p . ja = evisverisvev;S
Ma (M) moduli space of stable

genus 0 maps LE M
withI marked points

Example &H(M) loo =H(M, ()
and class f(c) = d



-

virdim Mo
,
n

,
d(M) = -Kid + dimM + n-

=>P .V= unlessdeyandyp-degf) = - Kmid-dim M

- · Kipit] =o for all but finitely many o
· QH(M) is a graded algebra
wt(pd) = -Ex -d

wt() = E degd
· If < is represented by a Poincare-dual Cyclev
= wt (V] = real colim (v)/2

= complex codim(v) (for complex cycles

Example : 1 = [MJ unity of &H (M)
(weight of



Def Quantum spectrum & S(M) cBak is the

spectrum of thenear operator -KmH(M)

Example : QS(Moer = <03 fat point
S

because (Km)0 · is hilpotent

Example : M=D2 Basis 1=<Y (1) (P7,
FE(m)

·
- K=3 en 1003

characteristic polynomial T -27QL
Homogeneity : with ,

w+(Q = - K : L =3



Dehomogenize : Q · 3 w C

QS(1P) = ·

35
·

3522

In general , RS(M)<BXK is preserved by the
Daction with weights w+ (0%) = - K .do

wt(T) = 1

=> we can view &S(M) as a subset in the
total space of the line bundle (l) on

B140]/D* = ↑' if b (m) =2 : will assume
· for simplicity



Example : M= B1pIp

-k (m) [L) (E) (pt]

- (m) 0 292 2. 92 39.
.

92

[L] 3 o G 292
L - E

(E) -10 - 91 - 292
9, = QE

B=
92 = 0

.-E [pt] 0 31 go

Char Poly T" + q ,
+"

- 892t236992t-279192 +16g2



Monodromy of eigenvalues
X2

9. =092 = 1 T
!

-8t+ 6 = (+-2)"(T+2)2 "

· Iq :2)
Contour :

N

-

----- . M 1 A monodromy& contour avoids points
of eigenvalues

⑨ where CharPoly has
g multiple roots

9. = 1 92=6) T" +T = (T+) +
3

& X
-10



https://people.math.umass.edu/~tevelev/eigenvalues.html

·

g
· t uug · ·me o

T J
anticanonize print

92 =0 (9 1
= 92 =1)

91 =0

Watch movies at
S



· to compute the mutation ,
choose "grading

by connecting eigenvalues do a reference point
·The grading determines the order of the SOD
·

r stays f.
stay)

·
------- mutates

/I mutate
---- Cp1

pt IP? mutation mutation

PEH)'02L 01 - #( #2
D10) D"In'y

· This shows how "compatibility" with projective bundles
look like

.
How about more complicated contractions?



Example BEIN) =Q
, nQ2 degree a genus /

&

J E ⑨

↳ we ↑ um

&
·

anticanonical point
The second contraction
is a quadric fibration BEICo 3
Theorem (Kuznetsov) D /Quadric fibration)
·

=Db/Sheavesofeeh) ,bar .....Daa
on the base- D(nooth) don'

T
like for the projective bundle



How about singular contractions ?
Example M=BIpI" ,

K3 =@n&
anticanonical point Finally,

↳
&

> ·⑨ 7 ··-
⑨

13 144
⑳

g &

The second contraction M-X4C/5 singular
abic fourfold

Db(xi) :<A
, 0(2) ,

UH)
,07 Kuznetsov component

Theorem (Kuznetson) A has NCR =D (K3)



· Justification . Koutsevich's Homological Mirror Symmetry
Db(M) =FS(MY, w) ,

where w : M-> K is a function
Fukaya-Seidel (superpotential (

·Mirror Symmetry Switches Kaller o complex model:

-> variation over B gives a family of mirrors
&

· Example : M= BIp= M=(D
*) W = x+y+

· &S(M) = [critical values of Wh



· FS(MYw)
, by definition, is constructed from

blocks indexed by &SIM) glued into an SOD

using a line field ("grading")
·Critical locus of the superpotential over ·@S(M)

should be a mirror of BlockcDb(M)
· Examples :

BleIP3me fiber over o is an elliptic curve

Blky" me fiber over o is a k3 surface
An example where both contractions are birational
onto smooth Fans manifolds :



Example M
= BlaID3 1st contraction

> IP3SCg=2
21/ deg5

2d contractionMM29BleQ
a line
/D5

Eigenvalue mutation proves a theorem
of Bondal and Orlov

DP (0
, 102) =<DP(pH

,
DP(c)

, DY(pH]
UH90 .My

on 2xSuc12a)
,
0 = 42

9.D (c)-+DP(0,n02) (Newstead
11

.

Suc(2 ,
1) genus =2.

E Poincare rector bundle fixed odd det

-

-



To generalizethis to every genus,
we use secant flips

of Bertram-Thaddens . Choose &E Pic& C
,
d=2g

divisorial divisorial
contraction standard antiflips contraction

39 -3

EGBIcIP = M ,
M2 Mss . . . . Mg.1

- Z

Su
Syne Sync ..... Sync

M=Mg-1 is Fano (in particular ; Blc/P39-3 is leg Fano)



"(m) =<Ap.. Sync ....39-2 29- 5 39 - 8

by the Bondal-Orlov package.
=> C is a Fano visitor

&

Bonus SymbC is a fano visitor for keg-1
choosing d2g-1 ,

One can embed

every Picke ,
and therefore Jack

small quantum cohomology &H(M) is not known
but we can speculate how the quantum spectrum
QS(M) looks like .

What happens under flips?



OfM

for extracted) before
Curve d was antiflipped #Bot &Hm

↓ Cog Fano Mi c*trajectories
(k) -do · d

NE(Mil conjecture : OH converges
in some neighborhood of OEB
= converges near the walls

-
(k) . f s0 using CP-trajectones.

Curve f needs to be
=) Emerged quantum spectrum

antiflipped
is transported along trajectories



of Theorem (Shen-Shoemaker)
- transport Quantum spectrum of #P<I& here the standard antifep Mi2S emerge froots of unity of erder v-s]
·

↑
od

↑negative if s is even

- After a sequence of standard and flips, &SIM) Fano
Mg-2 ⑧

will look like concentric circles
⑧ &

·
8 M3g-2 ,

- Meg-5 , Myg-8, . .
&

--- &
·000. · g pt 2 sync
⑧O &

o
&

emerging from the origin
·suct)) Now follow the contour...



J. Sym close to the south pole , we

should see the emerging
· sec quantum spectrum of SUc

· SymC which was computed by del Bano
C

So, eventually, this quantum magic will prove
Theorem (T.

-Torres)

Db(SUcK , n)) has SoD with blocks DP(Symb2)
2 blocks for < g-1 ,

I block for k =g-1
Remark This includes Narasimhan's theorem, mentionedearlier , that Is : Dblc)2 Db (SUcK,All is fully faithful
The technology is not there yet , so I will prove SOD
differently , by "guessing"and analyzing the mutation.


