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YcX zero focus of SEH(X ,5) codimY =
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· D3(x) is not an abelian but a triangulated category :
morphism A FEB me exact triangle A EBEC*Al]

&via the mapping cone construction shift functor inD(x)
A CohX D"(x) Fully-faithful (preserves Hom spaces)

Ar( .. ++A co
-]

degreep
· otAtheCgo t A-B-C-A(i]+ take exact hisleglesshortexactsequence exact triangle to exact triangles
Ext(A ,d) E Hom(A , B(h))

8 commute
witt

luse: as definition if A . D = DP(X) I
· Functors of triangulated categories are presumed to be exact
· Classical functor of abelian categories are loften
not exact but their derived functorsare exact

~



Focus of Talks : Fully-faithful functors P : Dh(x)- DS(4)

including equivalences) ↑
· Fully-faithful functors are rare another smooth

Nonexamplep S

projective variety

krok(p) Skyscraper skest
Hom(k , k) : k and Hom(f(p), f(p) = be
Howilk,h(r)=0 but Hom(t(p), h(p) (1))= ExtrHtelpltelp)) = Tx

,+

=>Not Fully faithful !
Tayent wester 0x-Uz

- 2 fre (f(p) , filp)
extension of(p) + Op -h(p) toUpshot : the point is rigid on its own but moves in X



Example FullyFaithful Dh(p)-D (9)
k1- E

Ext"(e
,
E) =[

E is called an "exception" vector bundle (or sheaf or complex-

Example Y Famo => Hi (Y: 0x = 0 , is 0 -> Up exceptional
Uy = Ky + /-ky) Kodaira vanishing

ample
More generally , it 9 :Dh(x) + D" (b) is f-f: =>
· UpeX, Di = 0

Ext
: (4(k(p)) , 9(h(pi)) =ExtiChlph . h(p) = Ga : Tox ocisdiax

& -p +9. . O If iso or

Exti (G(h(p))
, P(k(q) =Ext" (h(p) , k(q)) = 0

is dim X

Bondal-Orlov criterion & isf . f.> green conditions



observation.If 9 is f.f. then X is a moduli space of objects inD(4)
This has two ingredients:
Cl (Orlor)4f f = ZEe Db(XXY) (Fourier-Mukai Kernel)
sid that 4 =Pa =>(MY(f3) (Fourier-Mikai transform
=> Function PEX1 Sp :=S(h(p)EDb(4) can be upgraded to
[T-points of X312familiesoobjectin] via pullback oa
(2) f. f. property e X is a complete module space of objects inDP) :
· Exth(Ep, Sp) = o ko Inceded to define modeli of objects inDP(4)
· Hom (Sp , Sp) = k = souple objects
· Ext'(<p, Ep) = TpX infinitesimal deformations are controlled byX
· obstruction : Ext' (sp. Sp)+ Ext1(, sp)=&TX vanishes (it is symmetric)
· Hom)Episal=0 it P+g =) Ep moves withp /notby some other reason)



One can also ask : are EpED(b) stable with respect to
some notion of stability on i ?

Example (Drezet-LePoitier , 1985) Introduced and constructed
exceptions recher bundles on IP2 , proved their stability
Examples of f- f · functors :
· Fe X projective bundle

.

· ((((DPP-
: D"(x) + DP (3) ff.

k(p)+ On +(p)
P

EGYi· Y =B1zX blow-up in↓ Lott D
P
(2)+D

*(3)fff
· YeX RfaDy =Ox

z4X k(p)(n (p)
/

leg . blow-up or projective bundle) - Lf*D"( +D43) for



More examples : Extremal contractions
↓ come generated by effective curves in

Movi Come NEI) < N . (4) <H2 (D, It iNet Come Nef(D) <NLY
spacesconvex dual

ofE(3) spanned by curves/divisors

Come +BPF Theorem · NEID)↑EK) 0 locally polyhedral come
· generators P = (IP) ID's rational

curvef-

· 7 f : YeX
, fldpt(c]eP

· Rfalyx = (f: DP(X)->DP (4) fully-faithful
if X is smooth . Unfortunately

,
X is often singular



Adjoint functors

(Mukan)Any FM functor Pg :D(X)->D(7) has adjoint functors
= 9 quoSy and D= Syogar , where
&(leftadjoint) Rom (3,0x) I right adjoint

Sy :DS (y)- Dh (7) is the Serve functorTheT by (dim4)
=> If P : DP(x)+ DP (y) is fof. then A = 9(DP(x))
is an admissible subcategory of DP(4)

full thangulated subcategory with adjoint functors for inclusion
= 13= = [B : Hom(R, A)= D FAEA) also admissible
=> DP(Y) = <A ,B) is a S .

O .D.:
(1) A

, 13 full triangulated subcategories
(2) HomIBA) =0 VAEA

, BeB



(2) VTE D/Y) - exact triangle"projector functor"
B +TeAmB(1] here A = P

*

(T)
9 :Ac DP(y)

Likewise , we have a SOD DP(7) = <C , A),
-

S

where T =At Furthermore
,
C=B as triangulated categories

In fact , 3 =300y Ins Cerre duality
This is an example of a mutation(A.3)

Longer SOD DP (4) = <A, . . . . And < eTAL
· Filtration 0 =to .... <En = DP (4) by admissible subcategories
· Ti = <Tit , Ai) 2-step soD



Example Y index Fano Wiur)
= DP(i) = <A

,
0 (ru), . . . ..0
↑Kuzhebor component

Example Db/IP") = (0th).., 0) Belinson exc. collection
(the only case when the Kuznetsov component =0

Relative version (Ortor) X= /(3)* Y projective bundle
of rank n

=> Dh(x) = ( ++Dh(y)00 (h) , . .- , # " D4(4))
orlor blow-upTheorem X =BlzYfe

E

DP(x) =<HPD(z)00
+ 1-h) , foDP(T)) 1xk > Codmitz)-1



Braid group R, acts on -Step SPD via generators :

Sut.... Ai Aix
.... Ar) and

I I

Ja ,
... Lailn Ai .... Ar)
& ↳ mutation equivalence functor
Ai+ 1 -

Concretely , TeAi+=Junique 44 : (t)+++1(T)
exact A* Eit Laildia)

· Example : A , Az.. Ar
9 : A; D3(7)

-1-1--
AWx . An Ar



which DP(3) admit non-trivid SOD ?

Example Suppose DP(4/:<A,B) and Wy =O>
then (A ,

(3) = <BOW ,A) = (BA) => D (3) =AB

EpEY , h(plEADB HomItelphapl =k => h(p) = A or te(p) +33
B => Y is disconnected

This simple argument can be much improved.

Conjecture W
- net effective -DP(4) indecomposable
Y connected

..

Th /Lin, based on work of Kawatani-Okawa)
& BS/Wg@L/ finite = DP/4) indecomposable
(Pic (y) Itopologically trinist live bundled



(Kawatani- Okawa proved the same statement for Bsly
Example C smooth projective curve rante I stable pair

Symh2 = ex .... x2/Se
=Seffective divisors of degree thisf
= <(5 , 2) : Lepicke , 0

.
EcL

, sto
Th (Biswas-Gomez-Lee)
P, +... +ph Bs(k) # holp ,+... +pa) > /
This shows that

-

h < gou(c) => D/Symbc) indecomposable
But one can dobetter :
b <EDP (Symbc) indecomposable



Abel- Jacobi map SynCEPicC is birational

=> Do (Syme) = < ?, DP (Picc)]
e ↑

via (2
*

· EDb(Symg-2e) Note that & is not an isomorphism overthe
Brill-Noetherlocus B=GLEPic92 : 40/L(,2]

(Toda)
= ELEPicgC : hO(K-1)3 13

A birational map Symg(-> B
Dr O(k-D)

is a resolution of singularities
Toda constructed SoD of DP/symbc) for all be
kiso => Symb2-PickC is a projective bundleI

=> D(Symbe) = <DP(Piche) , ...., DP(Piche) by Orlor theorem



Fano visitor Conjecture (Bondal) V smooth projective variety X
there exists a fully faithful P : D(x)<P(Y) , Y Famo
This looks like sayingthat every X can be embedded in li"
but analogy is superficial : we can deform subvarieties of Ith but-

If functors & do not deform since X is the moduli space
of objects EpEDP(y) (except by applying automorphisms ofX
In fact , admissible subcategories AGDP(?) also don't deform
land deform uniquely if we deform You I'l:
Caveat : If A = D3(X) then deformed AcDb(Y') can be
non-geometric (i .e EDP(X1) Admissible subcategoriesAcD44)
are examples of proper & smooth

non-commutative algebraic varieties



Example : YCIP5 cubic fourfold DS(3)=<A ,
01-2)

, 0H), 0).

DP/k3) or deformation of DP(K3)
Remark N. C. deformations are rare :

IfH
?(x, 0x) = Ho(X, "Tx =0 => HH2(X) = H'(xTx) and all deformations

Hochschild cohomology are geometric

Famo visidor conjecture implies that Famo varieties
are abundant

, there are as many of them as

Where to find Faho hosts ?
smooth projective varieties :

Favo complete intersections (including zeros of sections
of rector bundles) on key varieties like ID", flag varieties,
Famo foric varieties

,
etc. are not enough even



b
. embed derived categories of curves Dblc) go
(moduli of complete intersections are unicational

but Mg for gaso is not) I

Remark Works for some varieties with unicationalmoduli,
c(D2g+

Example · Chyperelliptic e D"(C)< Db(@. 1P2)
(Bandal-Ala)

· Any smooth complete intersection in ID" is a Fano visitor
(Kiem-Kim-Lee-Lee)

Let's brainstorm some ideas where else
↓ find Famo hosts



Idea I Constructi as a modali space of objects on X
Example : X=pt = T=pt .

So can't get complicated
exceptional objects (ECCDP(4) but gad enough !
Using universel families to construct fully faithful

functors is classic :
Example X = abelian variety

= Pico(X) dual abelian variety
3 Poincare line bundle on XXPic'X
Th(Mukai) Na : D

"(X) -> DP(PicX) is an equivalence
Sketch Since both are indecomposable ,

it is enough to check
Yar : Dh(Pic'X] +DP(X) is fully-faithful.
By Bondal-Alor

, this is equivalent to



LLEPicOX = Exth((
, (2) = HR(X, Li0) =0 UK

Good exercise ! If can't solve , resort to mirror symmetry
This calculation shows that checking the
Bondal-Orlor enterion involves proving a lot of
I

non-trivial valishing theoremsIt also shows that we have an obstruction :
obstruction In general , Pic:# & any moduli space You X
Action is typically not trivial (e.g . formodali of vector

bundlessbut Abelian varieties can't act on Fano varieties
(3= Ant1Y)GPGLN+ linear algebraic groupumk/

Solution Consider. moduli of objects wit fixed determinant



· Example C smooth projective curve of genus 92 .

· SUc12, a) modeli space of semi-stable rank 2
vector bundles Fon C with defF =A

· Fano variety , dim = 39 -3 , Pic= 2)=<*)
· Suc ,n = Suc12 ,not

%) = 2 cases only
FFL

· deg 1 odd
SUc(2 , 1) smooth

,
birational to IPEXH(n ,C) =1439-3

· degn-even
SUc(n) is Gorenstein ,

has rational singularities
S

Univationalitionalityunkhorn(egbers i



Th (Narasimhan) det odd t

- Poincare rectorbundle Een 2xSUc(2,n) and
9. DP(c) -> DP(SUc(n) is fully faithful .
E

· In particular , C can be reconstructed as a moduli
space of recher bundles on Suck,M) : Toreli theorem !

Later
,
I will give a simple proof of Narasimhan's theorem,

which can be extended to construct a full S- 0. D.

of D(Shc(2n) conjectured by Narasimhan and
> Belmans-Galkin-Mukhopadhyay
as well as of BPS categories for the even determinant
I proved in collaboration w.

S .Torres & E . Sinte)



How about surfaces? Let X= K3.
on H/X ,0x) =0 does not caule problems PicoX= (0x)
1620/

--- But HX, 0x) =hdest-deg1

Indeed
,
take EED"(x) with

Consider the composition
Exte

,
EExte,)* Exte ,e)= Homeet" = b

Fact (Mulai) m is shew-symmetric & non-degenerate
= · moduli are unobstructed but also
· Hyperkahler !

How to find Famo subvarieties in HK varieties?
The restriction of &EHO(HK,2) to a Fano subvariety
vanishes - Famo subvarieties are isotropic

-

m.



Th (Aravena) If Pick3 = 2)
, genus is even

· 7 Bridgeland stability condition 6 withHK modali
.

space M/6) (birational to the Beauville-Mulcai system)
· 5 Famo Lagrangian Y CM16)
·I Poincare family Son XXY of 6-stable object
and the functor &G : DP(x)-> DPY) is fully faithful

What is the next obstruction to existence of Fano moduli


