
Exercise in homological mirror symmetry
joint work with Yanki Lebili

Two players ;

· Affine toric surface X

Spec ((x,y]M = + ( , a) (r ,a) = /

3 Mr , 3r [339]

· Non-commutative r-dimensional algebra R

· basis 8 : it ?

Witj (modulor]
· WieWj = E or O ???
How to decide which is which ?

Let beat mod r



Example : r= = a= 3 b = 5
j i +j
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5 & 24613 [a
4 61352T Wij = Witj El35

n ? 4 I I 35 . 24 no orange dotsI ⑨ 24611+ / · 2461352 in the rectangle
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WiWo = WoW; =Wi (Wo = 11

Other non-trivial products :

W
,
W , =Ws Wy·W, =W+

. wz2 = W4 Wy . Wi=Wo
W
,
W
,
=l+

W2Wy =Wo

Exercise : R is an associative algebra



Observation :

R is commutative in two cases :

· a= 1 = b= = - b =- 1

: winjo fijl .... r
3 R= (w, . . ..r-,/Wiwj =02

I
⑨

0 Nara - - - - - -

· a = b = - 1 = -b =

· 8 Wi = W ,

i
i=l
.....
r-1

.. 0
3... 9

2)-- .
a R= k(w,)/ wi = o123 -1 . e

0123 ... a

Theorem (

(Lekili-T) R is isomorphe do the
Kalch-Karmazyn algebra of X

Stake as a definition for now]



(alck-Farmazyn)Doing (X) = Doing (R)
1

DP(x)/Perf(x) DP(mod-R) /perf(R)
Sinvert Us AER-Ce for CePerf(x)]

Let me sketch the proof and then
generalize b deformations.

We start with some symplectic geometry

(1) Transform grid int curves in IR?

#



Interpret orangedots as "punctures" and
add blue punctures to the left ofthe orange one

(2) Exploit periodicity under [cIR2:
project to 2-torus IRY =TT

~

wI
*
·

5

4

· I2

I

Many curves in IR2 become one
connected closed curveKCI

(3) Perform a Floer homology calculations
T symplectic torus with 2 punctures2

- exact symplectic· Form w =d>



F(th) exact Fukaya category
as defined in Seidel's Look :
objects= connected, compact, exact Lagrangians

(a1dexact)
with extra "brane data" - ignore

Every closed curve is homotopic to a-

unique exact Lagrangian up to
a Hamiltonian isotopy

-we can draw random curves and

pretend they are Lagrangian
In particular, le j(tth
Lemma (Lekili-T. ) R = EndFlak
In general,
· Endj(z)k =CId+ &W,self-intersection

points of Ik
The sum is direct if there are no
holomorphic

with< - true in our case!bigons -
Lagrangian boundary Iso who punctures)



·Composition of endomorphisms is
controlled by holomorphic triangles
with Lagrangian boundary jk>

~

wiw= [IWe
S i

triangles
But this just gives back

our definition of R ! [
Next

,
let's do some

algebraic geometry
(1) Compactify :

affine surface X Prejsurface
A = ip

toric
axes - ⑨ ⑧

⑳ PB=&
P Ismooth point)
+ (l ,a) E =AUBel-k1

·

Exercise : * exists



(2) Construct a vector bundle on X :

Kawamata NC deformations :
X plej . variety , GeCoh(X)
low G is an element of some abelian category)
Run an algorithm :

F : = G- Is Ext (F,G) =o ?e Stop .

- ↓No
OUTPUT F

L

F:=H & NON-SPUTEXTENSIOT
Typically , this algorithm does not

terminate but if it does ,
the output--

does not depend on choices made .

Th/ Kawamata,
Karmazyn-Kuznetsor-Shinder)

The maximal iterated extension of
the divisorial sheaf OFA) Con X
exists O is a Vector bundle F of rank r
called Kawamata vector bundle



Note : Ext" (F
, F) =o almost by

definition
Easy Bonus : Ext(FiF) =o
Almost an exceptional vertor bundle
(3) Compute the endomorphism ring
Theorem /LehiliT) End (F)ER

-

Proof a Reduce dimension :

E =·↳P

rector bundleon the curve! #E

(Exercise) End (F) = End (FIE)
· use Homological mirror symmets

·

(Lakili-Polishchuk)

Perf)) Flo... )



XI
&

· X 2 some mirrors :

E
! Y

Off (h(x , 1) m (t(x)] m

·

020eq)) -k(X) -om Dehn twistsE

Perf E E(T)



· Identify the mirror
Kawamata v. b. Kawamata Lagrangian
Flex K
↑

↑

Perf(0) 50 ·(
In particular, End (FE) End (IK)

211

R
Now we can invoke various results :

Categorical absorption
Theorem (Kuznetsov -Karmazyn-Shinder)
Db(x) = < 5

,
(3) SoD

AEDP(R-mod) 1 Perf(X)

Corellary /proved earlier by
Kalck-Karmazyn)

Using (X) = Doing (X) = Dsing (R)



Next : Let's deform ! keep thenode
to use exact

E
SEnkaya category

(EcX)X ↳ Y Ismooth

↓ ↓ ↓ surface)
It't t == t=0

Theorem (Kollar- Stephend-Barron)
Defx has smooth irreducible components
indexed by certain partial resolutions of X
Exercise : The same is true for Def

and Detect
Theorem (T

.

- Urzia)
· Kawamata bundle F deforms to Fon 2)
· R= End (5) is a flat deformation of R
· Categorial absorption
DP(2f) = <DP(R)

,
B)

, Expert (n)
· If we choose a general smoothing within
some irreducible component of Defect
then R+ is a hereditary algebra



(which depends on that component)
C Ext2(X,D =0 X, Ye Remod
EL Re is Morita-equivalent

to the path algebra ofan-

acyclic quiver without relations

Example&(1 ,3) V=4a =3

b = 3 -b= 1

↑ (1 , 3) = (nv = w4)

versal deformation : nu=wi+ Amanita,
Kalck-Karmazin algebra

R = h(t)/t4

versial deformation : h(t)/t"+ a
.+* azt+a,

no multiple rests = kohekok
quiver p - &



Example EllisBy Pintham (73) singularits has
2 types of deformations,

①-Gorenstein component
-DefX Artin component

Kalck-Karmazyn algebra
R= k [W, wz, ) /winj =o

Gabriel (73) classified its deformations
Artin ①-Gorenstein

deformation ofX deformation of X
3 3

deformation of R to deformation ofR to
Path() Matz(()

(there are mains other
deformations of R)



Example from K-SB& (1 , 7) has 3 M-rections
Iself-intersections

on the resolution)↓ ↓ I
-3 - 4 -2 -I -3 - 2

&

minimal resolution (i?) (?)
(self-intersections)

Wahl=- (a)= ( , na-1) singularity

Corresponding quivers :
Mate Matz Matz

9 + 4 + 6 = 19 1+ 4 + 1 + 2

dim R = dimR= 19 + 6+2+3=19

Fully Faithful
Th /Orlov) DPlany quiver-

&

DP (variety of large dimension)



Rhi Most quivers are not embeddable in
Db /surfaces (strong restrictions on Mutea>

lattice studied by Belmans-Raedshelders (

Corollars A lot of quiven do embed
by our construction, in fact enough to prove
conjectures of Belmans-Raedshelden

-

-

on possible embeddings
Now that we understand R=Ro and
its deformation Rt ,

to , How

about the family of algebras R ?
Th(Lehili-t

.) Explicit formulas for
h(+) - algebras R .

Example
Wahl singularity in (1 , ng+) (n

.g)=



Precisely +11, a) admitting
one-parameter DG smoothing

X -> Y

to to

drank -
Th (Kawamata It for +o
splits asItE H*h

,
where

H is a rank n exceptional restor bundle
introduced by Hacking.

=> Rt = End (F+ ) = Matu (h)

By Tsen's theorem , R is isomorphic
- toa matrix order :

S

· R < Matux (f(t)

· R is a bit)-subalgebra
·R is a free h(t)-submodule of ranb n2

=



Th(Lebili-+ ) Explicit formulas for :
Examples
↳(1 , 2) aic h(t)

(1 ,2)

Approach for explicit calculation :
(1) Factorization of the deformation

problem :

Defecx -Def R

J.
(907)1 End Fla

Deffle
, a
(deformations of Fe to 2)



However
, for a typical deformation

-ef Fle
,
dem End (2) dim End Fe

-

dim R

&

Define Diffe
,
Defe

, a hy

requirement dim EndU = r (inaximal
possible)

.

Factorization

F+ V= Flghe En (v)

Detec-Oct-Defr
From mirror symmetry :
Th(Lebili-4.) Explicit description of-

Defte,s and the family of algebras
End (c) over it

Aprion; one expects Defite
,a
do be big but

Conjecture (verified for r= 32)
Detec Defite

, a
=>



Mirror Symmetry For &(heluti-Pelischute)
Perf & E Fut (It

, (33)
> ↑

-

A
relative Eukaya orange puncture blue divisor

In description of compositions
of morphisms, every polygon u

contributes Smult(n<53)

Def
Flea

is computed in Fuk (H
,
[S3)

using the formalism of bounding cochains
of Fukaya-Oh-Outs - Pro .

~


