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Abstract

This document contains additional proof details which were left out
of the main paper for clarity and brevity. These are mostly straight-
forward calculations.

1 Terras’ theorem in Fy[t]

1.1 The map 9,

Let ®,, : Fo[t]/tN — {0,1}" be defined as the function which maps each
element f € Fa[t] of degree less than N to the first N terms of its parity
sequence.

Lemma 1.1. The map ®,, described above is a set bijection. That is, every
sequence {po,p1,...,PN—1} with p; € {0,1} is the first N terms of the parity
sequence of a unique polynomial f € Fo[t] with deg f < N. Specifically,
the parity sequence determines the initial polynomial f and its N-th iterate
TN(f) as follows, up to choice of qn:

f=gn1+tVqn, deggn-—1 < N
TN(f) = hy-1 +m* Mgy, deghy—1 < ds(N)
where d = degm and s(N) = Zﬁglpi. Therefore, parity sequences of
polynomials in Fa[t] of degree < N are distributed uniformly in {0,1}".

In the paper we prove this lemma by induction on N. When we come to
the inductive step, there are four cases to consider, depending on the values
of hxy—1(0) and py in {0,1}. Here we give the full proof for all four cases.



Case 1: hy_1(0) =0, py = 0. That is, the N-th term of the trajectory is
‘even’ and gy is also even. Let gy = tqn41. Then the next term is
v hyor +mtWgy
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We can rewrite the initial polynomial as

+m* N gni

f=gn_1+tN gy

Since deg hny_1/t < s(N)degm and deggny—1 < N + 1, the theorem
holds in this case.

Case 2: hy_1(0) =0, py = 1. That is, the N-th term of the trajectory is
odd and gy is also odd. Let gy =1 4 tqn+1. Then the next term is
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Let hy = : . Since deg hy_1 < 2s(N), we have deg hy <
(degm)s(N + 1) as required. We rewrite the initial polynomial as

f=gn-1+t" (tans1 +1)
= (gn-1+ tN) + N gy
Clearly deg(gn-1 + tN) < N + 1, so the theorem holds in this case.

Case 3: hy_1(0) =1, py = 0. That is, the N-th term of the trajectory is
even and qy is odd. Let gy = 1+ tgn41. Then the next term is

hy—1 +m* Mgy
t
B hy_1+ ms(N)
B t
Let hy = (hy_1 +m™~)/t. Since deghn_1 < 2s(N + 1), we have

deghy < s(N + 1)degm as required. Next we rewrite the initial
polynomial as

fng1 =

+ mS(N+1)qN+1

f=gnv_1+tVaqy

=gN-1+ N+ tN+1QN+1-



And we know gy_1 + %V, has degree less than N + 1, so the theorem
holds in this case.

Case 4: hy_1(1) =1, py = 1. That is, the N-th term of the trajectory is
odd and gy is even. Let gy = tqy+1. Then the next term is

m [hN,1 + mS(N)qN} +1

t
_mhy1+1 4 SN+
t
Let hy = (mhy—1 + 1)/t. This has degree < 2s(N + 1) as required.
Lastly, we rewrite the initial polynomial:

Iy =

gN+1-

f=gv-1+tVgn
=gN-1-+ tN+1QN+1-

The theorem is satisfied because deggny_1 < N + 1.

1.2 Gambler’s Ruin

In the paper, we describe how the problem of determining the probability
that a polynomial f € Fy[t] will have finite stopping time can be formulated
as a version of the well-known “gambler’s ruin” problem. We prove the
following lemma.

Lemma 1.2. Fork =0,...,N—1, let X}, be IID uniform Bernoulli variables
and let Py be defined

N-1
1
P;=P|dN>0: X -N|.
= p (>0 3 < )
k=0
Then Py = P, = 1, and for d > 2, P; is the unique real root of the polynomial
ga(z) = 2% — 22 + 1 lying inside the unit disk.

Here we present some additional details of the proof that were left out
of the paper to save space.

1.2.1 Solving a linear recurrence

For d > 2, let A1, Ag, ..., Aq be the d distinct complex roots of the polynomial
ga(z) = 2% — 22 + 1. In the paper, we write the probability of ruin in this
case as

P; = lim Pd,W: Cl—l—Cg—{—...—i-Cd),

lim (
W—oo W—o0
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where ¢; are the solutions of the following linear system:

-1 -1 -1 -1
AV AV AV AT 3 | =0
i )\?{V—i-d—l )\I2/V+d—1 )\;)/V—f—d—l )\}i/V—f—d—l 11 Cq | i 0 |

This system can be solved analytically using Cramer’s rule. Let A be
the d x d matrix above and let b be the column vector on the right-hand
side of the system. Using Cramer’s rule, we write

d
UO = (& d —
; Zi:l >\i lAl,i

where A; is the matrix formed by replacing the i-th column of A with b, and
A; j is the 7, j cofactor of A.

Because b in this case is just the first standard basis vector, det A; = A1 ;
for each 1 <7 < d. We compute A1 as an example; the others follow the
exact same pattern.

d
", det A;
szl (1)

1 A At A0
0 AV Y A
det Ay =det | O )‘I2/V+1 )\;)/VH )‘ll/VH
. .d_ :d_ :d_
o At et L et
Y A AW
= det /\gV—H /\gVH /\ZV—H
Wotd— Wod— W:d—
IRV Vi M '
1 1 1
d A2 A3 Ad
=[] det , ,
=2 d:f 1 d:f 1 dzf 1
AL A A

The matrix in the last row above is a Vandermonde matrix with param-

eters Ao, As, ..

-, Ad, S0 its determinant is [[oc; <y (A — A;j). More gener-

ally, for any 1 < ¢ < d, let B; be the determinant of the (d — 1) x (d — 1)



Vandermonde matrix with parameters A1, ..., Ai—1, Aj+1,...,A¢. Then

Bi= ] w—x)
1<j<k<d
Jok

And since H;l:l Aj =1, we can write
det A; = (1) T AVBs
1<j<d
J#i
= (-1 VB,

We can now rewrite equation (1) as follows:

Z?:l(_1)1+i)‘i_WBi
S (-

1=

Uy =

This makes it clear that if there exists a root A1 of g4(z) with minimal
absolute value, then limyy_o, Uy = A1.

1.2.2 The roots of g,4(z)

Here we provide a fully detailed proof that for d > 2, g4(z) = 2¢ —2z+1 has
a unique root inside the unit disk, and that this root is real and positive.
Using Descartes’ rule of signs, we determine that there are two positive
real roots of g4(z), one of which is z = 1. Since g)(1) = d—2 > 0, we
know that gq(1 — €) < 0 for small positive epsilon. On the other hand,
ga(1/2) = (1/2)% > 0, so the other real root must lie in the interval (1/2,1).

Next, we use Rouche’s theorem to prove that there is only one root within
the unit circle. Let f(z) = 2¢ and let h(z) = —2z + 1. For small positive e,
consider the circle C. = {z € C: |z| =1 — €}. The function f maps C. to a
smaller circle |z| = (1 — €)9. Define my(e) = (1 — €)% Then |f(2)| = my(e)
for all z € C.. The other function h maps C. to a circle of radius 2(1 — ¢)
centered at z = 1. The point on this circle closest to the origin is the point
z = —1 + 2¢, with magnitude | — 1 + 2¢| = 1 — 2e. Define myp(e) = 1 — 2e.
Then for all z € C¢, |h(2)| > mp(€). See Figure 1.

We claim that for small positive €, my(€) > my(e) and therefore that
|h(2)| > |f(2)| for all z € C.. Notice that m(0) = ms(0) = 1. Calculating
the derivatives of the two functions, we see that mj,(0) = —2 and m’;(0) =
—d. By continuity, since mj,(0) > m/,(0), my(€) must be greater than m(e)
for small positive values of epsilon. Since |h(z)| > |f(2)| for all z € C,



Figure 1:
Im z

9a(2) = h(z) + f(z) must have the same number of roots within C, as h(z).
The function h(z) = 1 — 2z has one root at z = 1/2. Therefore, for small
positive €, g4(z) has a unique root inside the circle |z| = 1 — €, which must
be the previously mentioned real root lying in the interval (1/2,1).

2 Terras’ theorem in R,

In the ring R, = Fa[z,t]/(2* + tz + r(t)), we once again formulate the
probability that a randomly chosen polynomial has finite mx + 1 stopping
time as a version of the gambler’s ruin problem. We prove the following
lemma.

Lemma 2.1. Ford > 0, let Py be defined

N-1 N
P;=P({3dN>0: X —

where X; are IID Bernoulli variables taking the value 1 with probability 1/4
and 0 otherwise. If d < 4, then Py = 1. If d > 4, then Py is the unique

root of gq(z) = 2% — 4z + 3 inside the unit disk, which is real and lies in the
interval (3/4,1).

Here we present some additional details of the proof that were left out
of the paper to save space.



2.1 Solving a recurrence relation

As in Fq[t], we first use a recurrence relation to solve the alternate version
of the game which ends if the gambler reaches a value of $WW. We label Uy,
the probability of ruin under these conditions given a starting value of $k.
Clearly U, = —1 for all k < 0 and Uy = 0 for all £ > W. For other values
of k, we have the following linear recurrence relation.

Up = Zqu + %Uk+d—1

Our goal is to find the value of Up, representing the probability of ruin
(depending on W) starting from a value of 0. If we then take the limit of
this quantity as W — oo, we will learn the actual probability of ruin in a
game with no upper limit.

The auxiliary polynomial for the recurrence is gq(z) = 2¢ — 4z +3, which
is separable as long as d # 4. When d = 4 the root z = 1 has multiplicity
2, so we handle this case first. In this case, the solutions to the recurrence
equation will take the form Uy = ¢1 + cok + c3\F + c4\F. Since we know that
U_1 =1and Uy = Uwy1 = Uy = 0, we can find the specific solution we
need by solving the following linear system:

1 -1 AL cl
1 w )\W S\W C .
1 W1 AW+ \WH ez |
1 W42 AW+2 \W+2 4

o O O

The quantity we are seeking is then Uy = ¢; + c3 + c¢4. We label the 4 x 4
matrix above A. Using Cramer’s rule, we write

Uyp=c1+c3+cy
- det A det A3 det A4

 det A + det A + det A
_ det Aq +det Az + det Ay

det A

where A; is the determinant of A with the column j replaced by [1,0,...,0].
Next, we expand the determinant of A in terms of the cofactors.

det A= A171 - A1,2 + )\_1A1’3 + 5\_1A1,4.

For this linear system, because the right-hand vector b is just the first
standard basis vector, the determinant of A with the j-th column replaced



by b is the same as the (1, j)-cofactor of A. That is, det A; = A;;. This
allows us to write

B Aii+ A3+ A1,

N A171 — A172 + )\_1A173 + 5\_1A174'

We argue that A;; dominates the other terms asymptotically as W — oo,
and therefore that Py = limyy o, Uy = 1. We must express all four cofactors
as functions of W.

Uy

W AW AW 1% 1 1
A= | W1 AWH AWHL AWV w41 A A
%% + 9 )\W+2 5\W+2 w 4 9 )\2 5\2
- A W+1 X W4+1 A
_\WAW , 7
=ATA (W‘v 22 W+2 N\ W+2 N\ >

= MV W (N2 = X2X) — (WAZ 4+ X2 = WA = 2)) + (WAZ + X2 — WA —2))]
=AW (AN = XX+ A2 = X2 X = \) + A7 = A2+ 20 — 2)\]

Here we use the fact that A and X are the roots of 2% + 2z + 3.

=3" W (BA=3A=2A=3+2X+3+ X —)\) =2\ =3+ 21+ 3+ 2) — 2)\]
=6(A = MW 3V +4(x - )37,

1\ W 1 1 1
Ajg=— |1 AWH QW+ = AWAW 1 A X
1 )\W-‘r? S\W-‘r? 1 /\2 5\2

=-3W[BA=3)N) = (N2 =X+ (A2 = ))]
=3V [BA—3A+3X+3-3)-3]

=—6(1— )3,
1w AW 1 w1
Ajz=|1 W+1 W =3" 11 w1 X

1 W+2 AW+ 1 W+2 3

5 W+1 A 1 A 1 W+1
W z _ z
=4 <W+2 e W‘l e +’1 W+2D
= AV (WA + X2 = WA =2)) =W (A2 = WA) + (W +2-W —1)]
= A" (N —2x+1)
=AW (—4X - 2)



1w W 1 W 1

Ajg=—1 W1 MWH = AWI1 w1 A
1 W+2 W2 1 W+2 M
W+1 1 W+1
_ W
= (’W+2 22 W‘1 A2 +‘1 W+2’>

= AV (WA 4+ X2 —WA=2)) =W (N = WA) + (W +2-W —1)]
:f)\W()\272>\+)
= A" (—4x

To summarize, the asymptotic growth rates of the cofactors are:

Ay ~W3W
Ayg~ 3%
Az~ AW
Ay g~
It is clear that A;; dominates the other cofactors as W — oo. Since the

numerator and denominator have the same dominant term with the same
coefficient, the probability of ruin in this case is

Py= lim Pyw=1.
4 Wgnoo LW
For d # 4 we have ged(f, f') = 1, so in this case the polynomial is
separable. Therefore every solution must have the form Uy = ¢; )\’f + 02)\’5 +
. .—i—cd)\’;. The linear system we must solve is exactly the same as the one we
found in Fa[t], except that the roots A; are now the roots of z¢ —4z+3 = 0.

- -1 -1 -1 1 9 A o
AL AV o B
i )\I{V-i-d—l )\I2/V+d—1 )\;)/V—i-d—l . )\ll/V-l-d—l 11 el I 0 |

We can solve this system in the same way, using Cramer’s rule and
Vandermonde determinants. The product of all the roots is still the con-
stant term of g4(z), which in this case is H?:l Aj = 3. So detd; =



(=1)3W AW B;, and the solution to the recurrence relation is

d

Pd,W = U(] = Z Cj
j=1
d

4L~ detA
7j=1

d i -
Zj:l(_1)1+J3W>‘j WBJ

S (—) WAL,

where B; are defined as Vandermonde determinants as before. Just as in
Fy[t], if A1 is a real root with strictly smaller absolute value than all of the
others, then the limit of the above quantity is

Py;= lim Uy= ;.

W—o0

2.2 Roots of g4(2)

We will now examine the polynomial g4(z) = 2% — 4z + 3 and show that
when d # 4, such a root does in fact exist.

d =2: The polynomial ga(z) = 22 — 42 + 3 has roots at z = 1 and z = 3.
Since z = 1 is the root with the smallest magnitude, the probability
of ruin is 1.

d=3: We write g3(2) = 2% — 42+ 3 = (z — 1)(22 + z — 3). Using the
quadratic formula, we find that the roots of 2242 —3 are z = —%:l: @,
both of which have magnitude > 1. Since z = 1 is the root with the
smallest magnitude, the probability of ruin is 1.

d > 4: Using Descartes’ rule of signs, we determine that there are two
positive real roots of g4(z). We know that one of these is z = 1. Since
gh(1) = d—4 > 0, we know that g4(1—¢) < 0 for small positive epsilon.
On the other hand, g4(3/4) = (3/4)¢ > 0. Therefore, the other real
root must lie in the interval (3/4,1).

Next, we use Rouche’s theorem to prove that there is only one root
within the unit circle. Let f(z) = 2¢ and let h(z) = —42+3. For small
positive €, consider the circle Cc = {z € C: |z] = 1 — €}. The function
f maps C. to a smaller circle |z| = (1 — €)9. Define m¢(e) = (1 — €)<.
Then |f(2)] = my(e) for all z € C..
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The other function h maps C, to a circle of radius 4(1 — €) centered
at z = 3. The point on this circle closest to the origin is the point
z = —1+4e, with magnitude | —1+4e| = 1 —4e. Define my(¢) = 1—4e.
Then for all z € C, |h(2)| > mp(€).

Imz

We claim that for small positive €, mp(€) > m¢(e) and therefore that
|h(z)| > [f(2)| for all z € C.. Notice that m;(0) = my(0) = 1.
Calculating the derivatives of the two functions, we see that m},(0) =
—4 and m’;(0) = —d. By continuity, since mj,(0) > m’;(0), mp(€) must
be greater than m(e) for small positive values of epsilon.

Since |h(z)| > |f(2)] for all z € C., gi(z) = h(z) + f(z) must have the
same number of roots within C. as h(z). The function h(z) = 3 — 4z
has one root at z = 3/4. Therefore, for small positive €, g4(z) has a
unique root inside the circle |z| = 1 — €, which must be the previously
mentioned real root lying in the interval (3/4,1). Since this root has
the smallest magnitude among roots of g4(z), the value of this root is
the probability of ruin Py.
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