Math 331.1 Exam 3 Answers December 9, 2005

1. (a) [15%] The characteristic equation
2+ 5s+4=0, thatis, (s+1)(s+4) =0,

has distinct real roots

Thus no “second-guessing” is needed—that is, no multiplication by t—to find a solution. [1%]

[Note that, since (a) asks just for some solution, you do not need to add in here the general
solution of the associated homogeneous solution!]

First method: complexify, then descend to the real world. First, find a solution y. of the complex-

ified ODE ‘
y' +5y’ +4y=34et. [1%]|FORM
Guess _
Yo = Ae't. [2%]|FORM
Then

y.' = Aie't, y.'' = —Ae'l. [2%|PLUG
That y. is a solution of the complexified ODE means
—Ae't + 5Aie’t + 44" = 34e't 2%|PLUG
for all ¢, or equivalently,
(3+5i)A = 34. [2%]startCALC

The desired A is thus
34 34 3— 59

T 345i 3+5i 35
and so the complexified ODE has as a solution

A

=3 — 5i,

ye(t) = (3 —5i)e't.  [1%]CALC
Thus
Ye(t) = (3 —5i)(cost +isint) = (3cost + 5sint) +i(3sint — 5cost), [1%]CALC

Since the factor sint of the forcing function is the imaginary part of ¢’?, the imaginary part 1im,
of y. will be a real solution ¥, of the given ODE: [2%] FORM

’yp(t) = Yim (¢) :3sint75cost.‘ [1%|CALC

Second method: match the form in the real world. This method is based upon the result in general
obtained from complexifying, without actually ascending to the complex world. First, “guess” a
solution of the form

yp(t) = A cost + B sint. [4%]|FORM

(You do not know that A must be 0.) Then
yp' = — Asint + B cost, yp"” = — A cost — B sint. 1% PLUG
That y, is a solution of the given ODE means

(—Acost— Bsint)+5(— Asint+ B cost) +4(— Asint + B cost) = 34 sint,



that is,

(3A+4+5B) cost+ (—5A+3B) sint = 34 sint. [4%|PLUG

Use linear independence of sin and cos (or substitute first ¢ = 0 and then ¢ = 7/2) to obtain:

3A+5B=0,
{ [3%]startCALC

—5A+3B =34

Then
A=-5, B=3.CALC

Thus the desired solution, by this method too, is:

’yp(t) :3sint—5cost.‘ [2%|CALC

(b) [5%] From work in (a), the general solution of the associated unforced (homogeneous) ODE is
yn(t) = kre™" + koe [2%]
Then the general solution of the given ODE—that is, the form of all solutions—is :
y(O) = un() +yp(t)  [2%]
Thus:

’y(t) = kie ' + kpe " 4 3sint — 5cost. ‘ [1%]

2. Step 1: Take Laplace transforms. [6%)] Let Y = L[y]. Then:
Ll +2L[yl =3L[e ],

sY —y(0)+2Y =3

s — (=6)’
1
Y —5+2Y =3——.
5+6
Step 2: Solve for the Laplace transform Y of y: [2%)]
3
2)Y —5 =
(s+2¥ 5=
5 3

s 2" GroGro

Step 3: Use partial fractions on the right-hand-side: [5%)] (You may use your calculator’s expand
function if you wish.)

3 A B
(s+2)(s+6) 512 546
3=A(s+6)+B(s+2),

s=—2: 3—AM4)+0 — A—3/4,
s=—6: 3=0+B(-4) — B=—3/4,

3 3/4  —3/4

(s+2)(s+6) s+2 s+6



Then

5 3/4 —3/4
s+2 s4+2 s+6
- 23/4 B 3/4

s+2 s4+6

Step 4: Take inverse Laplace transforms: [7%]

23 1 3 1
—o-lyl = 22 -1 _ 9,
y(t) = L7 ] 4L s+2 4L s+6
= 230 1 _ §L_1 1
4 s—(-2) 4 s—(—6)
23 3
_ Ze—zt _ Ze—ﬁt
Thus the solution is:
_23 oy 3 6t
y(t) = i ke
3. (a) [6%)] First method: match the form. The form of the system is Y’ = {_2 _11)] Y, which is the

system equivalent to the single 2nd-order ODE '’ +py’+qy = 0. In the present case, this ODE
is therefore

’y//+2y/+y:0_‘

Second method: eliminate a variable. Write Y = B] The given vector ODE represents the

y' = v,
v =—y— 2.
1’

y''=v'=—y—2v=—y—2y’,

system

Then

which yields same ODE y’’ + 2y’ +y = 0 as did the first method.

(b) [15%)] First method: Solve the 2nd-order ODE. The characteristic equation of the equivalent
2nd-order ODE is s? + 2s + 1 = 0, that is, (s + 1)? = 0, which has the repeated root

s=—1. [2%]
The general solution of the 2nd-order ODE for y is therefore
y=kie ' +hate " [4%]

Then
v=y' = —kiethy(~tet+le )= ket +ky(1—t)e " [3%]

The corresponding solution Y = [ﬂ of the system is

G kl €7t+k2t€7t Ly k1+k2t
Y= |:—]€1€_t+k72 (1—t)e_t =€ _k1+k2 (1—t) 5 [6%]




and so this is the general solution of the system.

Second method: use eigenvalues and eigenvectors to solve the system. Call the coefficient matrix

A. Then
—A 1
a2 0]

Find eigenvalues of A. The characteristic polynomial is

-A 1
-1 —-2-A

‘:—/\(—2—/\)—(—1):/\2+2/\+1,

which has the repeated root A = —1. Thus A has the repeated eigenvalue
A =-—1. [2%]

Find an eigenvector 71 = Bl] corresponding to this eigenvalue. Such an eigenvector satisfies
1

aonn?= [ 2=

Equivalently, the components of 71 satisfy y; +v; = 0, that is, v; = —y;. Take, say, v; = 1—other
choices except 0 are OK, too—to get the eigenvector

Vi = [_1] 4%
Find a “generalized eigenvector” ?2 = {?] from 72 Such a ?2 satisfies
2

(A-MDVo=V,,  thatis, [_1 1} {‘W] = { 1} .

1 =1 |vg ~1

Equivalently, the components of 72 satisfy yo + vo = 1. Take, say, y2 = O—other choices are OK,
too—to get the generalized eigenvector

V= m L [4%)

where
V() =MtV =t = et [_ﬂ :
Tot) = MU(UT 1+ 1) = et <t {_ﬂ + m> — et {_tﬂr 1] . [3%]
Thus
V(t) = kyet [_ﬂ + Ege~t [_ L J et [_ kl’“i Zﬁt_ t)] . 1%

[This is, of course, the same general solution as from the first method. (The form you get may
differ according to which eigenvector and generalized eigenvector you chose.)]



Third method: textbook’s version of second method. Again call the coefficient matrix A. Then

-2 1
Y AN

As in the second method, there is only a single eigenvalue, \; = —1. [2%] The general solution
has the form (with no k; or k3 !)

—

Y(t)=etVo+te 'V, [6%]

where Vj = BO} is an arbitrary vector ([2%]) and
0

i-a-an= | ][R =[Lnte] s

Then the general solution is

Py et [10] weet [0t
Yo —Zo — Yo

(a) [6%]

e (Case k = 0: In this case, where there is no damping whatsoever, the equation describes
simple harmonic motion—a sinusoidal function with some constant amplitude. So in this
case the solution curves y(t) do not tend toward 0 as t — oo. Hence the trajectories in the
phase plane do not tend toward the origin. [2%)]

e (Case k > 0: In this case, where there is damping, every solution curve y(t) — 0 as t — o0,
and y’ (t) = 0 as t — oco. Hence all trajectories tend toward the origin when k > 0. [4%)]

(b) [14%)] Assume k > 0. (2%) The characteristic equation s + ks + 4 has roots

,_ —hEVETT6

5 [1%]

e Underdamping: k®> — 16 < 0, that is, 0 < k < 4. In this case the characteristic equation
has conjugate complex roots —g + iiﬂﬁgm. The origin is a “spiral sink” in the phase plane.
This means that, as they tend toward the origin, the trajectories forever spiral around and
the origin and toward it. [4%)]

e Overdamping: k* —16 > 0, that is, k > 4. In this case the characteristic equation has distinct
real (negative) roots. The origin is a non-spiral sink. This means that, as they tend toward
the origin, the trajectories do not spiral around the origin but, instead, just head toward it
(along a curved path). [4%]

o Critical damping: k* — 16 = 0, that is, k = 4. (This was the example of critical damping
demonstrated in class.) In this case the characteristic equation has the repeated negative
real root 7% = —2. As they tend toward the origin, the trajectories do not spiral around
the origin but, instead, head toward it along a curved path. [4%)] This path is tangent to the
unique straight-line trajectory that lies on the line of eigenvectors (corresponding eigenvectors.

[1%]
(These behaviors are, of course, for all trajectories except the equilibrium point at the origin.)

In each case, you could give your answer by sketching trajectories in the phase plane instead of
using words such as the above.



5. That y;(¢) and ya(t) are solutions of the nonhomogeneous ODE means

v1" +pyr’ +qyr = e cos(Trt),
Yo'+ pys’ + qy2 = e cos(Trt). [5%]

Then

Yo' +pyo Fayo= (1 —y2)" +p—y2) +aly —v2)  [2%]
=" =)+ ) taly —y2)  [2%]
= +pn +ay) - (2" +py’ +qy2)  [4%]

8 cos(Tmt) — e cos(Trt) [4%]
. 3%]

=e
-0
Thus yg is a solution of the associated homogeneous ODE 3’/ +py’ + qy = 0.

6. The ODE has the form z’’ + wo?x = sin(at) with wg = 2. The forcing frequency is a/(27). The
characteristic equation s2+4 = 0 has roots s = £2i, and so the associated unforced system has natural
frequency wg/(27) = 1/7. [4%)]

o Case @ = wg = 2: [7T%)] This is the case of resonance, when the frequency of the forcing
function equals the natural frequency. Ast — oo, the solution z(t) oscillates with every-increasing
amplitude, in fact, with an amplitude proportional to ¢. (You could sketch this behavior.)

o Cuase o # wg = 2: [2%] In general, when the frequency «/(27) of the forcing function is different
from the natural frequency wo/(27) = 1/m, the solution is the superposition of the unforced
response

2y (t) = Ky cos 2t + ko sin 2t

of period 27 /wy = 7w and the forced response
1 .
xp(t) = T2 at

of period 27 /a. For some values of ¢, the forced and unforced responses have the same sign and
reinforce one another; for other values of ¢, the forced and unforced responses have opposite signs
and cancel each other out. (There’s not a whole lot to say about this general case. You could
draw one or more sketches of such solutions.)

e Case a # wy = 2 but a = wp = 2: [7%] This is the case of beats, when the frequency of the
forcing function is close to the natural frequency. The responses of z(t) to the two frequencies
tend to reinforce or cancel each other out over long time intervals. This means that—at least in
the case z(0) = x’ (0) = 0—the graph of x(t) is a rapidly oscillating sinusoidal function enveloped
by a slowly oscillating sinusoidal function.! (You could sketch this behavior.)

LYou were not expected to justify that assertion by noting that. in the case z(0) = z’ (0) = 0:

2 -2 2
z(t) = sin @ t) - sin ot t
a? —4 2 2





<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /All
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000500044004600206587686353ef901a8fc7684c976262535370673a548c002000700072006f006f00660065007200208fdb884c9ad88d2891cf62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef653ef5728684c9762537088686a5f548c002000700072006f006f00660065007200204e0a73725f979ad854c18cea7684521753706548679c300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA <>
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020b370c2a4d06cd0d10020d504b9b0d1300020bc0f0020ad50c815ae30c5d0c11c0020ace0d488c9c8b85c0020c778c1c4d560002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken voor kwaliteitsafdrukken op desktopprinters en proofers. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents for quality printing on desktop printers and proofers.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /NoConversion
      /DestinationProfileName ()
      /DestinationProfileSelector /NA
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure true
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles true
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /NA
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /LeaveUntagged
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


