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1. (25 points) a)YPTrove that the function u(z,y) = lln(x2 +4?) is harmonic on
MeFhad 1! R?\ {0} (on the whole plane minus the origin).
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b) Let v be a harmonic conjugate of the function u in part (a) in some open subset

1
D of C\{0}. Show that for all z = a:+zy in D, the equality u,(z,y) + iv,(z,y) =
holds. (You do not need to find v)
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- ¢) Keep the notation of part b). Set F'(z) = u(z,y)+iv(z,y). Show that F'(z) = %
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d) Let u be the function in part (a). Is there a harmonic conjugate v of u defined
on the whole of C \ {0}? Find such a function v or show that it does not exist.

/VO MQM M Mof @)('(Sf O hoa el ¢ m uﬁ.at 4 a{é{/
MWA o @505, The prooff 4 by Cwbw&dém
ASSume, fhere WA, Then F izun 0l MAMMZ

f L o @ Fel, by pof & Hemce, ,

(Lde =0 f Ay Cosed el 23,0,27 o
: the  urd chte 20 -L 'b. 4 cx&é;ﬁg
/3“9 ({ C . a0 aar ‘ o
T Sidl, SJ zewda- g(lé:g\ﬂ& 746.
c ©

A @M{li\az}t'(b(h\,




2. (25 points) Let C be the straight line segment from z, to z;. Parametrize C' and
use the definition of the contour integral to prove the equality

1
/ 3z = —(2’1 = Zo)(z() + 21).
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3. (25 pogts) Compute the following integrals. Carefully justify your answer!
@y o fred & O

r 2z : ¢ e :
(a) / 2—1dz, where C'is the circle of radius 2, oriented counterclockwise.
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(b) / dz, where C' is the unit circle oriented counterclockwise.
{ c cos(2)

s : 222 3 NI VMW
Cos(@) “ Mﬂo% om C @(Cffj - > £

A ol
wheu 05 hea volue ©y [ ence Coita) 47 wa% ot

Pomk] OY\C ind e closeh },61 Q "M
O =9, Eg (aachgv(‘éomff

4. (25 points) Let the domain D be the complex plane minus the non-positive part
of the real axis. Let Log(z) be the principal branch of the logarithm function with

argument in (—, 7). Set z¢ := e°L%9()  for every complex number c.
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(a) Prove that if c # —1, then the branch _7e(¢tVE9(2) of —_z¢+1 j5 an anti-
derivative of 2¢ in D. hon Rule
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(b) Let C be the semicircle from —: to i parametrized by 2(0) = ¢, —7/2 < § <
7/2. Prove the equality [, z'dz = (e™/2 + e ™/2)(1 +1)/2.
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5. (25 points) Let Cg be the circle of radius R oriented counterclockwise, R > 3.
40 243 2rR(R? + 3)
how that ————dz| < ;
(@) Show tha /CRz4+6z2—|—5 ‘1= ®-@-5

Hint: In order to bound the absolute value of a fraction from above one needs
to bound the absolute value of the numerator from above and bound the
absolute value of the denominator from below. Justify each of these bounds.
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. 2
(b) Set Ig := Cr ;Lis—ﬁ%dz. Prove the equality Ir = I3, for all R > 3. Do this

by stating the Principle of Deformation of the Path and showing that all its
hypotheses are satisfied.
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(c) Prove that I3 = 0 (and hence so is I, for R > 3). Hint: Compute limp_ 00 | IR
in two ways, once using part 5a and once using part 5b.
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