1. (30 points) Compute the following (in cartesian or polar form):
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d) Find all values of (1 — )"/, How many different values are there?
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2. (18 points) Find the set of points in the plane where the function

is-analytic. Justify your answer.
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3. (18 points) a) Prove that the function u(z,y) = e™¥ cos(x) + 3z%y — y® is harmonic
on the whole of R2.
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b) Fmd a harmonic conjugate v of the function wu.
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4. (18 points) (a) Let f be a function analytic in the unit disk D s=f3 < Ele )
Prove that if Re(f(z)) =7, for all z in D, then f(z) is constant throughout D.
Provide the full and precise statements of the two theorems you use and explain

4 & why their hypotheses are satisfied.
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(b) Is the statement in part (a) true if D is instead the complement of the z-axis
D = {z + iy such that z # 0}? Justify your answer.
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5. (18 points) a) Find the image of the vertical line z = 2T under the function

f(2) = €. Carefully draw the image and describe it in words. Justify your
answer.
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b) Let Log be the principal branch of the logarithm function with argument in the
open interval (—m, 7). Describe geometrically the image of the set

{z such that 2 < |z| < 3 and Im(z) > 0}

via the function Log. Carefully draw the image and describe it in words. Justify
your answer.
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