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COARSE-GRAINING SCHEMES AND A POSTERIORI ERROR ESTIMATES
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Abstract. The primary objective of this work is to develop coarse-graining schemes for stochastic
many-body microscopic models and quantify their effectiveness in terms of a priori and a posteriori
error analysis. In this paper we focus on stochastic lattice systems of interacting particles at equilib-
rium. The proposed algorithms are derived from an initial coarse-grained approximation that is directly
computable by Monte Carlo simulations, and the corresponding numerical error is calculated using the
specific relative entropy between the exact and approximate coarse-grained equilibrium measures. Sub-
sequently we carry out a cluster expansion around this first — and often inadequate — approximation
and obtain more accurate coarse-graining schemes. The cluster expansions yield also sharp a posterior:
error estimates for the coarse-grained approximations that can be used for the construction of adap-
tive coarse-graining methods. We present a number of numerical examples that demonstrate that the
coarse-graining schemes developed here allow for accurate predictions of critical behavior and hystere-
sis in systems with intermediate and long-range interactions. We also present examples where they
substantially improve predictions of earlier coarse-graining schemes for short-range interactions.
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INTRODUCTION

In the recent years there has been a growing interest in developing and analyzing hierarchical coarse-graining
methods for the purpose of modeling and simulation across scales for systems arising in a broad spectrum
of scientific disciplines ranging from materials science to biology and atmosphere/ocean science. Typically
in microscopic simulations of complex systems the model is formulated in terms of simple rules describing
interactions between small-scale degrees of freedom such as individual particles or spin variables. On the other
hand computational difficulties arise immediately from evaluating their interactions for any realistic size spatio-
temporal scales. When a coarse-grained model becomes available, it has fewer observables than the original
microscopic system making it computationally more efficient than the direct numerical simulations. At the
same time it is expected that it can describe accurately the unresolved degrees of freedom. The coarse-graining
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628 M.A. KATSOULAKIS ET AL.

strategy we are pursuing here is attempting to address these goals in the context of equilibrium sampling of
stochastic lattice systems by combining methods from statistical mechanics and perturbation analysis.

In this paper we consider stochastic lattice systems such as Ising-type models as a paradigm of hierarchical
coarse-graining that can provide an explicit numerical method with prescribed error tolerance. Such lattice
systems for N particles are defined in terms of a microscopic lattice Hamiltonian Hy (o) with o being the
microscopic configuration and an a-priori Bernoulli measure Py (do). We perform a coarse-graining by subdi-
viding the lattice into coarse cells and defining variables n on each coarse cell to be the total magnetization in
the cell. The corresponding renormalization group map (known as the Kadanoff transform) [7,12] is defined by
the formula

e—BI:IM("]) — /e_BHN(U)PN(dO—M)a

where Hjs(n) is the Hamiltonian at the coarse level and Py (dco|n) is the conditional probability of having a
microscopic configuration o given a configuration n at the coarse level.

Such a Hamiltonian defined on a coarser level than the microscopic, is an exact equivalent of the microscopic
Hamiltonian Hy, in the sense that the finer degrees of freedom have been averaged. However, it cannot be easily
calculated explicitly and hence used in numerical simulations. Our perspective is to approximate it by viewing
it as a perturbation of a coarse-grained approximating Hamiltonian I{TI(VO[) suggested in [14,15] and defined by

Hﬁ)(n) = /HN(U)PN(da|77).

A closely related coarse-grained Hamiltonian was suggested independently in [10,11], where it was constructed
in an equilibrium context using a wavelet expansion.
Using this first approximation we have

— 1 _ S —H®
() = H) 1) = 1o [ Dy ol

The fact that the conditional probability Py(do|n) factorizes at the level of the coarse cells allows us to use

cluster expansion techniques to write a series expansion for Hs(n) around I_{](\g). We obtain the following series

Hy(n) = H () + H () + -+ HE () + ("), p=2, .. (1)

uniformly in 7, where the correction terms I_{](\}) (n), I_{](é)(n), etc., can be calculated explicitly with the relevant
errors and € is a small parameter depending on the characteristics of the coarse-graining, the potential and the
inverse temperature. In this paper we first show that this strategy works well provided that the interactions
have a range which is long compared to the size of the coarse cells and that they vary slowly over the size of a
coarse cell. The parameter € (given explicitly in (20)) encapsulates these conditions.

Notice that we do mot perform the usual high-temperature expansion using the Bernoulli product measure
Py (do) but rather expand the Hamiltonian around a well-chosen first approximation using the product structure
at the coarse level of the conditional probability Py (do|n). This allows us to construct these approximating
Hamiltonians well-beyond the temperature range allowed in a standard high-temperature expansion. The basic
tool for cluster expansions is the reformulation of the system in terms of what is called the polymer model. This
technique originates from Mayer [19] and Peierls [20] for the case of high/low temperature respectively. For
the high temperature case, a first rigorous proof was given in [6], while our approach is based on the polymer
system introduced in [8]. For an overview of these methods and references we refer to [23].

Clearly the choice of the first approximation HJ(\B) is crucial to our method and it should be such that
(i) it is explicitly computable as the constructions in [10,14], and (ii) it provides a good estimate between the
microscopic and the 2nd-order coarse-graining. In a subsequent paper [16] we will show how to apply these



COARSE-GRAINING SCHEMES AND A POSTERIORI ESTIMATES 629

ideas and techniques to systems with both short and long-range interactions. In this case the choice of the first
approximation I_{](\g) will not be given in a closed form but it will be computed numerically in an efficient way.

All error estimates are calculated in terms of the specific relative entropy of the corresponding equilibrium
Gibbs measures. Specific relative entropy represents the loss of information in the transition from the microscopic
to the coarse-grained models and here is used to assess the information compression for the same level of coarse
graining in schemes that are of a higher or lower order, determined by the truncation level p in (1). The
primary practical purpose of the higher-order corrections is in allowing us to extend the regime of validity of
the expansion and to obtain very accurate coarse grainings of the Gibbs measure even if the parameter € in (1)
is not necessarily much smaller than one. We refer to examples in Section 4 where even for e = O(1), we obtain
an accurate prediction of the hysteresis when we include the higher-order correction terms.

The error analysis developed in this paper also provides an error expansion that can be computed and tracked
in the process of a simulation from the numerical data. Such an a posteriori error cannot be numerically
computed directly from the relative entropy formula, since it involves the calculation of the probability density
functions of the microscopic and the coarse-grained measure. However, the expansion in (1) shows a constructive
way of calculating the error made, for instance, by the 2nd-order coarse-graining H'J(\B) (n) in terms of other coarse

observables given by the higher-order correction terms Hj(\g) plus a controlled error of order O(eP™1). Similarly to
the numerical analysis of approximations for PDEs, we derive a priori and a posteriori error estimates between
the exact microscopic solution and the approximating coarse-grained one. In contrast to the PDE setting where
such error analysis is calculated in a suitable norm, here the error is measured in terms of the specific relative
entropy. As in the case of PDEs such a posteriori errors are also useful for constructing adaptive methods. For
some earlier work on adaptivity for stochastic systems see, e.g., [3,4,24].

The paper is organized as follows: in Section 1 we present the main results and an outline of our methods.
In Section 2 we discuss cluster expansions in the context of coarse-graining and derive the effective coarse-
grained Hamiltonian as an abstract expansion. In Section 3 we calculate the first terms in the expansion of
the Hamiltonian and formulate two concrete numerical schemes; Scheme 3.1 is second-order accurate, while
Scheme 3.2 is third-order accurate. In Section 4 we present simulations with these schemes in a demanding
phase transition regime. Appendix A includes the details of our analytical calculations in Section 3. Appendix B
contains a brief description of computational background for the Monte Carlo algorithms used in the sampling
of microscopic and coarse-grained Gibbs states carried out in Section 4.

1. MAIN RESULTS AND OUTLINE OF THE METHOD

1.1. Microscopic models

We consider as the physical domain for the system the d-dimensional torus Ty := [0,1)? with periodic
boundary conditions. The microscopic system consists of a uniform lattice Ay := (%Z)d N T4. The number of
lattice sites N = n? is fixed, but arbitrary and finite. We consider here periodic boundary conditions, but other
boundary conditions can be accommodated easily.

The spin (or order parameter) o(z) takes values in {4+1,—1} at each lattice site x € Ay. A spin con-
figuration 0 = {o(x)}sea, is an element of the configuration space Sy := {+1,—1}*~. The energy of the
configuration o is given by the Hamiltonian

Hy(o) = —5 3 S I —ypool) +h Y o), 2)

rEAN yF#T TEAN

where the two-body inter-particle potential J describes the interaction between individual spins and h is an
external field.

The strength of the potential is measured by || J || = >_, ., |J(z)[, i.e. we assume that the two-body potential
is summable. As we will scale later the Hamiltonian with the inverse temperature 8 we can assume, without
loss of generality, that || J || = 1.



630 M.A. KATSOULAKIS ET AL.

Example 1.1 (Nearest-neighbor interaction). In this case the spin at site x interacts only with its nearest
neighbors on the lattice Ay, i.e.
J if |z —y| =1
ﬂxy){ 7=yl =

0 otherwise.

Example 1.2 (Finite-range interactions). A spin at site x interacts with its neighbors which are at most
L lattice points away from x. It will be useful to consider the range of the interaction L as a parameter of the
model. To do this let

VRt =R, V(r)=0, if]|r]>1. (3)
Then the potential J(z — y) can be taken to have the form

1

n
Ja—y) =13V (Fle—vl), wyenn. ()

The factor 1/L% in (4) is a normalization which ensures that the strength of the potential J is essentially
independent of L and we have || J || ~ [ |V (r)|dr. Note also that Example 1.1 can be obtained from Example 1.2
by setting L = 1.

Example 1.3 (Long-range interactions). In this case we assume that a spin interacts with all spins on the
lattice Ay via a summable interaction J(x). Since our goal is to construct coarse-grained approximations of
the Hamiltonian suitable for numerical simulations it will be convenient to truncate long-range interactions and
control the error term. In order to do this we choose a small parameter # and choose L such that

> @l<e.
{z: |93|2%}
The parameter L can be thought as the effective range of the potential and we can truncate the long-range
potential J(z) by setting J(z) = 0 if |z| > £. If we denote by J the truncated potential and by Hy the
corresponding Hamiltonian it is easy to see that

1 ~
~ [Hn (o) = Hy(o)] = O(0),

i.e., the error per unit volume is of order §. We can then assume that the truncated potential has the form (4).

Example 1.4 (Kac-type interactions). Mean-field interactions are obtained formally by taking a finite range
interaction and setting L = n in (4)

1
Je—y)=V(z—yl), zyeAy (5)
Note that this is different from a summable long-range interaction since the potential is scaled with the size of
the system.

The potential in Example 1.2 will be central to our analysis. Both Examples 1.1 and 1.4 are obtained in
suitable limiting cases (L = 1 and L = n respectively) and the potential in Example 1.3 can be approximated
by such potentials (see the error estimates below).

The finite-volume equilibrium states of the system are given by the canonical Gibbs measure

1
(o) = =PIV Py (do), (6)
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where 3 is the inverse temperature, Zy is the normalizing partition function, and Py (do), the prior distribution
on Sy, is the product measure
[T r(do(a))

TEAN

A typical choice p(o(z) = +1) = 3 and p(o(z) = —1) = 1 is the distribution of a Bernoulli random variable for
each x € Ap.

1.2. Specific relative entropy

One of the obvious issues arising in any attempt to coarse-grain microscopic systems is the evaluation of the
numerical error as we move from finer to coarser scales. This error essentially involves the comparison of the
microscopic and the coarse-grained probability measures. A natural way to compare two probability measures
is to compute their relative entropy. Let w1 (o) and mo(o) be two probability measures defined on a common
probability space, with the state space S. The relative entropy, or Kullback-Leibler distance, of 1 with respect

to o, is defined as
dm
Rimlm) = [[1og () am. )

where dm;/dms is the Radon-Nikodym derivative of 71 with respect to m3. On a countable state space S we

obtain )
(71| m2) mi(o)lo (o
| ;S g 0)
In information theory the relative entropy R (71 | m2) provides a measure of “information loss” or “information
distance” of m; compared to m2. In our context we use the relative entropy in order to assess the information
compression of different coarse-graining schemes. Basic properties and applications in information theory can
be found in [5].
Using Jensen’s inequality it is not difficult to show that

Rim|m) > 0 and,
R(mi|m) = 0 if and only if m(0) = ma(o) for all o € S.

R (m |m2) = oo if m is not absolutely continuous with respect to ms.

The relative entropy is not a metric (it is not symmetric), but one can use the relative entropy to bound the
total variation distance of the measures 71 and 72 as demonstrated by Csiszdr-Kullback-Pinsker inequality [5]

2
1
R (mi | m2) = (Zm —m(o >|> = Sllm — ol )

ceS

or equivalently using the dual form of the total variation norm

/fd7T1 /fdﬂ'g <

where || - ||oo denotes the usual sup-norm.

In statistical mechanics, the entropy, which is the relative entropy with respect to the prior distribution, and
the relative entropy play a prominent role, in particular in the variational principles. The relative entropy is,
in general, difficult to compute since it requires the sampling of the probability distribution 71 (¢) and ma (o)
which can be prohibitively expensive if the dimension of the state space is large. For Gibbs measures it is,
however, a little simpler in the sense that it depends only on the partition functions and the expected values of

sup
lflle=1

R (71 [ m2), 9)
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the Hamiltonian. Consider, for example, two Gibbs measures us\l,)ﬁ and us\?)ﬁ with Hamiltonians HJ(Vl) and H](VQ)

and partition functions Zz(\}) and Z](\?). Then we have

72
R (405142, = log (—Z;z)) v [ (B9 - BY) sy, (10)
N

Note that the Hamiltonians and the logarithm of partition functions are extensive quantities: they are propor-
tional to the size of the system N. The formula (10) shows that the entropy of a Gibbs measure and the relative
entropy of a Gibbs measure with respect to another Gibbs measure are also extensive quantities. It is therefore
natural to compare two Gibbs measures on Sy by computing their specific relative entropy

%R (Mg\}?ﬁ | Nﬁ?ﬁ) :

The specific relative entropy is a measure of the information loss per unit volume and will be our main estimation
tool in this paper. A simple example where this interpretation is evident arises if one considers N indepen-
dent particles and the ensuing scaling of the collective discrepancy if an individual error is committed on the
observation of each particle.

1.3. Coarse-grained models

The coarse-graining procedure consists of three steps that we describe separately.

(a) Coarse graining of the configuration space. We partition the torus Ty into M = m? cells: For k =
(k1,...,kq) € Z¢ with 0 < k; < m — 1 we define C}, = [%,%) X - X [%,%) and we have Ty = U Cj.
We identify each cell C}, with a lattice point of the coarse lattice Ay = (%Z)d N T4. Each coarse cell contains

Q = ¢% points of the microscopic lattice points with N = n? = (mq)? = MQ. We will refer to Q as the level of
coarse graining (Q = 1 corresponds to no coarse graining).
We assign a new spin value (k) for the cell Cj according to the rule

z€CY

The spin n(k) takes values in {—-Q,—Q +2,...,Q} and the configuration space for the coarse grained system
is Sir={-Q,—Q+2,...,Q}*. We denote by F the map

F:Sy — Su, UH{ZO‘(I)} ,
k

z€CY

which assigns a configuration n = {1(k)},cx,, on the coarse lattice given a configuration o = {o(x)}seny. An
equivalent coarse grained variable, which we shall also use later, is

a(k) :==card{z € Cy : o(z) = +1}

which takes values in {0,1,...,Q}. Both coarse variables are equivalent and they are related by the transfor-

mationn:QQfQora:ﬂg—Q.

(b) Coarse-graining of the prior distribution. The prior distribution Py on Sy induces a new prior distribution
on Sys given by Pyy = Py oF1, ie.,

Py (n) = Py(o : F(o) =1).
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Since n(k) depends only on the spin o(x), with € C%, the measure Py is a product measure

Py(dp) = [ aldn(k)),

k€A

pn(k)) = (&) (%)Q

The conditional probability Py (do|n) plays a crucial role in the sequel. Since n(k) depends only on the spin o(x)
with & € CY, the probability Py (do|n) factorizes over the coarse cells. We have

with

Py (doln) = Pule m]j;(%) =) = H Pk,n(k) (do) (11)

keAnr

and py, (k) (do) depends only on {o(z)}.ec, . In particular we have

1) = 777(125 @ and Py, (0(2) = —1) = Ln(k) (12)

Pk (o (1) = 50

To simplify the notation and because our estimates are uniform in 7(k) we denote this measure simply by .
For a function f = f(o) we define the conditional expectation

E[f|n] = / f(0)Pu(doly) = % /{ vy S0P () = / o [ putao)

(c) Coarse-graining of the Hamiltonian. We want to construct a Hamiltonian H () at the coarse-level. A nat-
ural definition of such Hamiltonian, as we explain below, is given by the renormalization group block averaging
transformation (also known as Kadanoff transformation).

Definition 1.1. The ezact coarse grained Hamiltonian Hj,(n) is defined by the formula
o) = By 12

Given the Hamiltonian H)j; we define the corresponding Gibbs measure by
1 = _
fint,p(dn) = Z—G_BHM(”)PM(dn)- (14)
M

The factor 3 in front of Hys(n) is merely a convention, in general the Hamiltonian Hys(n) does itself depend
on 3 in a nonlinear, complicated way.

Clearly for a fixed value of N, this transformation is well defined. However, from the point of view of statistical
mechanics this is not sufficient. We want to construct the coarse-grained Hamiltonian Hys(n), for any M, as
a sum of (summable) many-body interactions. Our original Hamiltonian Hy (o) involves only one-body and
two-body interactions but the nonlinear transformation (13) will not preserve this property. The Hamiltonian
we will consider in the sequel will have the form

Knv(n) = Y J(X, {m}rex) (15)

XCAnm
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where the J(X,{nr}rex) are translation-invariant many-body interactions involving card(X)-many different
sites. Such an interaction is said to be summable if

ST e ex)|| < oo

{X:0ex}

It is well-known [25] that the Kadanoff transformation suffers from some pathologies. At very low temperature
the Kadanoff transformation for the nearest-neighbor Ising model with the zero magnetic field is not well-defined
in the sense that the coarse-grained Hamiltonian Hy; does not correspond to a summable interaction. These
pathologies are relatively mild [1] and can be eliminated by extending slightly the concept of Gibbs measures.
For a comprehensive presentation of this issue see the review paper [25] or also [1] among others. Furthermore,
these pathologies will not play any role in our analysis: the cluster expansion techniques we are using exclude
the occurrence of these pathologies for the models and the values of the parameter we consider.

The exactness of the coarse graining in the Kadanoff transform is expressed by the fact that the specific
relative entropy of fias,g(dn) with respect to the coarse-grained Gibbs measure uy 50 F~! vanishes. Indeed we
have

In = / e=HN () Py (do) = / Efe 1 |y] Py (dn)
_ /e—ﬁHM(TI) Py (dn) = Zyyr, (16)

and consequently from (13),

1 _ _ 1
__e—ﬁHM("])PM(n) = — e_BHNPN(dO')a
Zu ZN Jio| F(o)=n}

and thus 1
~ RBarslpn,g 0 F~') =0,

Even for moderately large values of N the exact computation of Hys(n) is, in general, impractical. The coarse
grained Hamiltonian involves not only two-body interactions, but also many-body interactions of an arbitrary
number of spins. Our goal is to present a systematic way of calculating explicit approximations of the coarse-
grained Hamiltonian H ), to any given degree of accuracy. In the first step we define an approximate Hamiltonian

)

I_{J(\g) (n) and we give an a priori bound on the blocking error. The choice of Hg?l we make, following [15], is

given in the following definition.

Definition 1.2. The first approximation Hj(\g) of the coarse-grained Hamiltonian H; is given by the formula
729 = B[H 17
m () = E[Hy/n]. (17)

In order to compute I:IZ(VOI) (n) we note that we have

Blo(a)] = 1, e
Bloo()li] = b0, € Cy € Cuuy #a

Then
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where

J(k,l):é > Jw—y), fork#l

z€C,yeC
- 1
J(k k) = —— J(x—y), fork=I.
(k. k) Q(Qil)x,yeczk,y;ﬁx (z —y)

By defining H I(\EJ[) (n) one replaces the potential J(x — y) by its average over a coarse cell. Thus the error for the
potential is proportional to

Ekl(x_y) = J(I—y)—j(k’,l), xec}myecla

which measures the variation of the potential J(x — y) over a cell. An estimate on the error is provided by the
following lemma

Lemma 1.3. Assume that J satisfies (3)—(4) and assume that V(r) is CL.
(1) There exists a constant C > 0 such that, if x € Cy, and y € C;, we have

7 q
[Tz —y) = J(k, D) < 27555 sup [VV (2" = o). (18)
z’eck,

y'eCy

(2) There exists a constant C' > 0 such that, if F(o) = n, we have

1 _
< |y (o) = HY ()] < CLVV|uc: (19)
N L

The lemma will be proved in Section 2.2. Note that the estimates in Lemma 1.3 are not necessarily optimal
and can be improved under suitable assumptions on the potential. The importance of Lemma 1.3 lies in the
identification of the small parameter in Theorem 1.4 below

€ = CBLIVV e, (20)

where C is some constant. Note that we included the inverse temperature § in the parameter, taking into
account that § multiplies the Hamiltonian in the Gibbs measure. The parameter ¢ encapsulates the various
factors involved in our coarse-graining method.
(1) Coarse-graining cell size. The factor ¢/L in (20) indicates how the size of the coarse cell governs the
effectiveness of the coarse-graining procedure.

(#4) Slow wvariation of the potential. The factor ||[VV |« in 20 indicates that the coarse-graining will be
particularly effective even for large cell sizes if the potential V' is slowly varying. This fact is exemplified
by considering the extreme case of the Curie-Weiss model where J(x — y) = J is independent of z — y.
It is easy to see that in this case the coarse-graining is actually ezxact.

(#i7) Temperature. At high temperature, i.e., for small § the coarse-graining procedure will work well even
for large values of ¢/L, i.e., for very large coarse cells or for potentials with very short range. This
reflects the fact that at high temperature Gibbs measures are actually very close to product measures
and that, trivially, product measures can be coarse-grained exactly. On the other hand our methods
clearly do not apply to very-low temperatures.

Let us denote by ﬂg\?[)’ ﬁ(dn) the Gibbs measure
1 = _
i) (dn) = Te_ﬁHﬁ)(n)PM(dn)-

M,3 ZJ(\B)
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From Lemma 1.3 and with the help of calculation in the proof of Proposition 2.4 we obtain the bound
1

R gluns o F) = O(e). (21)

Furthermore, Lemma 1.3 allows us to perform a cluster expansion and compute higher-order corrections. The
basic idea is to rewrite the exact coarse-graining as

e BHM() — o=BH () [e=BUHN (@)= HY () |

or
_ - 1 _ S —H®
Hy(n) = H{J (n) - 508 Ele PN (@)= Har (D)) (22)

Note that the exponential in the second term is not necessarily small, it is in fact of order Ne. Cluster expansions
are tools which allows to expand such quantities in convergent power series using the independence properties
of product measures. The crucial fact here is that conditional measure Py (do|n) factorizes over the coarse cells.
The main result of our paper, proved in Section 3, is

Theorem 1.4. Let us assume that J satisfies (3)—(4) and that V(r) is C1. Then there exists a constant 5o > 0
such that if

0 = Qe < b,
the Hamiltonian Hpr(n) can be expanded into a convergent series

Hy(n) =" HE (),
p=0

where each term 1:11(5) (n) is a sum of finite-range translation invariant many-body potentials. The first few terms
are explicitly calculated in Schemes 3.1 and 3.2 in Section 3. We have the following error bounds uniformly in n
and N

p

= (Hnn) = (HP ) + ..+ BP () = 0@+,

If we define the Gibbs measures

_ 1 550 = (p) _
Mﬁf})ﬂ(dﬂ) = BUHN (m+-+HP () By (dy),
M

then the following bounds for the relative entropy per unit volume hold

1
SR (i v o FY) = 0(e), (23)
1
nr (ﬂy})ﬁ |nv,p o Fil) =0(M), (24)

where p=2,... and € is given by (20).

We note that in information theory the relative entropy provides a measure of “information distance” of two
probability measures. In our context we use the relative entropy estimate of Theorem 1.4 in order to assess
the information compression of different coarse-graining schemes. According to how many correction terms
are included in the expansion corresponding to different truncation levels p, such as Schemes 3.1 and 3.2 in
Section 3, we quantify the amount of the information loss when the measures are compared at the same level
of coarse graining. Furthermore, it would be mathematically interesting and numerically useful to study the
implications of the relative entropy error estimates for weak errors of specific observables; for example, expected
times for domain switching in regimes that exhibit phase transitions such as those discussed in Section 4.
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Remark 1.5.

(1) The cluster expansion provides an explicit algorithm to compute the higher-order approximations H 1(\§)~

For example, the next order correction is given by I_{J(Vl[) + I_{J(VQI) as in Scheme 3.2 in Section 3. The

analytical computations required for determining higher-order corrections become quickly very involved,
nonetheless they can be carried out with symbolic computational tools.

(2) The primary practical purpose of the higher-order estimates in Theorem 1.4 is in allowing us to extend
the regime of validity of the expansion and obtain very accurate coarse-graining of the Gibbs measure
even if the parameter € given by (20) is not necessarily much smaller than one. We refer to the examples
in Section 4 where even for ¢ > L, and 8 > 1, i.e., e = O(1), we get an accurate prediction of critical
behavior when we include the higher-order correction terms.

(3) The reader might wonder about the appearance of a new small parameter 6 = Qe in the statement of
Theorem 1.4. The reason lies in the details of the cluster expansion. Since the conditional measure
Pn(do|n) factorizes over the coarse cells, it is required for the cluster expansion to converge that the
error in every coarse cell is small. The error for each site of the microscopic lattice is of order ¢ and
thus the error for a coarse cell is of order § = Qe.

(4) Note further that the bound (23) improves on the bound (21) and that shows the first approxima-
tion Hj(\g) is actually already a second-order method. This is due to cancellations which follow directly

from the definition of I:II(S[), see Definition 1.2 and (46) below.

In the previous theorem the errors are calculated with respect to the relative entropy of the corresponding
equilibrium measures. Apart from this a priori estimate, we would also like to have a formulation of the error
that can be explicitly computed, from the data of the simulation. In our case, such an a posteriori error cannot
be numerically computed directly from the relative entropy formula, since it involves the calculation of the
probability density functions of the microscopic and the coarse-grained measure. However, the error estimate
of Theorem 1.4 provides us with an explicit way of calculating the error made, for instance, by the 2nd-order
coarse-graining. In Section 3 we prove the a posteriori error estimate for R(ﬁg\?[),gmN,ﬁ o F71) given in the
theorem

Theorem 1.6 (A4 posteriori error). We have
-(0) - R 3
R (/J/M’B |/J/N,ﬁ o F 1) — ﬁEﬁE\(/Rﬁ [R(?’])] + IOg (Eﬁgg[)ﬁ |:eﬁ (77):|) + (’) (6 ) ,
where the residuum operator R(.) is given by

R(y) = H{} (n) + HY ().

Note that the quantity Eﬂ«n [R(n)] can be calculated on-the-fly using the coarse simulation. Calculations
M,

involving the a posteriori error estimation and related adaptive methods will be discussed in a forthcoming
publication. Earlier work that uses only an upper bound and not the sharp estimate of Theorem 1.6 can be
found in [3,4].

2. CLUSTER EXPANSION AND EFFECTIVE INTERACTIONS

In this section we expand the term E[e’ﬁ(HN(”)*Hl(v[p M)|n] in (22) into a convergent series using a cluster
expansion.
2.1. Introduction to the polymer model

It is convenient to choose an ordering on the d-dimensional lattice Aj;. For example, the lexicographic
ordering defines for d = 2 the relation (k1,k2) < (I1,12) if and only if k1 < I3 or k1 = I3 and ke < Iy and is
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then extended recursively for arbitrary dimension d. To set-up the cluster expansion we write the difference
(0
Hy(0) = Hy (n) as

Hy(o) — Hz(\/of) (n) = Z A J(o), where (25)
k<l
Ay J(o) = —% IEZC (J(z —y) — J(k,1))o(z)a(y)(2 — Sk1).

Note that we have excluded the external field contribution to the Hamiltonian, the role of which will be presented

as a remark at the end of this section. In order to expand the exponential e BHN()=H}\ (1) into a series we
set

fra(o) = e PARI@) 1 (26)
and obtain, using the factorization properties of Py (do|n)

Eje— B ()AL (n) ) _ / T+ £e) [ e (o). (27)

k<l k

We give a short description of the polymer model that we will use in order to organize the cluster expansion.
The product [ ], <;(1 4 fri(c)) can be expressed as 3 cg,, [ (1 yeq o, where Gus is a collection of all simple

graphs on M = m? vertices, i.e., graphs where each edge appears only once, with additional loops (k, k) on the
same vertex. A one-dimensional example of an element G is G = {{1, 2}, {2, 2}, {2, 5}, {3, 6} } which corresponds
to the term f1s foo fo5 f3g in the above sum. We observe further that each G can be divided into connected non-
intersecting components called polymers, where by non-intersecting we mean that they do not share the same
coarse cells. We define the support supp () of a polymer v the set of the coarse cells participating in it. In
the previous example, G = (y1,72) where v1 = {{1,2},{2,2},{2,5}} and 72 = {{3,6}}. We also say v, is
incompatible with 75 and we write v1 # o if supp (71) Nsupp (72) = 0. Then (27) is equal to

[Yh X I adlme-S 5 S ) I a0 I wian)

n>1"" (yem) =1 {k,l}ev; k n>1 " () i=17 {ki}ey;  {k}esupp (vi)
Vi’ AT Vi# AT
since the polymers 71, ..., 7, do not share the same coarse cells. Note that the factor % takes into account the

fact that by relabeling the connected polymers 1, ..., v, we get the same G.

An equivalent formulation is to consider as our building blocks the more fundamental (than the polymers)
clusters R C Ajps (i.e. the set of vertices appearing in each polymer). For example, the corresponding cluster
to 11 is R1 = {1,2,5}. Note that to each cluster there are several polymers that correspond to it. To prevent
confusion we warn the reader that what we call clusters R, it is called polymers in [2]. We use the name cluster
to distinguish it from the previous description of vertices with edges, that we have called polymers. Using
clusters the expansion becomes

Z% Z HC(Ri), where

n>1 (Ry,...,Rp)ER™ i=1
RiNR;=0,i#j

c)= [ 3 T fute) T] intao) (28)

9€GRr {k,l}eg {k}eR

is called the activity of the cluster R. By R we denote the space of clusters R C Ay, with |R| = card (R) > 1 and
G is the set of generalized connected graphs on the set R. A generalized connected graph on R is a collection
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of distinct subsets of R, in which case the vertices of the generalized graph are the indices of the enumeration of
the subsets, and any two subsets of the vertices of the graph are linked to each other. The edges of this graph
are defined whenever the distinct subsets share a common element. For more details we refer to [22]. Thus we
are in the context of [2], Theorem 2, and we can formulate our first lemma.

Lemma 2.1 (Expansion of the Hamiltonian). If for every integer r > 2, { satisfies the condition

sup Y [¢R) <o (29)
keAn RE"R,‘RD{k}
R|=r

for some & such that supyex,, ZRG’!‘{R,‘R:jl{k} IC(R)| < 6 and § < ¢, then

where
1 n=1
Ry,...,R,) = ’
¢(Ry ) { deGn H{i,j}eg(l(Riij) -1, n>1
and G, is the set of the generalized, connected graphs on {1,...,n} and

) N 0, {Rsz?ém},
1(R“RJ)_{1, {Rij-:(b}.

Proof. The proof is the same as in [2], Theorem 2, given (22) and the discussion preceding Lemma 2.1. For
later use we repeat the main steps of the proof. For the series (30) we have

)DRCIOIES SESE SN TN ) § (USIEERNCY

RER,RCZ\]\/I n>2 (Rq,..., Rp)ER™ i=1

where for the first term (n = 1) we have

Yo KBI<MY sup Y KR <M [+ 5] (32)

RER,RCAn r>1k€AM RER RO (k) r>2
R|=r
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For the second term (n > 2) using the estimate from [2], p. 526, (3.6), we obtain

I DD

n>2 (Ry,---s Rp)eR™ z:l n>2 n: ReER (Ry,..., Rp)eR™ 1=1
R;CApy RCA s 3R;=R
n
n
<D a2 k@l Y Je(R. R [T R
n>2 " RER (s, Rp)ER" 1 i=2
1L (265 5 \"!
< = - - 2)! Bl
S 3 ey () -2
n>2 RER
RCA
Thus,
SERVIED SLURSIE) pELEY LAY B PSS (33
- e— e r(de
- 2 n—1 41— ’
r>2 n>2 r>2
which concludes the proof. O

2.2. The small parameter of the cluster expansion

In order to identify a small parameter we set
Bz —y) = J(x —y) — J(k,1).
The expansion (26) suggests that the error depends on both £ and

s sup  [Bue - )l
kleAy v€CL, yeCy

This quantity can be evaluated more explicitly for the special choice of interaction potential defined in (4).

Lemma 2.2. Assume that J satisfies (3)-(4) then the coarse-grained interaction potential J at the coarse-
graining level q approzimates the potential J with the error

(2 —y) = J(k, )| <

sup IVV (2" =) (34)

v ecl

q
Ld+1

for both 1 # k and l = k.
Proof. Using the properties of the potential V', we have
V(z) =V () + (= = 2) - VV(2') + o(||z = 2|)).
Using the definition of J, (4) and setting z =z —y and 2’ = 2’ — ¢/, where z, 2’ € C) and y,y’ € C}, we have

Jx—y) = 2 Z ZJx—y

z GCk y'eC

5 2 Y g9 -6 =) VG 1)

z'eCy y'eCy

52 Y o(Ife-—n-6 =),

z'eCr y’ €Cy
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and using the estimate [|(z —y) — (2/ — /)| < [lo — &'|| + [ly — /|| < 2max{diam (Cx)} ~ 2 we obtain (34) in
both cases [ # k and [ = k. O

Our goal is to construct higher-order corrections to the Hamiltonian H 1(\/01) based on the expansion (30). First
we check the condition (29) and identify the parameter §. From the point of view of the cluster expansion theory
we are in the high temperature, small activity regime because of the a priori estimate given by Lemma 2.2 on
the coarse-grained approximation. Hence we expect the small parameter § to depend on the characteristics of
the coarse-graining, in particular on the parameters ¢ and L.

Lemma 2.3 (Identification of the small parameter 6). For ¢ defined in (28), condition (29) holds with

d ~ 3 sup Z | Z Eryi(x —y)l.

k€AM .14k zeCy, yeCy

In the particular case of Lemma 2.2 we obtain § ~ B%HVVHOO, where q is the level of coarse-graining and
L is the range of the interaction of the particles on the microscopic lattice.

Proof. To check the condition (29) we follow the analysis proposed in [22]. We start with the r = 1 case

d d+1
swp Y o) = s [ |e-ﬁAkkJ<0>—1|ﬁk<da>~o((%) ﬁ"T||vvnoo),

k€AM rer RO{k} keAn
|R|=1

where we have used the fact that |e® — 1| < |alell and that e®12#+7(@)l ~ O(1). For the general case r > 2 we
have

sup /Z H Juis (o H pr(do)| =

k€Am rew, R;{k} 9E€GR {l1,l2}€g {k}€R

IR|=r
1 T
g ] / [T (727 ) [ ()|, (35)
p — >
ki= kk2 ,,,,, i=1

keAn G,
e IR O

where we have assumed R = {ki,...,k.}. We divide by (r — 1)! because we can relabel ko,..., k.. Note
that by G, we denote the set of all connected graphs in {1,2...,r} which may have self-loops {j,j} for any
combination of j = 1,2,...,r (from now on we simply call them loops instead of self-loops). In the sequel we
need the following estimate: due to Lemma 2.2 we have that for a fixed k& € Ay, which interacts with ( %)d

many coarse cells,
¢ d+1
L 1 q q
AprJ ~ (= 20 (1) o -
l%&kl ki J (0)] (q) T 7a (L) ( v ||oo),

which implies that

sup » |Ap (o) <C, (36)
keAn 2k

for every o and with C' ~ supyex,, D 21 | 20 Eji(z — y)| or in the special case of J given in terms of

z€C,yeC
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Now we denote by GY the set of graphs g° without loops and we describe by g ~ ¢g° the corresponding graph g
with loops such that g = ¢° if we remove all loops {j,5} from g. We have

Z H —BApk; (0 Z H —BAk; J(0) _ 1) 1+ Z H (efﬁAkjij(U) _ 1)

9€Gr {i,j}€g 9°€GO {i,j}eg® g~g° {45,5}€9/9°

We observe that for any ¢° € GO with |supp (¢°)| = 7 the terms in the parenthesis are bounded by 2", since for ev-
ery g ~ g° we have that [T jyeq/g0 BlARk; J(0)] < 1 (after the choice we will make at the end of the proof) and

the summation ) o has 7, (1) = 2"—1 many terms. Then, for the sum > goec Hiigyeq (e PBkik; 1(0) 1)
we can use the tree-graph equality (e.g., [22], p. 5, Thm. 2) to estimate the sum over connected graphs with

respect to the sum over the corresponding maximal spanning trees. From [22], Theorem 2, we have that

Z H (e PAkik; J(0) _ Z H (=B, I (0 /dt1 /dtT 1

g°€GY {i,j}eg” T0eT? {i,5}er0
~ Z tli1*1 o ti’“r_—ll—1e*W(X17»»»,X7v71,tl,m,tr—l)7 (37)
X1y Xpq
comp. with 0
where ¢° is a connected graph in {1,2,...,r} without loops and 7° is the corresponding tree graph. The
summation is over all sequences X7, ..., X, of increasing subsets of {1,2,...,r} such that X1 =1, X,, C X1
and |X,,| = n that are compatible with 7°. A sequence Xi, ..., X,_1 is compatible with a given tree 7° if, for

allm =1,...,7 — 1, X,, contains exactly n — 1 links of 7°. We also say that a link {i,j} crosses X,, if i € X,
and j ¢ X,, or vice versa; then b, is the number of links of 70 which cross X,,, and

W(X1, oo Xoaityeeotea) = Y t({i51) - teoa ({4, 51 BBk, I (0),

1<i<j<r

where

€10,1], if{¢, 4} crosses X,
tn({i,}) = { 1, otherwise

Then from (36) we obtain that

T

WXt Xo sty te) <0 |BART(0) < B sup Y |AwJ(o)| ~ rBC,
1<k<I<r keAM =11k

where C' ~ O(qd%HVVHOO). Thus, uniformly in Xy,..., X, _1,%1,...,t.—1 we have that

oW (X1 Xrpt1te 1) < B0

Furthermore, from [22], Lemma 4, we have that

1
b1 il
/Odtl.../ dt,_, Z e

comp w1th 7—0
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This leads to the following tree-graph inequality for the case of graphs with loops

Z H (e*ﬁAkiij(o') _ 1) Z H —BAk; k J(o) 1)

9€Gr {i,j}€g g°eGY {i,j}eg®

27798 > ] Ak, J(0)].

TOETY {i,j}er0

IN

IN

From (36) we have that for any tree 7°

sup Z H | A, e, J(0)] <O

KEAM ky—k kg,..., k 0
Stk (ig)er

2

Using the Cayley formula ZTOETO 1 =17""%, we conclude that

rBC
e
sup CR)] < 27— (BC) .
k‘GZ\M RGR;D{;C} (T - 1)‘
|R|=r
Thus, we require
2BCe T < g,
so it suffices to consider § ~ ﬂq ||VV||Oo O

2.3. Effective Hamiltonians and specific entropy estimates

In this section we use the results of Lemmas 2.1 and 2.3 and expand the Hamiltonian Hj;(n) around ﬁz(vof)
in powers of § by truncating the series (30) at the levels of the number of interacting clusters and of the length
of the clusters. We obtain the series

and define the corresponding Gibbs measures by

1 5750 (®
i () = —gpe™ (e (- IECD Pyy(d), (38)
Zy
where p = 1,2,... and ZI(\Z) is the corresponding partition function. In the following proposition we derive

explicit formulas up to the order (’)(53) and state the corresponding error estimates for the relative entropy.
Higher order corrections can be computed in a straightforward although tedious way. For the sake of simplicity
we restrict ourselves to the case d = 1, however similar computations and results are derived in any dimension.
To make the cluster summations more specific we also denote by B, (k) the ball centered at & of radius r for a
given metric on the lattice. Furthermore, by [ € B;' (k) we mean that [ € B,.(k) N {l > k}.

Proposition 2.4 (Corrections to Hz(\i)f)) For I_{J(\g) we have the error estimate

T (0

Hyi(n) = Hy (n) + MO(). (39)
Furthermore, the first and second order corrections to the Hamiltonian Hj(\g) are given by

a2 () + H{} () + MO(82)
Hy(n) = Hy(n)+H )+ HyY () + MO8, (40)

=
g
S
|
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where
a5y () Z /fkk o)pr(do)
kEAM
- Z > /fkl + frfrr + frofu + fra for fu) pre(do) pu(do)
kzeB+ (k)
and

/(fkh + frrfrr, + fru fun + ferefrn fun)pr(do)pr, (do)

LB} (k) 12€B7, (k)
q q

X /(sz2 + frrfriy + frio fiota + frrfris fia1,)Px(do)pr, (do)

+5 Z > > / Jrty sty + frts frto + Srio frun + - D pr(do) pr, (do)pr, (do)
k 1,eBt (k) l2eBL(11)UB+ (k)

q q

I + Ir + Is + 14,

(42)
where ...

| means the previous three terms with all possible combinations of loops
entropy error is

. The corresponding relative

1 1
L (i o) 0 (L0,

Proof. The error in (39) is given by (33). To get an error M O(§?) we need to include the terms n =1, r = 1,2,
1.€.,

aym=- Y R

R:|R|=1,2
Similarly, for the MO(53) error we need to include (41) together with the terms n = 2, r = 1,2 and n = 1
r=3

AP =3 Y R BB - Y (R)

Ry, Ry R:|R|=3
|R;|=1,2,i=1,2

where ¢(Ry1, Ry) = 0if Ry N Ry = () and —1 if Ry N Ry # (), which occurs when Ry = Ry = {k} for k € Ay, in
the case of |R;| = 1,4 =1,2. If |R;| = 2, i = 1,2 we have that Ry = {k,l1} and Ry = {k,l2}. For the relative
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entropy error for I{TI(;}) with p=0,1,..., we have
1 _o—BHum
1 Z@ © p(n) )
R(u(”) uN,ﬁoF*I) = —/1og = finy 5(dn)
tha| N 7 Jipioy=my €71 P (do) TP
_L_o-BH
L B
N ) ey
1 Zy 1 _ _
= N W + N ﬂ(p) {5 (HM _H](\§)>} ) (43)
M

where for the partition functions we have

~ H = 1 7(p P — 77 =(p
Zu = e Map(n) = 23 Y ﬁefﬁH(M) ~BEHED o) = Z) Eo, [P =HED ] (a4)
@ !

Thus, for the different choices of p in I_{J(\g), given the fact that the estimates (39) and (40) are uniform in 7 we
get that

Zn s _ _
log 2M logE [eMW “>} ~ MO, and  E o [Hy — B~ MO(@GPH),
Z( p) Harp Harp
where p = 0,1, 2. O

3. NUMERICAL SCHEMES FOR COARSE-GRAINING AND A POSTERIORI ESTIMATES

We conclude the proof of Theorem 1.4 by giving explicit formulas for the correction terms (41) and (42)
and estimating them with respect to the small parameter €. The corrections consist of combinations of fx; =
e BArJ(7) 1 for all k and I. Since the exponent —3A;J(o) in (26) is small we have that

oo

e BARI (o) _ Z (—=BAwJ(0))P with ApJ(c) ~O <q2dL;1+1 HVVHOO) . (45)
The key point of our calculations relies on the cancellation
[ Aud@pidn)nts) o (46)

following from the definition of ﬁz(vof) in (17).
In order to keep expressions simple we express our results in terms of the variables a(k), the number of spins
o(x) = 1 in the coarse cell Ck, and w(k) = ¢ — a(k). Next we define the following quantities for distinct x, y, 2
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and w
200 — q
Ei(a) = Elo(x)la] = ot (47)
o o(2)o a:a(a71)72aw+w(w71)
Ey(a) = Elo(z)a(y)le] =D : (48)
E3() = Elo(z)o(y)o(2)|a]
 ala—1)(a—2)—=3a(a— 1w+ 3a(w— 1w — (w—2)(w— 1w
- g(q—1)(g—-2) ’ )
Ey(e) = Elo(z)o(y)o(z)o(w)le]
_ ala—1)(a—2)(a-3)—da(a—1)(a—2)w
(g =1)(¢—2)(¢ = 3)
n b6a(a—1)(w—1)w—4da(w—2)(w—- 1w+ ww—1)(w —2)(w — 3) (50)

qlg —1)(g—2)(q —3) ’

where all spin sites in the expressions are different. Note that all terms are of order O(1). Furthermore, we
introduce the notation

o= Y (T —y) = J(k,1)? (51)
du o= Y. (J@—y) = Ik D) (x—2) = T(k,1) (52)
Thikaks = S U@ —y) = Tk, k) (J(y = 2) — J(ka, ks)). (53)

zeckl
y€Cg, ,260k3

If k1 = ko then we also impose that for x,y € Cj, we have y # x.
Note that these quantities have various symmetries following from translational invariance of J(z — y); for
example, j& = j% or ji, = ji_, = jj, for some function j' and similarly jZ depends also only on k — I,
2 =2
MOTEOVET Jio ko = Jie, — ko ks —ko -
Based on (18) we get first estimates in terms of ¢ and L

2d+2 2 2d+-2 2d+4-2
.1 q -2 3d q d (4 ) d (4
Tkt ™ (E> ) Jet ~ 4 (Ld+1) ~q (f) ) Jk1koks ™~ 4 (f) .

Proof of Theorem 1.4. Starting from the formulas for I_{J(Vl[) and I_{J(VQI) in Proposition 2.4 we expand the factors fx;

and re-estimate the corrections using the cancellations in (46). Recalling that € ~ I 3||VV| s, we have

2 2d
O 30 [ fuulolanido) ~ M (¢ sV~ Mat! (7)
ENM

d d
(ii) Z Z /(fkl + frifrk + frifu)pr(do)pi(do) ~ M <§) (q2d%6|\VVHOO)2 ~ Mqg** (%) €2

k 1eBy (k)
q

where in the estimate we included ||[VV] o and 5 into the constant since here we want to focus on the L and ¢
dependence. Note also that the term involving fx; fxr fu is of a higher order.
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Therefore it suffices to include only the first two contributions which we also compute explicitly. With a
slight abuse of notation we still denote the new terms by I_{](\}). Collecting all the terms gives us

AP =8Y [ §AwI0)Pao) + 53 [ 5(8uIe)?pudn)a(do)
k

k<l

+8Y [ 30 @)da)(de) + 8 [ Aut(0)5 A0 ()0} (do).

k<l k<l

Explicit calculations of these integrals are detailed in Appendix A, yielding

A = DS a Ba(ak) + Ba(ak))] + 27k [Baa(k) + 1 - 2Bx(a(h))]

k
+ g > i [Ba(a(k)) Ba(all) — Ea(a(l) — Ez(a(k)) + 1)]
k<l

+ it [=2E2(a(k)) B2 (a(1)) + Ex(a(k)) + Ex(a(l))]

+ 05792320 [ Ey(a(k) B (al0) + Er(a(k) B (al1)]
k<l

+ g > itk [~ Es(a() Er(a(k)) + Er(alD) Er (a(k))].
k<l

Since j2,; = j2, this expression further simplifies to

A = DY 4 [ Ea(ak) + Ex(a(k))] + 27k [Eala(k) + 1 - 2Bx(a(k))

k
+ g > ik [Ba(a(k) Ba(all)) — Ba(a(l)) — Ez(a(k)) + 1]
k<l

+ it [=2B2(a(k)) B2 (a(l)) + Ex(a(k)) + Ea(a(D))]

+ g > it [=Es(a(k) By (a(l)) + 2E1(a(k) Er (1)) — Es(a(l)Er (a(k))] .-
k,l#k

By the estimates on the terms jZ;, and the fact that the terms Fj;(a) are of order one, and by counting the
summations we obtain

d
7 (1) L sa( 4 oL (LY (g ’
1y~ g (FAIvVie) g (5) o (pheivvi)

d
N d g)% afL (g)deN (g)dg
Mgq (L €“+ Mg <q i3 € N 7)€

hence we have gained an extra ¢¢ as compared with the previous estimate. In the same spirit we estimate the

terms of the correction I:IZ(VQI). From (42) we have

L /9 4 4 1 (L\* 2d _ 4 4
I M (@ 01TV ) oMz () (i BIVVI)

L(LN* (50 q 4 1IN 5y q 2
g () (pkeavvi)' neark (B) (i)’
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where in the term I; we have neglected the higher order contribution of the terms [...] in (42). Obviously,

for H](é) it suffices to consider only the term I;. Abusing slightly the notation we call this term H](é) and we
calculate it explicitly

B =5 Y Y [ Bukad (00 I (@), (o), (do)

k1 ka>k1 k3>ko

[ Bty (0811, T (@)1 (A0)ty (0015, (40) + [ A T(0) b1, () (A0, (40}, (o)
Similarly, as for the previous term, we evaluate the integrals in terms of Ej and obtain

10 =83 3" 37 R ikars (—Er(alk) Ex(alka) Ex (alks)) + Er(a(k:)) Er (a(ks)))

k1 ko>kq1 ks>ko
+ Jhakgkn (—E1 (k) Ba(alks)) By (k1)) + Er (k) Er (a(ky)))
+ Gk (—E1(a(ks)) Ex(a(kr) Er(a(ks)) + Er(a(ks)) By (a(k2))).

Using the estimates above we obtain the order of the correction

E[(Q) ~ Ml £ “ 3d q BIvV| 2 ~ Made?
M s\q) ¢ \Lam o0 e

Thus, from the above we deduce two results: the first one that due to the fact that the leading order terms that
participate in the O(d) error vanish, the choice of the initial Hamiltonian HJ(\B) yields a second-order accurate
approximation, in other words

B (5 (0

= (HM - HI‘V[)) ~ O(e?).
The second one is that to obtain a O(e?) error, the corresponding correction term have to include both I:II(VII)

and I:IZ(\EI). In such a case we obtain

B (i (B + B + BD)) ~ 0.
In the same spirit we can derive error estimates for the additional terms in the expansion. (I

In Section 4 we discuss the computational complexity of higher-order terms. Here we present only two
schemes that are relevant for practical implementations.

Scheme 3.1 (2nd-order coarse-graining). The 2nd-order coarse-graining algorithm has the following character-
1stics

(1) Hamiltonian: Hj(\g), given by (17).

(2) Gibbs measure: ﬂg\(/)[)’ﬁ, given by (38) for p=1.

(3) Relative entropy error

R (ﬂg\(/)f),ﬁ |5 o Fil) ~ O(e?).

Scheme 3.1 is the coarse-graining algorithm that has been extensively studied in [13-15,17]. The novelty
presented in this paper is the sharper error estimate that shows that the error is of the order O(e?); this
estimate readily follows from the cancellation due to (46) as is seen from the calculations above.

Scheme 3.2 (3rd-order coarse-graining). We construct a higher-order Monte Carlo algorithm with the following
characteristics
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(1) Hamiltonian: Hj(\g) + Hz(vlf) + I?I(VQ[),where the corrections are

D) = 4R Eaa(k) + Bala(k))
k
+ 21}, [Ba(a(k) + 1 - 2Bz (a(h))]

+ g Y ik [Ba(a(k)) Ba(all)) — Ba(a(l)) — Ex(a(k)) + 1]
k<l

+ ji [=2E2(a(k)) B2 (a(l) + Ex(a(k)) + Ex(a(l))]

+ g > it = Bs(a(k) Er (1) + 2B (a(k) Er (a(l) — Es(a(l)Er(a(k))] (54)
k Ik

and

AP0 =83 3" 37 32tk (~Er(a(kr)) Ba(alka) Er (a(ks)) + Er(alk:)) Er(a(ks)))

k1 ko>kqi k3>ko
+ Gk (—E1(a(ke)) Ea(a(ks)) Er(a(k)) + Bi(alks)) By (k1))
+ Jiskks (—Br (a(ks)) Ex(a(ky)) By (a(ky)) + Ei(a(ks)) B (a(ks))). (55)

The terms E; are defined in (47)-(50) and the quantities j}, j2;, jp pok, o€ defined in (51)—(53).

(2) Gibbs measure [Lg\?ﬂ(dn) = 2(12) e’(HE\;)*H}\})*HJ(\/QI))PM(dn).
M

(3) Relative entropy error
R (ﬂﬁ),ﬁ |nvg 0 F_1> ~ O(€%).

Remark 3.1. The estimates in Schemes 3.1 and 3.2 refer to the equilibrium Gibbs states of lattice systems.
Non-equilibrium models such as the Arrhenius dynamics can be coarse-grained as shown in [14,15]. In this case
it is also possible to carry out a detailed error analysis between the exact microscopic and the approximating
coarse-grained dynamics. In [13] an order O(e) estimate was proved for the specific relative entropy between
microscopic and coarse-grained dynamics, while in [17] an improved O(e?) estimate was shown in the weak
topology. Both results are analogous to Scheme 3.1, as the invariant Gibbs measure corresponding to the
coarse-grained Arrhenius dynamics studied there is (38).

We now turn our attention to the a posteriori error estimate in Theorem 1.6. The terms derived in Scheme 3.2
and the error estimate of Theorem 1.4 provide an explicit way of calculating the error made by the 2nd-order
coarse-graining.

Proof of Theorem 1.6. As we have seen in Proposition 2.4, we can write the relative entropy error as the expec-

tation with respect to the coarse-grained measure of some quantities, namely of the difference Hy; — Hj(\g) for
any choice of K. On the other hand, in the Scheme 3.2 we have calculated explicitly the terms that contribute

to the error of I_{J(\g). We now conclude the proof by recalling the proof of Theorem 1.4 and relations (43)
and (44). O

Using a Metropolis Monte Carlo sampler (see App. B), we can numerically compute the expectations in (43)
and (44) and thus we can calculate the a posteriori error of R(ﬁg\?[) sllN,g oF~1). Note also that as a consequence
the quantity Eﬂm [R(n)] can be calculated on-the-fly using the coarse simulation only, at least up to the error

M.

O(e?®) according to Scheme 3.2.
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3.1. Coarse-graining of external fields

To include an 2-dependent external field in our analysis, we define an effective external field h by
e—ﬁfz(n(k)) _ / e—Berck h(l‘)g(l')ﬁk (dO‘) (56)
{F(olr)=n(k)}

for every k. Then the effective full Hamiltonian (for both the interaction and the external field contribution)

will be given by

o BH() — _L / BN =B .cx M=)o@) Py (do)
{F(o)=n}

p(n)
and by perturbing around the coarse-grained Hamiltonian H I(\EJ[) + 3", h(n(k)) we obtain

1

- = 1
Hr(n) = Ha(0) + Zk: hln(k)) = 5 log Ee)

/ o BAH (S hn(k) = ea h(@)o () Py (der),
{F(o)=n}

where AH = Hy — Hj(\g). Since the part that involves the external field can be written in a product form, we

obtain ,
7 i 7 - h(n(k))— h <
() = B + ST R0) — glog [[e o2 T (200000 7).
k k
The new prior measure is normalized due to the definition (56) of the effective external field and therefore we
can proceed with the cluster expansions as described before. Eventually, the only issue will be the analytic
evaluation of the expected values Ep,[o(x)|n] with respect to the new prior measure due to the dependence on
the external field. Furthermore, it is easy to see that in the case of a constant or slowly varying (at the same
scale as the coarse cells) external field there is no extra contribution to the correction terms of the Hamiltonian.

4. COMPUTATIONAL ALGORITHMS AND NUMERICAL EXPERIMENTS

The 2nd-order approximation for the coarse-grained algorithm as described in Scheme 3.1 has been extensively
studied in previous works, see, e.g., [14,15,17], where it has been demonstrated that it performs well in certain
regimes (e.g., long-range interactions). In this section we present numerical experiments based on Scheme 3.2
and its comparison with the 2nd-order coarse-graining Scheme 3.1 for cases where the latter does not give
satisfactory results.

Before we present numerical examples we briefly discuss the computational complexity of the approximations.
As a simple measure of complexity we use the number of operations required for evaluating the Hamiltonian.
Although the actual Monte Carlo step does not require evaluation of the full Hamiltonian the relative complexity
with respect to the operation count of the full microscopic simulation ¢ = 1 is properly reflected by this measure.
Given a potential with the interaction radius L on a d-dimensional lattice with IV sites, the number of operations
for evaluation of the microscopic Hamiltonian Hy is O(NLY). The count for the 2nd-order approximation
HJ(\B) on the coarse lattice with M sites and coarse-graining ratio ¢ becomes O(ML?/q?). The 3rd-order

approximation H](\;) involves an additional summation over the interaction range and hence the operation count
is O(M L% /¢*?). In these estimates the ratio L/q is understood to be equal to one whenever ¢ > L. In such a
case the coarse interactions are reduced to the nearest-neighbor case. Thus the compression of the interaction
kernel .J in the corresponding approximations yields the speed-up of order O(¢??) for HI(VO[) and O(¢3?/L%) for

H](\}). We see that the 3rd-order approximation gives an improved error estimate at the same computational
cost whenever ¢ = L, in other words, whenever we can compress interactions to the nearest-neighbor potential.

We demonstrate the approximation properties in simulations of one-dimensional Ising-type spin systems. The
one-dimensional system provides a suitable test bed since the exact (analytical) solutions are known for both
the classical Ising system (i.e., nearest-neighbor) and the mean-field model (Curie-Weiss model). We use the
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exact solutions to ensure that the simulations are not influenced by finite-size effects. In all figures the exact
solutions visually coincide with the fully resolved simulations, i.e., ¢ = 1. We computed error bars for statistical
post-processing, however, they are not displayed in the figures due to their small relative size as compared to
the scales of figures.

In the case of nearest-neighbor interactions the one-dimensional system does not exhibit phase transition.
In fact, the exact solution is given by a well-known formula (see, e.g., [18]), which we adopt to our choice of
Hamiltonian with the constant nearest-neighbor (L = 1) interaction potential of strength Jy. The equilibrium
magnetization curve is then given by

sinh(5h)

mg(h) = .
’ \/sinhQ(ﬁh) +e28Jo

(57)

On the other hand, for infinitely long attractive interactions there exists a 2nd-order phase transition and
hysteresis behavior is observed according to the global mean-field theory for 5 > (. [9]. More explicitly, the
mean-field (Curie-Weiss) model gives the magnetization curve as a solution of the non-linear equation

(58)

The Curie-Weiss model exhibits phase transition at the critical temperature given by G.Jy = 1 in the case of
spins {—1,1} (B.Jo = 4 for spins {0, 1}).

The approximation of the hysteresis behavior in coarse-grained simulations provides a good test for derived
coarse-graining schemes. It has been observed previously that hysteresis and critical behavior are not captured
properly for short and intermediate range potentials [15]. Similar issues in predicting critical behavior were also
observed in [21] for coarse-graining of complex fluids. There an artificial solidification effect was observed for
higher levels of coarse-graining.

In the numerical tests presented here we demonstrate that the derived corrections improve this behavior even
in the case of nearest-neighbor interactions or high coarse-graining ratio q. The sampling of the equilibrium
measure is done by using microscopic and coarse-grained Metropolis dynamics discussed briefly in Appendix B.
We compute isotherms similarly to natural parameter continuation, i.e., we trace the magnetization mg vs.
external field h, first upon increasing the field A from low values and then decreasing it from high values. All
simulations have been done with the fine lattice of the size N = 512. As derived in Section 2.2 the errors depend
on the interplay of three parameters ¢, L and 5. In examples presented here we investigate approximation
properties for some regimes in this parameter space. In the computational examples we choose J to be constant

on its support of the size 2L, in particular J(z) = é]—]‘i, for |x| < L and 0 otherwise.

Test Case I: short-range interactions. We use the classical Ising model with nearest-neighbor interactions to show
efficiency of the 3rd-order correction term. Figures 1 and 2 depicts simulations at two different temperatures
8 = 2,3. The 2nd-order approximation exhibits hysteresis behavior for 8 above the critical value 3. for the
Curie-Weiss model. It partly follows the magnetization curve predicted by the mean-field theory. Including
the corrections into the effective Hamiltonian removes the hysteresis and in the case of smaller 3 gives even a
reasonable approximation to the exact solution, which coincides with the case ¢ = 1 at the scale of the figure.

Test Case II: intermediate-range interactions. In this case the system exhibits hysteresis behavior (and a 2nd-
order phase transition) but the correct approximation of the transition between two states is not achieved by
the 2nd-order effective Hamiltonian. In Figures 3 and 4 we present an example with extreme coarse-graining up
to the interaction range, i.e., ¢ = L = 8, and beyond the interaction range ¢ = 32. Note that this example is far
from the e ~ 1 < 1 limit suggested by Lemma 2.1. However, as is the case in most asymptotics, computations
perform well even for larger values of € and especially in this case where the higher-order corrections are added.

Test Case III: long-range interactions. If the interaction range L is sufficiently large the behavior of the system is
well-approximated by the mean-field solution and coarse-grained simulations will give good predictions already
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Magnetization: interaction L=1, J0:1, f =2 (mean field: [ic =1)
1 = T T

0.8

0.2

eq

<m>
o

—
- = -q=8
q=8corr N

O n.n. exact
Curie-Weiss

Q
03 0.4 05

h - external field

Ficure 1. Comparison of fully resolved ¢ = 1 and coarse-grained ¢ = 8 simulations. The
interaction range is L = 1 and the inverse temperature is fixed at g = 2.

Magnetization: interaction L=1, J0=1, f =3 (mean field: [ic =1)

— =t

- =-g=8
081 q=8 corr
O n.n.exact
Curie-Weiss
-1 03
-0.5 05

h - external field

F1GURE 2. Comparison of fully resolved ¢ = 1 and coarse-grained ¢ = 8 simulations. The
interaction range is L = 1 and the inverse temperature is fixed at § = 3.

in the 2nd-order approximation. This is observed in Figures 7 and 8 with coarse-graining to the range of
interactions ¢ = L = 32. However, coarse-graining beyond the interaction range (¢ = 64 in Fig. 8) shows that
the 2nd and 3rd-order schemes give almost identical results. On the other hand the simulations in Figures 5
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Magnetization: interaction L=8, J =1, B =2 (mean field: BC =1)
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Ficure 3. Comparison of fully resolved ¢ = 1 and coarse-grained ¢ = 8 simulations. The
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interaction range is L = 8 and the inverse temperature is fixed at § = 2.

Magnetization: interaction L=8, J =1, B =2 (mean field: BC =1)
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FIGURE 4. Comparison of fully resolved ¢ = 1 and coarse-grained ¢ = 32 simulations. The
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interaction range is L = 8 and the inverse temperature is fixed at g = 2.
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Magnetization: interaction L=8, J=1, =2 (mean field: §, = 1)

08

041
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- = -q=4 |
== q=4 corr

Curie-Weiss

-05 -04 -03 -02 -01 0 0.1 0.2 0.3 04 0.5
h - external field

FicUurE 5. Comparison of fully resolved ¢ = 1 and coarse-grained ¢ = 8 simulations. The
interaction range is L = 8 and the inverse temperature is fixed at § = 2.

Magnetization: interaction L=8, J0=1, f =1 (mean field: BC =1)

1 T T T T T T T T T T
— =1

- = -q=16

08 > ~ = g=16 corr
Curie-Weiss

041

-05 -04 -03 -02 -01 0 0.1 0.2 0.3 0.4 05
h - external field

FIGURE 6. Comparison of fully resolved ¢ = 1 and coarse-grained ¢ = 8 simulations in the
“high temperature” regime. The interaction range is L = 8 and the inverse temperature is
fixed at g = 1.

and 6 show two regimes where the 2nd-order approximation gives reasonable agreement with the microscopic
magnetization curve.
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Magnetization: interaction L=32, J =1, B =2 (mean field: [SC =1)
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FiGUrE 7. Comparison of fully resolved ¢ = 1 and coarse-grained ¢ = 32 simulations. The
interaction range is L = 32 and the inverse temperature is fixed at g = 2.

Magnetization: interaction L=32, J =1, B =2 (mean field: [SC =1)
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FiGURE 8. Comparison of fully resolved ¢ = 1 and coarse-grained ¢ = 64 simulations. The
interaction range is L = 32 and the inverse temperature is fixed at 0 = 2.
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APPENDIX A

In this section we present the detailed calculations involved in obtaining exact formulas for the corrections
I_{J(\Z), p=1,2,... to the coarse-grained Hamiltonian I:IZ(VOI).

Computation of the term [(AggJ(0))?pr(do). Using the definition of AgyJ we write

[@uwi@) o) = 3 S ) = TR o) = Tk KBl (@)oo @)o (ol

z,y€CL 2/ y gck
Yy#x y! #a!

In the above formula the expectation takes different values according to the following cases

(1) Four particles:  # 2/,y" and y # 2,3, in which case the expectation gives E ().
(2) Three particles: x =2’ and y #y',ory =% and x #2', or x =3y’ and 2/ # y, or 2’ =y and = # ¢/,

in which case for some distinct z,y, 2z we obtain E[o?(z)o(y)o(2)|a] = E[o(y)o(z)|a] = Ez(a), since
o?(x) = 1.

(3) Two partlcles r=ua nd y =1y, or z =9 and 2’ = y, which for the distinct particle positions z,y
gives E[o?(2)0? (y)|a] =

We also keep in mind that we already have that y # = and 3’ # x’. With the above cases we can substitute for
Elo(z)o(y)o(a')o(y')|a] the expression

(1 =0z, ) (1 = 0y )(1 = 0y )(1 = y,yr) X Ea(cr)
+ [5:6,:8’(1 - 5y,y’) + 5y,y’(1 - 5:8,:8’) + 5:8,1/(1 - 5:8’,1;) + 51"4;(1 - 5:8,1/)] X E2(a)
+ (02,07 0y,y7 + 0a,y/ 027 ) X L.

We expand the above products and collect the terms with the factor J§, ., (note that the others with the
factors d,,, etc., are same by changing variables), and with the factor 65 .6y, and we obtain

43 > U=y =Tk k)@ —y') = T(k k)dr 0 (—Ea(@) + Ba(a) = 4ji,(—Ea(a) + Ea(a)),

z,y€CL 'y eCy,
Yy#x y! #a!

and we also have

2 ) E = J(k, ) (J (&' = y') = T (k, k)00 0y, (Ba + 1 = 2B2) = 2]y (Ea(a) + 1 = 2B(av)).
zy€CL 2y ey,
y#T y £’
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Computation of the term [(AgJ(c))?pr(do)pi(do). Similarly as in the calculation above we consider all possible
cases for the position of the particles and we obtain

> Z (J(@ —y) = J(k,D))(J (2" —y) = J(k, 1) E[o(x)o(y)o(z")o(y) o]

r€CL o eck
YECL yieq

-3 Y w — J(k, D) (T (' —y') — T(k,1))

2€CL o ec,C
YECT yieg

% {(1 = 62.0) (1 = 8y Elo (@) (@) Elo (1) (]
+ G0 (1 = 0y JEI0 (@) | [E [ (y) o (5]

+ 8y (1 = B Elo(@)o (o) [ar Elo? (y) |+
BBy Ew( )] Elo* (y)|eu] }

=> > U kD)) (2" =) = J(k,1))

2€CE o ec,C
YECT yieg

X {5z,z'(*E2(ak)E2(0<z) + Ea(au)) + 0y, (—E2(ar) E2(ar) + Ea(ak))

E
+ 00,000y, (Ba(ck) Bz (1) = Eafen) = Balow) +1) }
= jim(—2Es(an) Ea () + Ea(an) + Ea(au)) + jiy (Ba (o) B2 () — Ea(oy) — Ea(o) + 1).

Computation of the term [ ApiJ (o)A J(0)pr(do)pi(do). In the same spirit we have

> Z J(@—y) = J(k, k) (J (&' —y) = J(k,1))Elo(z)o(y)o(z)o(y)|a]

.¥ECE o eck
vET ylec

= > Z T —y) = J(k, k)(J (" —y') = T (k,1))

= YyECE ec,C
yF#x y ecl

x {(1 = 02.0)(1 = 0y )E[o(2)o(y)o(2") k] E[o(y) o]
+ O a0 [02(30) W)|e]Elo(y)|ea] + by o Elo(w)o” (y)lak]E[U(y'ﬂal]}

= > Z J(k, k) (J (2" —y') — J(k,1))

z,yeCy Gck
yF#z y ecl

x{ = baar (Bs(ar) Br(en) = Br(on) Er() = 8.0 (B () Bx (o) = Bx(on) B () }

= —2ji(Bs(ox) Er(ar) — Er (o) i (an)).

Similar computation yields expressions fQjﬁk(Eg (1) Er(ar) — E1(aq)Er(ag)) for the terms fy fri.
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Computation of the term [ Ag,g,J(0)AkykyJ (0) Pk (do)pry (o) pr, (do). We repeat the same procedure and
obtain

Yo Y Ul —y) = Ik k2))(J (@' — ') = T(kz, ks))E[o(@)o (y)o(a")o(y')]o] =

2€CK, o' €0y,

YEC, v €Oy,

Yo > U —y) = Tk k2))(J (@' —y') = T (k2 ks))

yeCy ’
2 Y €CK,

x {(1 = 8.0 Elo (@) Ja, [Blo (y)r (@), JEL (5 uns]
+ b0 Elo (@) lan, JE [ (y)?l o, JElo (4|}

Yo D U=y = Tk k))(J (@ —y) = T (ke ks))
€0k o' €0y,
y€0k2 yleckg

X 69@/ (7E1 (akl )EQ (ak2 )El (akz) + By (akl )El (akz ))
= Gt kaks (— B (an, ) Ba(an, ) By (k) + En(an, ) Er ()

APPENDIX B: SAMPLING OF THE EQUILIBRIUM MEASURE

In this section we briefly describe the background of Monte Carlo methods used in Section 4 for the sampling
of the microscopic and coarse-grained equilibrium Gibbs measures. These algorithms rely on the construction
of a suitable Markov Chain such that its unique invariant measure is the Gibbs measure we intend to sample.

Microscopic Monte Carlo algorithms. The sampling algorithm for the microscopic lattice system is given in
terms a continuous-time jump Markov process that defines a change of the spin o(z) with the probability
c(x, o)At over the time interval [t,¢ + At]. The function ¢ : Ay x Sy — R is called a rate of the process. The
jump process {o;}+>0 is constructed in the following way: suppose that at the time ¢ the configuration is oy,
then the probability that over the time interval [t,¢ + At] the spin at the site 2 € Ay spontaneously changes
from o (z) to a new configuration o7, () is ¢(z, o) At+O(At?). We denote the resulting configuration o®. We
require that the dynamics is such that the invariant measure of this Markov process is the Gibbs measure (6).
The sufficient condition is known as detailed balance and it imposes a condition on the form of the rate

c(z, J)e*ﬁHN(”) = ¢(x, az)e*ﬁH’V("z).

This condition has a simple interpretation ¢(x, o) is the rate of converting o (z) to the value o®(x) while ¢(x, 0%) is
the rate of changing the spin at the site x back to o(z). For the spin-flip dynamics we have 0 (y) = (1—20,)0(y).
The widely used class of Metropolis-type dynamics satisfies the detailed balance conditions and has the rate
given by
c(xz,0) = G(BAzHNn(0)), where AyHy(0) = Hy(0%) — Hy(0),

where G is a continuous function satisfying: G(r) = G(—r)e™" for all r € R. The most common choices in
physics simulations are G(r) = ﬁ (Glauber dynamics), G(r) = e~["l+  (Metropolis dynamics), with [r], = r
if 7 > 0 and = 0 otherwise, and G(r) = e~"/2. Such dynamics are often used as samplers from the canonical
equilibrium Gibbs measure.

Coarse-grained Monte Carlo algorithms. For the purpose of sampling the coarse-grained Gibbs measure given
by fiar,s(n) we will consider a Markov jump process with the rates & (k, n), ¢q(k,n) correspond to the addition
(“birth”) and removal of a particle (“death”) respectively, at the coarse cell k. The resulting process is a
birth-death process {n; }+>0 defined on the configuration space (EC)AM, where the state space is ¥¢ = {—q, —¢+
2,...,+q}or 2¢={0,1,...,q}.
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As in the case of microscopic dynamics, we need to ensure the detailed balance condition for the coarse-grained
rates expressed as

co(k,m)ine,p(n) = ca(k,n =+ o) finr,s(n +0r), and  cq(k,n)in,p(n) = co(k,n — 0x)finr,s(n — Ok).

For the Metropolis-type dynamics the rates are given by

&k, n) = GHD (n+6,) — HY () (q — n(k)), and a(k,n) = GHY (n— 6x) — HS ())m(k).

Notice that with these rates the detailed balance conditions hold since

G} (04 65) — Hy) (m)e "0 ) = G (n = 50) = P (n))e 1 (1400,

= _ g9 = = _ g9
G(HY (n = 8x) = Hyp (m)e™ 0 00 = G (n) — HY (1 = 6y))e s (=00

and G(r) = G(—r)e™" for all r € R.

Higher-order coarse-grained Monte Carlo algorithms. In Theorem 1.4 we have suggested higher-order corrections
(Hj(\ﬁ), for p = 1,...) to the coarse-grained Hamiltonian H](\g). Based on this equilibrium theory, and on
the detailed balance condition, we define rates that are capable of sampling the corrected Gibbs measure

corresponding to f_ll(\g). In this case the Metropolis-type rates are given as
&) (k,m) = G(HL (n+6) — Hy () (g = (k). and & (k,m) = GUHL (n = 04) = HLP () (k).
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