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1. Introduction

Information Theory provides both mathematical methods and practical computational tools to construct probabilistic
models in a principled manner, as well as the means to assess their validity, [1]. One of the key mathematical objects of
information theory is the concept of information metrics between probabilistic models. Such concepts of distance between
models are not always metrics in the strict mathematical sense, in which case they are called divergences, and include
the relative entropy, also known as the Kullback-Leibler (KL) divergence, the total variation and the Hellinger metrics, the
x2 divergence, the F-divergence, and the Rényi divergence, [2]. For example, the relative entropy between two probability
distributions P = P(¢’) and Q = Q (¢) on RN is defined as

R(Q | P)=/10g(%> Q(0)do, (1)

RN
when the integral exists. The relative entropy is not a metric but it is a divergence, that is it satisfies the properties:
(i) R(Q || P) =0, (ii) R(Q || P) =0 if and only if P =Q a.e.

We may for example think of the model Q as an approximation, or a surrogate model for another complicated and
possibly inaccessible model P; alternatively we may consider the model Q as a misspecification of the true model P. When
measuring model discrepancy between the two models P and Q, tractability depends critically on the type of distance
used between models. In that respect, the relative entropy has very convenient analytic and computational properties, in

* Corresponding author.
E-mail addresses: markos@math.umass.edu (M.A. Katsoulakis), luc@math.umass.edu (L. Rey-Bellet), wang@math.umass.edu (J. Wang).

http://dx.doi.org/10.1016/j.jcp.2017.02.020
0021-9991/© 2017 Elsevier Inc. All rights reserved.


http://dx.doi.org/10.1016/j.jcp.2017.02.020
http://www.ScienceDirect.com/
http://www.elsevier.com/locate/jcp
mailto:markos@math.umass.edu
mailto:luc@math.umass.edu
mailto:wang@math.umass.edu
http://dx.doi.org/10.1016/j.jcp.2017.02.020
http://crossmark.crossref.org/dialog/?doi=10.1016/j.jcp.2017.02.020&domain=pdf

514 M.A. Katsoulakis et al. / Journal of Computational Physics 336 (2017) 513-545

particular regarding the scaling properties of the system size N which could represent space and/or time. Obtaining bounds
which are valid for high dimensional (N >> 1) or spatially extended systems and/or long time regimes is the main topic of
the paper and we will discuss these properties in depth in the upcoming sections.

Information metrics provide systematic and practical tools for building approximate statistical models of reduced com-
plexity through variational inference methods [3-5] for machine learning [6,7,4] and coarse-graining of complex systems
[8-16]. Variational inference relies on optimization problems such as

31615R(P|| Q) or gﬂelgR(Q | P), (2)

where Q is a class of simpler, computationally more tractable probability models than P. Subsequently, the optimal solution
Q* of (2) replaces P for estimation, simulation and prediction purposes. The choice of order in P and Q in (2) can be
significant and depends on implementation methods, availability of data and the specifics of each application, e.g. [3,4,
14,5]. In the case of coarse-graining the class of coarse-grained models Q will also have fewer degrees of freedom than
the model P, and an additional projection operator is needed in the variational principle (2), see for instance [8,16]. In
addition, information metrics provide fidelity measures in model reduction, [17-23], sensitivity metrics for uncertainty
quantification, [24-29] and discrimination criteria in model selection [30,31]. For instance, for the sensitivity analysis of
parametrized probabilistic models P? = P?(c), 6 € © the relative entropy R(P? || P?*€) measures the loss of information
due to an error in parameters in the direction of the vector € € ®. Different directions in parameter space provide a
ranking of the sensitivities. Furthermore, when |€| < 1 we can also consider the quadratic approximation R(P? || P?t€) =
eF(P))e + 0(|e|?) where F(P?) is the Fisher Information matrix, [27,26,28].

Based on this earlier discussion it is natural and useful to approximate, perform model selection and/or sensitivity
analysis in terms of information theoretical metrics between probability distributions. However, one is often interested
in assessing model approximation, fidelity or sensitivity on concrete quantities of interest and/or statistical estimators. More
specifically, if P and Q are two probability measures and f = f (o) is some quantity of interest or statistical estimator, then
we measure the discrepancy between models P and Q with respect to the Quantity of Interest (Qol) f by considering the
model bias,

Eq(f)—Epr(f). (3)

Indeed, in a statistics context, f could be an unbiased statistical estimator for model P which is either complicated to
compute or possibly inaccessible and Q is a computationally tractable nominal or reference model, e.g., a surrogate model.
Thus, (3) is the estimator bias when using model Q instead of P. Alternatively, P could be the nominal model, for instance
a model obtained through a careful statistical inference method, e.g. some type of best-fit approach such as maximum
likelihood or variational inference, or just simply our best guess. However, due to the uncertainty whether this is a suitable
model for the Qol f, we would like to measure the performance on f over a family of alternative models, for example
all models within a KL tolerance n, Q@ ={Q : R(Q||P) < n}. In this case, a bound on glaélEQ(f) — Ep(f)| will provide a
€

performance guarantee for the model P. Our main mathematical goal is to understand how to transfer quantitative results
on information metrics into bounds for quantities of interest in (3). In this direction, information inequalities can provide a
method to relate quantities of interest (3) and information metrics (1), a classic example being the Csiszar-Kullback-Pinsker
(CKP) inequality, [2]:

lEq(f) —Ep(DI = Iflloov/ZR(Q || P), (4)
where || fllcoc = sup |f(o)|. In other words relative entropy controls how large the model discrepancy (3) can become for
oeRN

the quantity of interest f. More such inequalities involving other probability metrics such as Hellinger distance, x2 and
Rényi divergences are discussed in the subsequent sections.

In view of (4) and other such inequalities, a natural question is whether these are sufficient to assess the fidelity of com-
plex systems models. In particular complex systems such as molecular or multi-scale models are typically high dimensional
in the degrees of freedom and/or often require controlled fidelity (in approximation, uncertainty quantification, etc.) at long
time regimes; for instance, in building coarse-grained models for efficient and reliable molecular simulation. Such an exam-
ple arises when we are comparing two statistical mechanics systems determined by Hamiltonians Hy and Hy describing
say N particles with positions X = (xq, ..., xn). The associated canonical Gibbs measures are given by

Py(X)dX = Zy'e M Xdx and Qun(X)dX = Zy'e FNXgx (5)

where Zy and Zy are normalizations (known as partition functions) that ensure the measures (5) are probabilities. Example
(5) is a ubiquitous one, given the importance of Gibbs measures in disparate fields ranging from statistical mechanics and
molecular simulation, pattern recognition and image analysis, to machine and statistical learning, [32,3,4]. In the case of (5),
the relative entropy (1) readily yields,

R(Qn | PN) = Eqy(Hy — Hy) +logZy —log Zy . (6)
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It is a well known result in classic statistical mechanics [32], that under very general assumptions on Hy, both terms in the
right hand side of (6) scale like O(N) for N > 1, therefore we have that

R(Qn I Pn)=O(N). (7)

Comparing to (4), we immediately realize that the upper bound grows with the system size N, at least for nontrivial
quantities of interest f and therefore the CKP inequality (4) yields no information on model discrepancy for quantities
of interest in (3). In Section 2 we show that other known information inequalities involving other divergences are also
inappropriate for large systems in the sense that they do not provide useful information for quantities of interest: they
either blow up like (4) or lose their selectivity, in the N >> 1 limit. Furthermore, in Section 2 we also show that similar
issues arise for time dependent stochastic Markovian models at long time regimes, T > 1.

In our main result we address these issues by using the recent information inequalities of [33] which in turn relied on
earlier upper bounds in [34]. In these inequalities, the discrepancy in quantities of interest (3) is bounded as follows:

E_(QIP; H)=Eq(f)) —Ep()) =EL(QIP: f), (8)

where
1 1
2.(Q|IP; f)= inf{—long (e“f—EP(f”) +-R(Q | P)} : 9)
c>0|C C

with a similar formula for E_(Q || P; f). The roles of P and Q in (8) can be reversed as in (2), depending on the context
and the challenges of the specific problem, as well as on how easy it is to compute or bound the terms involved in (9);
we discuss specific examples in Section 6. The quantities £+(Q || P; f) are referred to as a “goal-oriented divergence”,
[33], because they have the properties of a divergence both in probabilities P and Q and the quantity of interest f. More
precisely, E4(Q || P; f) >0, (resp. E_(Q || P; f) <0) and EL(Q || P; f) =0 if and only if P = Q a.s. or f is constant P-a.s.

The bounds (8) turn out to be robust, i.e. the bounds are attained when considering the set of all models Q with a
specified uncertainty threshold n within the model P given by the distance R(Q || P) < n; we refer to [34], while related
robustness results can be also found in [35]. The parameter c in the variational representation (9) controls the degree of
robustness with respect to the model uncertainty captured by R(Q || P). In a control or optimization context these bounds
are also related to H* control, [36]. Finally, E+(Q ||P; f) admits an asymptotic expansion in relative entropy, [33]:

E+(Q | P; f)=+/Varp[fIV2R(Q || P) + O(R(Q || P)), (10)

which captures the aforementioned divergence properties, at least to leading order.

In this paper we demonstrate that the bounds (8) scale correctly with the system size N and provide “scalable” uncer-
tainty quantification bounds for large classes of Qols. We can get a first indication that this is the case by considering the
leading term in the expansion (10). On one hand, typically for high dimensional systems we have R(Q || P) = O(N), see for
instance (6); but on the other hand for common quantities of interest, e.g. in molecular systems non-extensive Qols such as
density, average velocity, magnetization or specific energy, we expect to have

Varp(f) = 0(1/N). (11)

Such Qols also include many statistical estimators e.g. sample means or maximum likelihood estimators, [31]. Combining
estimates (7) and (11), we see that, at least to leading order, the bounds in (8) scale as

Ex(Q P f)=0),

in sharp contrast to the CKP inequality (4). Using tools from statistical mechanics we show that this scaling holds not only
for the leading-order term but for the goal oriented divergences E4(Q || P; f) themselves, for extended systems such as
Ising-type model in the thermodynamic limit. These results are presented in Sections 3 and 4. Furthermore, in [33] it is also
shown that such information inequalities can be used to address model error for time dependent problems at long time
regimes. In particular our results extend to path-space observables, e.g., ergodic averages, correlations, etc., where the role
of relative entropy is played by the relative entropy rate (RER) defined as the relative entropy per unit time. We revisit the
latter point here and connect it to nonlinear response calculations for stochastic dynamics in statistical mechanics. Finally,
in Section 7 we also show that the bounds (8) are also appropriate for a general class of observables and not just for
spatio-temporally averaged quantities that need to satisfy (11).

Overall, the scalability of (8) allows us to address three challenges which are not readily covered by standard numerical
(error) analysis, statistics or statistical mechanics calculations: (a) obtain uncertainty quantification (UQ) bounds for quanti-
ties of interest in the large degree of freedom limit N >> 1 and/or at long time regimes T >> 1, (b) estimate the impact of
large model perturbations, going beyond error expansion methods and providing nonlinear response bounds in the statisti-
cal mechanics sense, and (c) address model-form uncertainty, i.e. comparing different extended models and corresponding
Qols.

We demonstrate all three capabilities in deriving robust uncertainty quantification bounds for phase diagrams in sta-
tistical mechanics models. Phase diagrams are calculations of Qols as functions of continuously varying model parameters,
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Fig. 1. (a) The red solid line is the magnetization of 1-d mean field Ising model with 8 =1, which is the baseline model P; the black dashed/dash-dot line
is the goal-oriented divergence upper/lower bound of magnetization of the perturbed mean field model Q with g =1.6. The gray areas depict the size
of the uncertainty region corresponding to the goal-oriented bounds (8). (b) The black dashed/dash-dot line is the goal-oriented divergence upper/lower
bound of the magnetization of the nearest neighbor Ising model P with h =0 (P model not shown). The red solid line is the spontaneous magnetization
of 2-d mean field Ising model for h = 0, which here plays the role of the surrogate, simpler, approximate model Q. The gray areas depict the size of the
uncertainty region corresponding to the goal-oriented bounds (8). For more details see Fig. 4. (For interpretation of the references to color in this figure
legend, the reader is referred to the web version of this article.)

e.g. temperature, external forcing, etc. Here we consider a given model P and desire to calculate uncertainty bounds for its
phase diagram, when the model P is replaced by a different model Q. We note that phase diagrams are typically computed
in the thermodynamic limit N — oo and in the case of steady states in the long time regime T — oo; thus, in order to
obtain uncertainty bounds for the phase diagram of the model P, we necessarily will require scalable bounds such as (8).
Similarly, we need such scalable bounds to address any related UQ or sensitivity analysis question for molecular or any other
high-dimensional probabilistic model, where N — oo and/or T — oo regimes are commonplace. To illustrate the potential
of our methods, we consider fairly large parameter discrepancies between models P and Q of the order of 50% or more,
see for instance Fig. 1(a). We also compare phase diagrams corresponding not just to different parameter choices but to
entirely different Gibbs models (5), where Q is a true microscopic model and P is for instance some type of mean field
approximation, see Fig. 1(b). These and several other test-bed examples are discussed in detail in Section 5.

This paper is organized as follows. In Section 2 we discuss classic information inequalities for Qols and demonstrate
how they scale with system size or with long time dynamics. We show these results by considering counterexamples
such as sequences of independent identically distributed random variables and Markov chains. In Section 3 we revisit
the concept of goal oriented divergence introduced earlier in [33] and show that it provides scalable and discriminating
information bounds for Qols. In Section 4 we discuss how these results extend to path-space observables, e.g., ergodic
averages, autocorrelations, etc., where the role of relative entropy is now played by the relative entropy rate (RER) and
connect to nonlinear response calculations for stochastic dynamics in statistical mechanics. In Section 5 we show how these
new information inequalities transfer to Gibbs measures, implying nonlinear response UQ bounds, and how they relate to
classic results for thermodynamic limits in statistical mechanics. In Section 6 we apply our methods and the scalability of
the UQ bounds to assess model and parametric uncertainty of phase diagrams in molecular systems. We demonstrate the
methods for Ising models, although the perspective is generally applicable. Finally, in Section 7 we demonstrate how the
bounds (8) can work for a general class of observables and not just for averaged Qols.

2. Poor scaling properties of the classic inequalities for probability metrics

In this section we discuss several classic information inequalities and demonstrate they scale poorly with the size of the
system especially when applying the inequalities to ergodic averages. We make these points by considering simple examples
such as independent, identically distributed (IID) random variables, as well as Markov sequences and the corresponding
statistical estimators.

Suppose P and Q be two probability measures on some measure space (X,.4) and let f: X — R be some Qol. Our
goal is to consider the discrepancy between models P and Q with respect to the quantity of interest f,

Eq(f)—Epr(f). (12)
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Our primary mathematical challenge here is to understand what results on information metrics between probability mea-
sures P and Q imply for quantities of interest in (12). We first discuss several concepts of information metrics, including
divergences and probability distances.

2.1. Information distances and divergences

To keep the notation as simple as possible we will assume henceforth that P and Q are mutually absolutely continuous
and this will cover all the examples considered here. (Much of what we discuss would extend to general measures by
considering a measure dominating P and Q, e.g. %(P + Q).) For the same reasons of simplicity in presentation, we assume
that all integrals below exist and are finite.

Total Variation [2]: The total variation distance between P and Q is defined by

1 dP
TV(Q,P)= A)—PA)| == [ 1-—|dQ. 13
Q. P :gle() Al 2/’ T (13)

Relative entropy [2]: The Kullback-Leibler divergence, or relative entropy, of P with respect to Q is defined by

d
RQ | P>=/log (%)dq‘ (14)

Relative Rényi entropy [37]: For o > 0, & # 1, the relative Rényi entropy (or divergence) of order o of P with respect to Q
is defined by

1 dp\1¢ 1 dQ \*
pu@in = (o) =gt () e (15)
x2 divergence [2]: The x? divergence between P and Q is defined by:
dQ 2
2P :/ —~ —1) dP. 16
x°@Q1IP) 1P (16)

Hellinger distance [2]: The Hellinger distance between P and Q is defined by:
5 1/2
dp

H(Q,P)= / 1- E dQ . (17)

The total variation and Hellinger distances define proper distances while all the other quantities are merely divergences
(i.e., they are non-negative and vanish if and only if P = Q). The Rényi divergence of order 1/2 is symmetric in P and Q
and is related to the Hellinger distance by

1
D1/2(Q || P) = —2log (l - SHA(Q, P)) :
Similarly the Rényi divergence of order 2 is related to the x? divergence by
D2(Q 1Py =log (14 x*(Q IIP) .
In addition the Rényi divergence of order « is an nondecreasing function of « [38] and we have
oerll Do (QIP)=R(Q|P),

and thus it thus natural to set D;(Q || P) = R(Q || P). Using the inequality log(t) <t — 1 we then obtain the chain of
inequalities, [2]

H*(Q, P) <D1/2(Q | P) <R(QIIP) < D2(Q || P) < x*(Q || P). (18)
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2.2. Some classic information inequalities for Qols

We recall a number of classic information-theoretic bounds which use probability distances of divergences to control
expected values of Qols (also referred to as observables). Since

dp dp
|[Eq(f) —Ep(H)| = ‘/f(l - E)dQ‘ < / I fllooll — EIdQ =2 fllTV(Q,P),

we can readily obtain bounds on Qols from relationships between TV (Q, P) and other divergences. It is well-known and
easy to prove that TV (Q, P) < H(Q, P) but we will use here the slightly sharper bound (Le Cam’s inequality) [2] given by

TV(Q,P)=H(Q,P)/1- %HZ(Q, P),

which implies

Le Cam [2]:

1
|[Eq(f) = Er(H] <2l fllocH(Q, P)y/1 - ZHZ(Q, pP). (19)

From inequality (18) and TV (Q, P) < H(Q, P) we obtain immediately bounds on TV (Q, P) by /D (Q || P) but the
constants are not optimal. The following generalized Pinsker inequality (with optimal constants) was proved in [39] and
holds for 0 <a <1

1
TV(Q.P) =45 Da(QIP).
o

and leads to

Csiszar-Kullback-Pinsker (CKP) [2]:
|[EQ(F) = Ep(H)| = 1Ifloov2R(Q || P). (20)

Generalized Pinsker [38]: For 0 <a <1

2
}EQ(f)—Ep(f)\Ellflloo,/&Da(Q I P). (21)

It is known that the CKP inequality is sharp only if P and Q are close. In particular the total variation norm is always
less than 1 while the relative entropy can be very large. There is a complementary bound to the CKP inequality which is
based on a result by Scheffé [2]

Scheffé:
[Eq(f) = Ep(NI = [Iflloo (2 —eR@1P). (22)

By (18) we have R(P | Q) < x2(Q || P) and thus we can also obtain a bound in terms of the x? divergence and || f|cc.
However, an improved bound involving the variance of f and thus not requiring f to be bounded can be readily obtained
via the Cauchy-Schwartz inequality:

Chapman-Robbins [40]:

|[Eq(f)—Ep(f)] <v/Varp(f)/x2(Q I P). (23)

Hellinger-based inequalities:

Recently a bound using the Hellinger distance and the L? norm was derived in [41]:

|Eq (f) — Ep(H)| < VZH(Q. P) (Ep(§?) + Eq(f2)).

As we show in Appendix A this bound can be further optimized by using a control variates argument. Note that the left
hand side is unchanged by replacing f by f — %(Ep(f) + Eq (f)) and this yields the improved bound

1
|[Eq (f) —Ep(f)| = v2H(Q, P>\/ Varg(f)+ Vare(f) + 5 (Eq(f) = Ep(/)?. (24)
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Furthermore, by (24), we can obtain
H(Q,P)
Vv1—H2(Q,P)

for all P, Q such that 0<H(Q,P) <1.

|Eq(f) —Ep(f)| < VVarg (f) + Varp(f)., (25)

2.3. Scaling properties for IID sequences

We make here some simple, yet useful observations, on how the inequalities discussed in the previous section scale
with system size for IID sequences. We consider the product measure space Xy =X x --- x X equipped with the product
o-algebra Ay and we denote by Py = P x --- x P the product measures on (Xy, . Ay) whose all marginals are equal to
P and we define Qy similarly. From a statistics perspective, this is also the setting where sequences of N independent
samples are generated by the models P and Q respectively.

We will concentrate on Qols which are observables which have the form of ergodic averages or of statistical estimators.
The challenge would be to assess based on information inequalities the impact on the Qols. Next, we consider the simplest
such case of the sample mean. For any measurable g: X — R we consider the observable fy : Xy — R given by

N
1
fn@ o =13 80y, (26)
j=1
This quantity is also the sample average of the data set D = {oq, ---on}. We also note that

1
I fNlloo = lIgllco » Epy(fn)=Ep(g), VarPN(fN)=NvarP(g)

To understand how the various inequalities scale with the system size N we need to understand how the information
distances and divergences themselves scale with N. For IID random variables the results are collected in the following
Lemma.

Lemma 2.1. For two product measures Py and Q y with marginals P and Q we have
Kullback-Leibler: R(Qn || Pn)=NR(Q || P),
Rényi: Do (QN | PN) =NDq(Q || P),
N
Chi-squared:  x*(Qu | Pv) = (1+x%(Q IP)) 1,

HZ(Q,m)”

Hellinger: HQn PN)=\/2—2<1 - >

Proof. See Appendix B.

Combining the result in Lemma 2.1 with the information bounds in the previous section we obtain a series of bounds
for ergodic averages which all suffer from serious defects. Some grow to infinity for N >> 1 while others converge to a trivial
bound that is not discriminating, namely provide no new information on the difference of the Qols Eq,(fn) — Epy(fn)-
More precisely we obtain the following bounds:

Csiszar-Kullback-Pinsker for IID:

[Equ(fN) — Epy (fN)] < lIglloov/2NR(Q | P) = O(VN). (28)

Generalized Pinsker for IID: For 0 < o <1 we have

2N
|Eqy(fn) — Epy(fN)] < ||g||oo,/70a(q | P) = 0(VN). (29)

Scheffé for IID:
[Equ(fn) — Epy ()] < llglloe (2= @17 ) = 0(1). (30)

Chapman-Robbins for IID: We have

1 JeN
|Equ(fn) — Epy (f)] < ,/NVang)\/(l +x2@QIP)-1=0 (%) : (31)
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Le Cam for IID:
H2Q,P\N [1 1 H2(Q, P)\"
|EQN(fN)_EPN(fN)|§2||g||oo\/2_2<1_f> \/§+§<1—f>
=0(1). (32)
Hellinger for IID:
H2(Q,P)\N [v v 1
!EQN(fN)—EpN<fN>|sfz\/z—2<1— (3 )) \/ aer(g)+ arls(g)+5(5p(g)—lsq(g))2. (33)

Every single bound fails to capture the behavior of ergodic averages. Note that the left-hand sides are all of order 1 and
indeed should be small if P and Q are sufficiently close to each other. The CKP, generalized Pinsker and Chapman-Robbins
bounds all diverge as N — oo and thus completely fail. The Le Cam bound is of order 1, but as N — oo the bound con-
verges to 2| f|leo Which is a trivial bound independent of P and Q. The Scheffé likewise converges to constant. Finally the
Hellinger-based bound converges, as N — oo, to the trivial statement that 1 < V2.

2.4. Scaling properties for Markov sequences

Next, we consider the same questions as in the previous section, however this time for correlated distributions. Let two
Markov chains in a finite state space S with transitions matrix p(o,¢’) and q(o, ¢’) respectively. We will assume that both
Markov chains are irreducible with stationary distributions wp and pq respectively. In addition we assume that for any
o € S, the probability measure p(c,-) and q(o, -) are mutually absolutely continuous. We denote by v, (o) and vg(o) the
initial distributions of the two Markov chains and then the probability distributions of the path (o7, ---oy) evolving under
p is given by

Py(o1,---,0N) =Vp(00)p(00,01) - P(ON-1,ON) ,

and similarly for the distribution Qy under q.
If we are interested in the long-time behavior of the system, for example we may be interested in computing or esti-
mating expectations of the steady state or in our case model discrepancies such as

}Eﬂq(g) —Ep, (g)‘

for some Qol (observable) g : S — R. In general the steady state of a Markov chain is not known explicitly or it is difficult
to compute for large systems. However, if we consider ergodic observables such as

1 N
fN(olv"'vaN)=N;g(o—i)v (34)

then, by the ergodic theorem, we have, for any initial distribution v, (o) that
lim Epy(fn) = Ep, (8).
N—oo

and thus can estimate |E, (g) — Ey, (g)| if we can control |Eq,(f) — Epy(f)| for large N. After our computations with
IID sequences in the previous section, it is not surprising that none of the standard information inequalities allow such
control. Indeed the following lemma, along with the fact that the variance of ergodic observables such as (34) scales like
Varpy, (fn) = O(1/N) [33], readily imply that the bounds for Markov measures scale exactly as (poorly as) the IID case,
derived at the end of Section 2.3.

Lemma 2.2. Consider two irreducible Markov chains with transitions matrix p and q. Assume that the initial conditions v, (o) and
Vq(0) are mutually absolutely continuous and that p(o, -) and q(o, -) are mutually absolutely continuous for each o

Kullback-Leibler: We have

1 q(o,0")
lim —R PN) =T = o)q(o,0)log| ——= |,
Jim SR || Pv) =r(@]l p) UZ{)/;@( )@, 0") g(p(aﬂ,)
and the limit is positive if and only if p # q.
Rényi: We have
lim 1D (Qn || PN) = ! log p(o)
am oy Pel@NIEN I gp )
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where p () is the maximal eigenvalue of the non-negative matrix with entries q* (o, o’)p' =% (o, o’) and we have ﬁ log p(a) >0
with equality if and only if p # q.

Chi-squared: We have

1
lim — log(1+ x2(Qn || Px)) =log p(2),
N—oo N

where p(2) is the maximal eigenvalue of the matrix with entries q%(x, y)p~ ! (x, y) and we have log p(2) > 0 with equality if and only
ifp=q.
Hellinger: We have

lim H(Qy || Pn) = V2.
N—oo
ifp#qand0ifp=q.
Proof. See Appendix B.

3. A divergence with good scaling properties
3.1. Goal oriented divergence

In this section we will first discuss the goal-oriented divergence which was introduced by [33], following the work in
[34]. Subsequently in Sections 3.3 and 4 and Section 5 we will demonstrate that this new divergence provides bounds on
the model discrepancy Eq (f) — Ep(f) between models P and Q which scale correctly with their system size, provided the
Qol f has the form of an ergodic average or a statistical estimator.

Given an observable f: X — R we introduce the cumulant generating function of f

Ap f(c) =logEp(e). (35)

We will assume f is such that Ap ¢(c) is finite in a neighborhood (—co, co) of the origin. For example if f is bounded
then we can take cg = co. Under this assumption f has finite moments of any order and we will often use the cumulant
generating function of a mean 0 observable

Ap.f(c) =log Ep e =ErUN) = Ap f(c) — cEp(f). (36)

The following bound is proved in [33] and will play a fundamental role in the rest of the paper.

Goal-oriented divergence UQ bound [33]: If Q is absolutely continuous with respect to P and Ap ¢(c) is finite in a neigh-
borhood of the origin, then

E_(QIP; H<SEq(H—Ep(f/) <EL(QIP;S), (37)
where
1~ 1
E+(QIIP;f)=Ci§£{EAp,f(C)JrER(QII P)} ) (38)
1~ 1
Ef(Q”P;f):SUlg{_ZAP,f(_C)_ER(Q l P)}- (39)

We refer to [33] and [34] for details of the proof but the main idea behind the proof is the variational principle for the
relative entropy: for bounded f we have, [42],

logEp(el) = sup {Eq(f) —R(Q || P}
and thus for any Q

Eq(f) <logEp(e’) + R(Q || P).

Replacing f by c(f — Ep(f)) with ¢ > 0 and optimizing over c yields the upper bound. The lower bound is derived in a
similar manner.

As the following result from [33] shows, the quantities 24 and E_ are divergences similar to the relative (Rényi)
entropy, the x? divergence and the Hellinger distance. Yet they depend on the observable f and thus will be referred to as
goal-oriented divergences.
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Properties of the goal-oriented divergence [33]:

1L E4(QIP;f)=0and E_(Q | P; f) <0.
2. E4(Q || P; f)=0if and only if Q = P or f is constant P-a.s.

It is instructive to understand the bound when P and Q are close to each other. Again we refer to [33] for a proof
and provide here just an heuristic argument. First note that if P = Q then it is easy to see that the infimum in the
upper bound is attained at ¢ =0 since R(Q || P) =0 and Ap ¢(c) > 0 for ¢ > 0 (the function is convex in c) and we have

/N\p,f(O) = 1~\/P_f(0) =0 and IN\/IQ’f(O) = 1varp(f). So if R(Q || P) is small, we can expand the right-hand side in ¢ and we
need to find
1%
inf {Ciarp(f)
c>0 2

5 1
+0(c )+ER(QII P)} .

Indeed, it has been demonstrated that the minimum has the form /Varp(f)+/2R(Q || P) + O(R(Q || P)), [33]. The lower
bound is similar and we obtain:

Linearized UQ bound [33]: If R(P || Q) is small we have

[Eq(f) — Ep(N)l <v/Varp(f)y2R(Q | P) + O(R(Q || P)). (40)

Robustness: These new information bounds were shown in [34] to be robust in the sense that the upper bound is attained
when considering all models Q with a specified uncertainty threshold given by R(Q || P) < n. Furthermore, the parameter
c in the variational representations (38) and (39) controls the degree of robustness with respect to the model uncertainty
captured by R(Q || P).

3.2. Example: exponential family of distributions

Next we compute the goal-oriented divergences for an exponential family which covers many cases of interest including
Markov and Gibbs measures (see Sections 4 and 5), as well as numerous probabilistic models in machine learning [4,3].

Given a reference measure P° (which does not need to be a finite measure) we say that P? is an exponential family if
P? is absolutely continuous with respect to P® with

dp? (0) = exp (t(o) - 6 — F(6))
dPO - p E)
where 0 = [61,---,0k]T € ® c RK is the parameter vector, t(o) = [t1(0), ..., tx(c)]T is the sufficient statistics vector and

F () is the log-normalizer

F(0) =1og/ef<">'9dP°(o).

Note that F(f) is a cumulant generating function for the sufficient statistics, for example we have VyF(0) = Epo (t). The
relative entropy between two members of the exponential family is then computed as

. dp” ,
R(PY | P?) = / log W(a)dlﬁ (0)=Epw ((0' —0) - t(0)) + F(®) — F(©")
=@ —6)-VF@O)+F®) —F@®). (41)
If we consider an observable which is a linear function of the sufficient statistics, that is
flo)y=t(o) v (42)
for some vector v € RX then the cumulant generating function of f — Eps (f) is

Apo ;(c)=logEps[e] — cEpu(f) = F(6 +cv) — F(8) —cv - VF(9), (43)

and thus combining (41) and (43), we obtain the divergence

2. (PY|IPY; f) =% in(f)%{(@’ —0)-VF(@©)—F@)+F@O=Lcv)Fcv-VF@®))}. (44)
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3.3. Example: 1ID sequences

To illustrate the scaling properties of the goal-oriented divergence consider first two product measures Py and Qp as in
Section 2.3 and the same sample mean observable (26). We now apply the bounds (38) and (39) to Nfy = Z,'{V:] g(oy) to
obtain

1 1
NE—(QN | Pn; Nfn) < Eqy(fN) — Epy(fNn) < NE+(QN Il Pns Nfn) .

The following lemma shows that the bounds scale correctly with N.

Lemma 3.1. We have
E+(QN I PN;NfN) =NEL(Q I P; 2).
Proof. We have already noted that R(Qy || Py) = NR(Q || P). Furthermore

Apy.Nfy (€) =10g Epy (eNN) — cEpy (Nf)

N N

=log/ e X 800 TdP(o1) — cEpy, (Zg(o,))
Xy i=1 i=1

:Nlong(ng)—CNEp(g):NZN\pyg(c). (45)

This result shows that the goal oriented divergence bounds capture perfectly the behavior of ergodic average as N goes to

infinity. In particular when P and Q are close in the sense of KL divergence, i.e. R(Q||P) is close to 0, by Theorem 2.12

in [33], we can obtain that E.(Q || P; g) is also close to 0, which contrasts sharply with all the bounds discussed in
Section 2.3.

4. UQ and nonlinear response bounds for Markov sequences

In the context of Markov chains, there are a number of UQ challenges which are usually not addressed by standard
numerical analysis or UQ techniques: (a) Understand the effects of a model uncertainty on the long-time behavior (e.g.
steady state) of the model. (b) Go beyond linear response and be able to understand how large perturbations affect the
model, both in finite and long time regimes. (c) Have a flexible framework allowing to compare different models as, for
example for Ising model versus mean-field model approximations considered in Section 6.

The inequalities of Section 3.1 can provide new insights to all three questions, at least when the bounds can be estimated
or computed numerically or analytically. As a first example in this direction we consider Markov dynamics with the same
set-up as in Section 2.4. We have the following bounds which exemplify how the goal-oriented divergences provide UQ
bounds for the long-time behavior of Markov chains.

Theorem 4.1. Consider two irreducible Markov chains with transition matrices p(o, 0') and q(o, ¢') and stationary distributions (i,
and [q respectively. If p(o, -) and q(o, -) are mutually absolutely continuous we have for any observable g the bounds

§-(qllp;8) <Eu (& —Eu, (& <5:@llp; 8.

where
(1 1
&:(qllp;g=infy—Apg(0)+—-r(qllp)g .
c>0]|C (o

§-(qll p; & =sup {—1Ap,g(—6) - 1r(q I p)} . (46)
>0 c c
Here
r(qllp)= lim lR(QN Il Pn)
N—oo N
is the relative entropy rate and Ap ¢(c) is the logarithm of the maximal eigenvalue of the non-negative matrix with entries

p(o, o) exp(c(g(o’) — Ep, (&)
Moreover, we have the asymptotic expansion in relative entropy rate r(q || p),

|Epug(8) — Epup (@] < /v, (©)v/2r(ql p) + 0(r(q |l p)) (47)
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where

Vi = Y Ep, (8(01)8(00))

k=—00

is the integrated auto-correlation function for the observable g.

Proof. We apply the goal-oriented divergence bound to the observable Nfy = Z,’:’:l g(oj) and have

1 1
~E_(QNIIPn; Nfn) < Eqy(fn) — Epy(fN) = NE+(QN I Pn; NfN).

N
We then take the limit N — oo. By the ergodicity of Py we have limy_ o Epy (fn) = Ey,(g) and similarly for Q. We have
already established in Lemma 2.2 the existence of the limit r(q | p) = limy— oo %R(QN || Pn). For the cumulant generating
function in E4+ we have

1 1

~ 1
N AP (©) = 1 log Ep, (eNi) — e Epv(Nf)

=

N
1
=—log > 00 [[P(Ok-1.01)e% W — cEpy(fn)

N 00, ,ON k=1
1
=N logva(’:\"g —CcEpy(fn)

where P is the non-negative matrix with entries p(o, 07)e¢")_ The Perron-Frobenius theorem gives the existence of the
limit [43].

The asymptotic expansion is proved exactly as for the linearized UQ bound (40). It is not difficult to compute the second
derivative of Ap ¢(c) with respect to ¢ by noting all function are analytic function of ¢ and thus we can freely exchange the
N — oo limit with the derivative with respect to c. Therefore we obtain that

d? 1

—A 0) = lim —Varp, (N

G pa(0) = lim - Varpy (Nfy)

and a standard computation shows that the limit is the integrated autocorrelation function v, (g), we also refer to the
derivations in [33]. For details on the numerical computation of the autocorrelation function v, we refer to [44].

Remark. A well studied case of UQ for stochastic models and in particular stochastic dynamics is linear response, also
referred to as local sensitivity analysis, which addresses the role of infinitesimal perturbations to model parameters of
probabilistic models, e.g. [45,46]. Here (47) provides computable bounds in the linear response regime, as demonstrated
earlier in [33] and which can be used for fast screening of uninfluential parameters in reaction networks with a very large
number of parameters, [47]. A related linear response bound using relative entropy was carried out earlier in [48] and
subsequently in [49].

Nonlinear response bounds: Beyond linear response considerations, nonlinear response methods attempt to address the role
of larger parameter perturbations. Some of the relevant methods involve asymptotic series expansions in terms of the small
parameter perturbation [50,51], which quickly become computationally intractable as more terms need to be computed.
However, the inequalities (38) and (39) provide robust and computable nonlinear response bounds.

The main result in Theorem 4.1 was first obtained in [33]. Here we revisit it in the context of scalability in both space
and time and connect it to nonlinear response calculations for stochastic dynamics in statistical mechanics. This connection
is made more precise in the following Corollaries which follow directly from Theorem 4.1 and provide layers of progressively
simpler to compute-and accordingly less sharp-bounds:

Corollary 4.2. Based on the assumptions and definitions in Theorem 4.1, we have the following two bounds that involve two upper
bounds of r(q || p). Bound (i) is sharper than bound (ii), while the latter is straightforward to calculate analytically.

(i) Let R@(0, )P0, ) = X, 40, ") log L&-23.: then,

1 1
§+@qlip;8) =< Cig(f)[gkp,g(c) + s sgp R(q(o,)lp(o, -))]

1 1
& (qllp;g = sug {_E)\p,g(_c) - c sgp R(g(o,)lp(o, -))} . (48)
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q(0,0") ‘
p(o,0")"

(ii) Next, we have the upper bound in terms of the quantity sup | log
o,0’

1 q(o,0")
&+l ps g)<mf{ kpg(c)+ sup |log ———— I}

Co,0 ( /)
1 1 o’
&-(qllp; g =sup :——Ap,g(—C) — —sup |logM|} : (49)
0| ¢ Coo p(o,0’)

Proof. We consider the relative entropy rate r(q || p); then,

q(o,0’)

rqlp)= Zuqmq(oo)log( -

0,0’

=Ey, (Zq(a o')log E G,))>

= Epi, (R@(0,)p(@, )

<supR(q(o,")|lp(o,"), (50)
o
where R(q(o, )|p(o,) =Y, q(c,0")log g((g g,)) Moreover, we have
q(o,0") q(o,0)
R(q(o, g,)= o,0')lo <sup|log ————|.
(q(o,)lpo, )= E q(o,0")log 2. /)_Jpl gp(a,g/)l

Therefore we can obtain another bound for r(q | p), that is,

rqll p) < sup | log X (51)

0,0’ p( 70/)

This bound may be not as sharp as the one in (50), but it is more easily computable. Thus, by (46), (50) and (51), it is easy
to obtain (i) and (ii). O

If we consider the linearized bound in (47), then combining the bounds (50) and (51) of r(q|/p), we can obtain the
following bound, which is a further simplification of Corollary 4.2, again at the expense of the tightness of the bounds.

Corollary 4.3. Under the assumptions and definitions in Theorem 4.1, we have

§+(qllp; g < i,/V,L,,(g)\/Z supR(q(o, )lp(o,-))+ O(supR(q(o,)lp(o,-))) (52)
o o

q(o,0’) q(o,0")
<=£/vu, (8 25up|log—|+0(sup|log—/|). (53)

0,0’ p(o,0") 0,0’ p(o,a’)
Remark. By the previous two Corollaries, we get some simplified ways to replace the calculation of &4 (q || p; g) since it is
much easier to calculate supR(q(o, -)||p(c,-)) or sup|log Z((gg/)ﬂ than r(q||p) itself, especially the latter one. In practice,

o 0,0’ ’

we can first attempt to estimate &4 (q || p; g) by calculating the leading term in (52) or (53). If the linearization assumptions
in the last Corollary fail, then we can try to use Corollary 4.2 or Theorem 4.1 which can also give computable bounds or
estimates of £1(q | p; g).

Finally, the bound in (51) is the Markov chain analogue of the triple norm ||| - ||| used in the estimation of UQ bounds for
Qols of Gibbs measures, which we discuss in depth in Section 5.

5. UQ and nonlinear response bounds for Gibbs measures

The Gibbs measure is one of the central objects in statistical mechanics and molecular dynamics simulation, [32,52].
On the other hand Gibbs measures in the form of Boltzmann Machines or Markov Random Fields provide one of the key
classes of models in machine learning and pattern recognition, [3,4]. Gibbs measures are probabilistic models which are
inherently high dimensional, describing spatially distributed systems or a large number of interacting molecules. In this
Section we derive scalable UQ bounds for Gibbs measures based on the goal oriented inequalities discussed in Section 3.1.
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Gibbs measures can be set on a lattice or in continuum space, here for simplicity in the presentation we focus on lattice
systems.

Lattice spins systems. We consider Gibbs measures for lattice systems on ZZ. If we let S be the configuration space of
a single particle at a single site x € Z9, then SX is the configuration space for the particles in X C Z%; we denote by
ox = {Oxlxex an element of SX. We will be interested in large systems so we let Ay = {x € Z4, |x;| <n} denote the square
lattice with N = (2n + 1)¢ lattice sites. We shall use the shorthand notation liﬁ] to denote taking limit along the increasing

sequence of lattices Ay which eventually cover Z4.

Hamiltonians, interactions, and Gibbs measures. To specify a Gibbs measure we specify the energy Hy(oa,) of a set of
particles in the region Ay. It is convenient to introduce the concept of an interaction ® = {®y : X C Z4, Xfinite} which
associates to any finite subset X a function ®x(ox) which depends only on the configuration in X. We shall always assume
that interactions are translation-invariant, that is for any X c Z¢ and any a € Z¢, ®x., is obtained by translating ®. For
translation-invariant interactions we have the norm [32]

ol =" X [ @xloo (54)

X>0

and denote by B the corresponding Banach space of interactions. Given an interaction ® we then define the Hamiltonian
Hf; (with free boundary conditions) by

Hy(oa) = Y ®x(0x), (55)
XCAN
and Gibbs measure uyy by

1
dip(ony) = Z—q)e_HN("AN)dPN(aAN), (56)
N

where Py is the counting measure on SN and Zf\l,’ = Z(,A e fN@ay) is the normalization constant. The norm ||| ®|| pro-
N

vides a bound on the energy per lattice site since we have \||H,‘3|H < N|||®]|l, see Proposition I1.1.1C in [32]. In a similar way
one can consider periodic boundary conditions or more general boundary conditions, see [32] for details.

Example: Ising model. For the d-dimensional nearest neighbor Ising model at inverse temperature 8 we have
Hyoay) =—B] Y. o@o(y)—ph Y o
(X,y)CAN XEAN
where (0, 0’) denotes a pair of neighbors with sup |x; — y;| = 1. So we have
i
—Blo®a(y), X={x,y},

Oy = —Bho (x), X ={x},
0 otherwise,

and it is easy to see that (54) becomes

i@l = Bl ]I+ kD).

Observables. We will consider observables of the form

1
fnoa) =1 3 8@ (57)

XeEAN

for some observable g. It will be useful to note that Nfy is nothing but Hamiltonian H{,g for the interaction I'"¢ with

F{gx}:g, and T'§=0 if X#{x}. (58)

UQ bounds for Gibbs measures in finite volume. Given two Gibbs measures Mﬁ and uﬁ straightforward computations show
that for the relative entropy we have

R(uy || y) = log Zy —log Zy + E w (HY — HY) (59)
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while for the cumulant generating function we have
~ —cI'8
Ao npy (©) =log Zy™ " —logzy - CE, o (Nfn) (60)

and thus we obtain immediately from the results in Section 3.1

Proposition 5.1. (Finite volume UQ bounds for Gibbs measures) For two Gibbs measures uf\; and ,uﬁ we have the bound

1 1

NEJ#% Il eyys Nfn) < Eﬂﬁ(fN) - Eug(fN) = NE+(M§' Il ey Nfn) (61)
where
o1 _
B4 (uy i NN =C11>1£E {logZ,‘\IJ> T _logzy + Eu,“v’(Hﬁ — Hy) — CEHg(NfN)} (62)
1
E_(uy |l oy NFw) = sup(—2) [log ZN* " —log Zy + E,.u (HY — HY) + cEMqN><NfN>] : (63)
c>

UQ bounds for Gibbs measures in infinite volume. In order to understand how the bounds scale with N we note first (see
Theorem I1.2.1 € [32]) that the following limit exists

1
p(®) = liI{’n N log Zy, (64)

and p(®) is called the pressure for the interaction ® (and is independent of the choice of boundary conditions). The scaling
of the other terms in the goal-oriented divergence E. is slightly more delicate. In the absence of first order transition for
the Gibbs measure for the interaction W the finite volume Gibbs measures u,‘f,’ have a well-defined unique limit ©" on sz
which is translation invariant and ergodic with respect to Z¢ translations. In addition we have (see Section III.3 in [32])

.1 ) ® ; ) 1

lim - E,w (HY) = Eu (A%) with A® = b
X30

and moreover, by [32], E, v (A®) can also be interpreted in terms of the derivative of the pressure functional

° d
Eyv (A%) == p(¥ + 0 ®)la=o.

We obtain therefore the following theorem which is valid in the absence of first order phase transitions.

Theorem 5.2 (Infinite-volume UQ bounds for Gibbs measures). Assume that both ® and ¥ have corresponding unique, transition
invariant and ergodic infinite-volume Gibbs measures 1% and 11 . Then we have the bound

E- (vl he; 8) <E v(g) —E o8 <&+ (hw Lo &)
where '8 is given by (58) and,

1 d d
. —_ _ _ gy _ _ g
&+ (Uw IIMcp,g)—Clg(f) c {p(ﬂb cI's) — p(¥) dap(\ll + (P \D))Ia=o+cdap(<1>+al“ )|a=0}
1 d d
E (Uu |l ho; & =sup(—-) {p(<1> +cI8) —p(¥) — —p(¥W + (P — ¥))|g—0 — C—p(P +aFg)|a:o}
>0 C da da

Remark. We now readily obtain that the UQ bounds in Theorem 5.2 are applicable for any observables g = g(oy), and not
just for averaged quantities of the type (57). This is the case under the conditions of Theorem 5.2, i.e. that (t¢ and wy are
transition invariant and ergodic and that the corresponding pressure terms p(® =+ cI'8) are finite for some ¢ > 0; of course
the bounds hold trivially true when they are infinite.

Phase transitions. The bound in Theorem 5.2 is useful even in the presence of first order phase transition which manifests
itself by the existence of several infinite volume Gibbs measure consistent with the finite volume Gibbs measure (via the
DLR condition [53]) or equivalently by the lack of differentiability of the pressure functional p(® + «Y) for some inter-
action Y. For example in the 2-d Ising model discussed in Section 6, below the critical temperature the pressure p(®) is
not differentiable in h at h = 0: there are two ergodic infinite volume Gibbs measures which correspond to the two values
of left and right derivatives of the pressure (aka the magnetization). If necessary, in practice one will select a particular
value of the magnetization, see the examples in Section 6. Finally, we also note that in the phase transition regime the
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linearized bounds (10) and (67) fail since the variance blows up in the N — oo limit, [53]; in contrast, the full UQ bounds
of Theorem 5.2 remain finite.

UQ bounds and the use of the triple norm ||| ®]||. It is not difficult to show (see Proposition I1.1.1C and Lemma I1.2.2C in [32]
and the definition of the triple norm in (54)), that

|logZy —log Zy| < [IHN — Hp lle < N[II¥ — @, (65)
and thus by (59) we have

1
NR(M# I ) <2(1w — . (66)

Therefore, we obtain the bounds

E. < inf 17\ 2 v — &
Hp <1n E Mﬁ*NfN(C)—i_E'” - ||| B

1~ 2
E_ > sup {_EAMR‘},NfN(_C) - E|||‘1’ - q>|||} .

c>0

These new upper and lower bounds, although they are less sharp, they still scale correctly in system size, while they are
intuitive in capturing the dependence of the model discrepancy on the fundamental level of the interaction discrepancy
Il — @J||; finally the bounds do not require the computation of the relative entropy, due to upper bound (66).

Remark. On the other hand, it is tempting but nevertheless misguided to try to bound A 18 Nfy (c) in terms of interaction
norms. Indeed we have the bound %Ku,“;,NfN () <|INfn — Euﬁ(NfN)Hoo. But this bound becomes trivial: since the infimum

over c is then attained at ¢ = oo with the trivial result that E+(uﬁ I pcﬁ; Nfn) <|INfy— Euﬁ (Nfn)|loo Which is independent
of W and thus useless.

Linearized bounds. Applying the linearized bound (40) to the Gibbs case gives the bound

1 1 2 1
N BN IR Nfw) = £ | ZVar,e( Y g@0)y LRENIRD + 0 (GRUNI1R)). (67)

XeAN

In the large N limit, in the absence of first order transition, and if the spatial correlations in the infinite volume Gibbs state
decays sufficiently fast then the variance term converges to the integrated auto-correlation function [32]

liIrVn%Varuﬁ< > g(c&)) =3 E,o (800 — E0()(8(00) — Eyo (8)))
XeAN xeZ4
d? p g
=12 (P —cI'®)le=0 (68)
which is also known as susceptibility in the statistical mechanics literature.
Finally, we get a simple and easy to implement linearized UQ bound when we replace (66) in (67), namely

1

6]

1
(g s Nfw) = %2 | SVar,e () g00)VIV = @[l + 0(Iv — @), (69)

XeEAN

Z|

Each one of terms on the right hand side of (69) can be either computed using Monte Carlo simulation or can be easily
estimated, see for instance the calculation of ||| — ®||| in the Ising case earlier.

6. UQ for phase diagrams of molecular systems

In this section, we will consider the Gibbs measures for one and two-dimensional Ising and mean field models, which
are exactly solvable models, see e.g. [54]. We also note that mean field models can be obtained as a minimizer of relative
entropy in the sense of (2), where P is an Ising model and Q is a parametrized family of product distributions, [3].

Here we will demonstrate the use of the goal-oriented divergence, discussed earlier in Section 3.1 and Section 5, to
analyze uncertainty quantification for sample mean observables such as the mean magnetization

fn= % Y oW, (70)

XEAN
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in different phase diagrams based on these models. We use exactly solvable models as a test bed for the accuracy of our
bounds, and demonstrate their tightness even in phase transition regimes. In Appendix C.1, we give some background about
one/two-dimensional Ising models and mean field models and recall some well-known formulas.

Towards the evaluation of the UQ bounds. The results in Sections 3.3 and 5 demonstrate mathematically that the bounds
relying on the goal oriented divergences Z. are the only available ones that scale properly for long times and high dimen-
sional systems. Therefore we turn our attention to the evaluation of these bounds. First we note that the bounds depending
of the triple norms ||| - |||, as well as the linearized bounds of Section 5 provide implementable upper bounds, see also the
strategies in [47] for the linearized regime, which are related to sensitivity screening.

By contrast, here we focus primarily on exact calculations of the goal oriented divergences E., at least for cases where
either the Ising models are exactly solvable or in the case where the known (surrogate) model is a mean field approximation.
We denote by uy the Gibbs measures of the model we assume to be known and p}, the Gibbs measure of the model we

try to estimate. Then from (61)-(63), recalling that A, nfy(€) = Ay Nfy (€) +CE iy (NfN), we can rewrite the bounds as

1 1
E (fn) = sup{ NA/J,N,NfN(_C) - C—NR(MV IIMN)} ,

c>0
1 1
wy (fN) = mf[ Ay NF(E©) + R(MN IIMN)]

and obtain an explicit formula for each term in the large N limit in terms of the pressure, mean energy and magnetization
for the models. In the figures below we will display the upper and lower bounds using simple optimization algorithm in
Matlab to find the optimal c in the bounds. Note that in the absence of exact formulas we would need to rely on numerical
sampling of those quantities, an issue we will discuss elsewhere.

For completeness and for comparison with the exact bounds we will also use and display the approximate linearized
bounds

1 1
E, (fN) = Epy (fn) — \/ Var/LN(NfN)\/_R(/’LN||/’LN)+O(

NR(MN Il en)) .

1 1
E, (fn) < Epy(fn) + \/ﬁ VaruN(NfN)\/ﬁR(uj\, han) + O(NR(M’N Man)) s

where each term is computable in the large N limit in terms of the pressure, susceptibility, magnetization, and so on.

6.1. Three examples of UQ bounds for phase diagrams

Next we consider three cases where our methods provide exact UQ bounds for phase diagrams between two high di-
mensional probabilistic models. Here we compare three classes of Gibbs measures for Ising models. (1) Mean field models
with different parameters well beyond the linear response regime, (2) Ising models compared to their mean field approx-
imations, and (3) Ising models with vastly different parameters. All these examples cannot be handled with conventional
arguments such as linear response theory because they fall into two categories: either, (a) the models have parameters
differing significantly, for instance by at least 50%, or (b) the comparison is between different models, e.g. a complex model
and a simplified surrogate model which is a potentially inaccurate approximation such as the mean field of the original
Ising model.

(1) Mean field versus mean field models. Firstly, we consider two mean field models, assume ., and /,L;V‘mf are their
Gibbs measures (probabilities) defined in Appendix C.1 with hy =h +dJm and h;nf =h +dJ'm', respectively. By some
straightforward calculation in Appendix C.2, we obtain the ingredients of the UQ bounds discussed earlier in the Section:

/Shmf + e_/shmf

1
~ RO mg Nenvsms) = log Ty o (B = Bhmp)m’, (71)
1 e(C+ﬂhmf) + e_(c""ﬁhmf)
N Mtiwmg Ny (©) = log e—Fhns 4 Py (72)
and
1
7V @ty € Y owy=1-m? (73)

XeAN

where m and m’ are the magnetizations (70) of these two mean field models and can be obtained by solving the implicit
equation (C.21). Here we note that the solution of the equation (C.21) when h =0 has a super-critical pitchfork bifurcation.
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Fig. 2. (a): The red solid line is the magnetization for h = 0; the magenta solid line is the magnetization for h = 0.6. The black dashed/dash-dot line is
the upper/lower UQ bound given by the goal-oriented divergences of the magnetization (70) for h = 0.6. The blue dashed/dash-dot line is the linearized
upper/lower bound. All gray areas (both light and darker gray) depict the size of the uncertainty region corresponding to linearized bounds. The narrower
lighter gray area corresponds to the goal-oriented bounds. (b): The red solid line is the magnetization for 8 = 1; the magenta solid line is the magnetization
for B =1.6. The black dashed/dash-dot line is the upper/lower goal-oriented divergence bound of the magnetization for g = 1.6. The blue dashed/dash-dot
line is the linearized upper/lower bound. All gray areas (both light and darker gray) depict the size of the uncertainty region corresponding to linearized
bounds. The narrower lighter gray area corresponds to the goal-oriented bounds. (For interpretation of the references to color in this figure legend, the
reader is referred to the web version of this article.)

In our discussion regarding mean field vs mean field and 1-d Ising vs mean field models we only consider the upper branch
of the stable solution. But, in our discussion about 2d Ising vs mean field, we consider both upper and lower branches.

In Appendix C.1, we can calculate the magnetizations, the goal-oriented divergence bounds and their corresponding
linearized bounds which we use in deriving exact formulas for the UQ bounds. Indeed, for Fig. 2(a), we set | =2 and
consider the Gibbs measure of the 1-d mean field model with h = 0 as the benchmark and plot the magnetization based on
this distribution as a function of inverse temperature 8. Then, we perturb the external magnetic field to h = 0.6 and consider
the Gibbs measure with this external magnetic field. We plot the goal-oriented divergence bounds of the magnetization of
the Gibbs measure with h = 0.6 as a function of 8 as well as their corresponding linearized approximation in this figure.
To test the sharpness of these bounds, we also give the magnetization with h = 0.6 in the figure. We can see that the
upper bound almost coincides with the magnetization. The linearized approximation works well at low temperature, but,
it does not work as well as the goal-oriented bound around the critical point. The reason for this is that relative entropy
between those two measures is bigger here due to the bigger perturbation of h and linearization is a poor approximation
of the bounds. Also, we can see that the magnetization vanishes at high temperatures for h = 0. At low temperatures it
approaches its maximum value m = 1. For non-zero h, we see that there is no phase transition and the magnetization
increases gradually from close to m =0 at high temperatures (8 < 1) to m =1 at low temperatures (8 > 1).

In Fig. 2(b), we set | =1 and consider the Gibbs measure of the 1-d mean field model with 8 =1 as the benchmark
and plot the magnetization based on this measure as a function of h. Then we perturb 8 by 60% and obtain another Gibbs
measure with 8 = 1.6 that has a phase transition at h = 0. In the figure, we give the upper/lower goal-oriented divergence
bounds of the magnetization based on the Gibbs measure with 8 = 1.6 as well as their corresponding linearized bounds.
To test the sharpness of the bounds, we also plot the magnetization with 8 = 1.6 as a function of h. We can see the
upper bound almost coincide with the magnetization when h is positive and the lower bound almost coincide with the
magnetization when h is negative. Similarly with Fig. 2(a), the linearized bounds make a relatively poor estimation around
the critical point h = 0 because of the bigger relative entropy between these two measures.

(2a) One-dimensional Ising model versus mean field. Consider the 1-d Ising model and mean field model and assume uy
and pwy,ms are respectively their Gibbs distributions, which are defined in Appendix C.1. Then, by straightforward calcula-
tions, we obtain

eBlhtjml y o=plhtjml g 2e—28]

ki— —— " melPsinh(h 74
ePJ cosh(Bh) + kq + k1 (k1 ePJ cosh(Bh) + k4 me-" sinh(h4)) 74

o1
111511 NR(ILN”/LN;mf) =log

where k; = \/esz’ sinh?(hB) + e—2J8; detailed calculations can be found in Appendix C.2. By (72) and (73), we have

eleHBhtJm)] | o—lc+B(h+m)]
e—Blhtml } gplhtjml

1
—AN;mf,Nfy (€) =log (75)

N
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Fig. 3. (a): The red solid line is the magnetization of 1-d mean field model for h = 0; the magenta solid line is the magnetization of 1-d Ising model for
h =0. The black dashed/dash-dot line is the upper/lower goal-oriented divergence bound of the magnetization of the Ising model. The blue dashed/dash-dot
line is the linearized upper/lower bound. The sum of the light gray and medium gray areas depict the size of the uncertainty region corresponding to
linearized bounds. The sum areas of medium gray and dark dray corresponds to the goal-oriented bounds. (b): The red solid line is the magnetization
of 1-d mean field model for 8 = 1.0; the magenta solid line is the magnetization of 1-d Ising model 8 = 1.0. The black dashed/dash-dot line is the
upper/lower goal-oriented divergence bound of the magnetization of the Ising model. The blue dashed/dash-dot line is the linearized upper/lower bound.
All gray areas (both light and darker gray) depict the size of the uncertainty region corresponding to linearized bounds. The narrower lighter gray area
corresponds to the goal-oriented bounds. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of
this article.)

and

%Var,m;mf( Y ow)y=1-m’. (76)
XEAN

Combining with Appendix C.1, for given parameters, we can calculate the magnetizations, the goal-oriented divergence
bounds and their corresponding linearized approximation.

In Fig. 3(a), we set h =0 and J =1 and consider the Gibbs measure of the mean field model as the benchmark,
that is we use it as a surrogate model for the Ising model. In the figure, we see that its magnetization vanishes at high
temperatures. At low temperatures it goes to its maximum value m = 1, exhibiting spontaneous magnetization and a phase
transition at the inverse temperature 8 = 1. We plot the upper/lower goal-oriented divergence bound as well as their
corresponding linearized bounds of the magnetization as a function of 8. To test the sharpness of these bounds, we also
plot the magnetization of the Ising model in the figure. The magnetization of the Ising model vanishes for all temperatures,
exhibiting no phase transitions. In this sense the mean field approximation of the Ising model is a very poor one and the
UQ bounds depicted in Fig. 3(a) capture and quantify the nature of this approximation. Furthermore, the linearized lower
bound fails in the sense that is not informative for low temperatures because of the considerable difference between the
models puy and py;mf. In Fig. 3(b), we set $ =1 and ] =1 and consider the bounds and the magnetizations as a function
of the external field h. Similarly with Fig. 3(a), we take the Gibbs measure of the mean field model as the benchmark.
To test the sharpness of the bounds, we also plot the magnetization of the Ising model in the figure. The goal-oriented
divergence bounds work well since the uncertainty region given by them is in this case small. And the upper bound almost
coincides with it for positive h and the lower bound almost coincide with it for negative h. The uncertainty region given by
the linearized bounds is wider around h = 0, which shows the linearized bounds do not give as good an approximation to
the UQ region around h = 0.

(2b) Two-dimensional Ising model versus mean field. We revisit the example in (2a) above but this time in two dimensions
where the Ising model exhibits phase transitions at a finite temperature. WE denote by py and py.ms the Gibbs distribu-
tions for the two-dimensional zero-field Ising model and two-dimensional mean field model with hpf = 2 Jm, respectively.
Then, by straightforward calculations, we obtain

g
1 log 2 1
lim — R(un | en;mf) = log[e 28/m 4 g2BJm] _ 08 / log[cosh?(28]) + k(6)]do
N N 2 2
0

sinh(48 ])/ﬂ 1 1+ cos(20)
SMEPD [ L - d6 — 28 JmMo, 77
R J k@' cosh?@p)) 1 k@) A JmMo 77)
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Fig. 4. (a) The red solid line is the spontaneous magnetization of the 2-d mean field model with h = 0%; the magenta solid line is the spontaneous
magnetization of 2-d Ising model with h = 0T; the black dashed/dash-dot line is the upper/lower goal-oriented divergence bound of the magnetization
for Ising model; the blue dashed/dash-dot line is the linearized upper/lower bound. All gray areas (both light and darker gray) depict the size of the
uncertainty region corresponding to linearized bounds. The narrower lighter gray area corresponds to the goal-oriented bounds. (b) The red solid line is
the spontaneous magnetization of 2-d mean field model with h =07; the magenta solid line is the spontaneous magnetization of 2-d Ising model with
h =07; the black dashed/dash-dot line is the upper/lower goal-oriented divergence bound of the magnetization for Ising model; the blue dashed/dash-dot
line is the linearized upper/lower bound. All gray areas (both light and darker gray) depict the size of the uncertainty region corresponding to linearized
bounds. The narrower lighter gray area corresponds to the goal-oriented bounds. (For interpretation of the references to color in this figure legend, the
reader is referred to the web version of this article.)

1 e(c+2pjm) 4 o—(c+28]m)
— ) =log (78)
N A fiymg NFy (©) e—2B]m | g2B]m
and
1
—Vary (> o) =1-m?, (79)

N
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where m and My are the spontaneous magnetizations of the two-dimensional mean field model and Ising models, respec-
tively and can be obtain by solving (C.21) and (C.13). Detailed calculations can be found in Appendix C.2. Combining with
Appendix C.1, for given parameters, we can calculate the magnetizations, the goal-oriented divergence bounds and their
corresponding linearized approximation.

In Fig. 4(a), we set h=0 and J =1 and plot the bounds and the magnetizations as a function of inverse temperature 8.
Similarly with Fig. 3, we take the Gibbs measure of the mean field as the benchmark and consider the bounds for the mag-
netization of the Ising model. We can readily see that the goal-oriented bounds work well in low temperatures. Notice the
large uncertainty prior to the onset of the spontaneous magnetization (phase transition) which is due to a pitchfork bifur-
cation and the two branches (upper and lower) reported in Fig. 1b, as well as in the panels in Fig. 4. The linearized bounds
also work well, but they are not as sharp as the goal-oriented divergence bounds around the critical points because of the
larger value of the relative entropy R(in ||i4n.mf). There are phase transitions for both mean field model and Ising model.
The critical points are 1/2 and log(1 + +/2)/2 for mean field model and Ising model, respectively. Both their magnetizations
vanish at high temperatures and go to their maximum values 1 at low temperature.

Actually, the spontaneous magnetizations we consider in Fig. 4(a) are both based on the definition M = (o). If

lim
h—0*t
we consider the definition M = lim (o (x)), we can obtain another figure which is Fig. 4(b). We can see the quantities in

h—0—

Fig. 4(b) are just the opposite of the corresponding quantities in Fig. 4(a). Combining both figures gives us the uncertainty

region reported in the Introduction.

(3) 1-d Ising model versus 1-d Ising model. Consider two one-dimensional Ising models and wuy and p), are their Gibbs
distributions defined in Appendix C.1. By straightforward calculation, we have

ePJ cosh(ph) + \/ezlﬁ sinh?(hp) + e~2/F

1
lim —R(uyllun) = log
NN ef')' cosh(B'h’) + \/ezf'ﬁ’ sinh?(h'B’) +e—21'#'
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Fig. 5. (a) The red solid line is the magnetization of 1-d Ising model for h = 0; the magenta solid line is the magnetization of 1-d Ising model for
h = 0.6; the black dashed/dash-dot line is the upper/lower bound by goal-oriented divergence; the blue dashed/dash-dot line is the linearized upper/lower
bound. All gray areas (both light and darker gray) depict the size of the uncertainty region corresponding to linearized bounds. The narrower lighter
gray area corresponds to the goal-oriented bounds. (b) The red solid line is the magnetization of 1-d Ising model for 8 = 1; the magenta solid line
is the magnetization of 1-d Ising model for 8 = 1.6; the black dashed/dash-dot line is the upper/lower bound by goal-oriented divergence; the blue
dashed/dash-dot line is the linearized upper/lower bound. All gray areas (both light and darker gray) depict the size of the uncertainty region corresponding
to linearized bounds. The narrower lighter gray area corresponds to the goal-oriented bounds. (For interpretation of the references to color in this figure
legend, the reader is referred to the web version of this article.)
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- 1—— h" — Bh)— h(h 80
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and
lim - 1 e=18 cosh(h
1I{InNVaruN(Z o(x) = k—3e cosh(hp), (81)
XEAN 1

where k} = \/ezf’ﬁ’ sinh?(W'B") + e—2J'#'. The cumulant generating function is

efl cosh(Bh +c) + \/62]/3 sinh?(hg +c) + e—2J8
, (82)

1
liI{Jn NA/'LN (c) =log
ePJ cosh(Bh) + \/ezfﬂ sinh?(hB) + e—2JB

detailed calculations can be found in Appendix C.2. Combining with Appendix C.1, for given parameters, we can calculate
the magnetizations, the bounds given by goal-oriented divergence and their corresponding linearized approximation.

In Fig. 5(a), we set ] =1 and plot the magnetizations of 1-d Ising model as a function of inverse temperature 8 for h =0
and h = 0.6, respectively. For the zero-field Ising model, used here as our benchmark, the magnetization vanishes for all
temperatures. For h = 0.6, the magnetization increases gradually to its maximum 1. Clearly the models are far apart but the
UQ bounds work remarkably well. Indeed, we plot the upper/lower goal-oriented divergence bound of the magnetization
for the nonzero-field Ising model. The upper bound almost coincides with the magnetization itself. The lower bound is
poor due to the symmetry of the bounds in h. If we break the symmetry by comparing models for different positive
external fields both bounds become much sharper (not shown). The linearized bounds give a good approximation at high
temperatures. However, at low temperatures, they are not as sharp as the goal-oriented divergence bounds. This is due to
the larger relative entropy R(u| ') between w and w'. In Fig. 5(b), we plot the magnetization of the one-dimensional Ising
model as a function of h for two different inverse temperatures 8 =1 and 8 = 1.6. The parameter J was set to 1. We
also plot the upper/lower goal-oriented divergence bounds for 8 = 1.6. Similarly with Fig. 5(a), we also plot the linearized
upper/lower bound in the figure. The goal-oriented divergence bounds work well here. We can see the upper bound almost
coincides with the magnetization when h is positive and the lower bound almost coincides with the magnetization when
h is negative. For 8 = 1.6, there is a phase transition at the point h =0 and the linearized bounds make a relatively poor
estimation around h = 0 since there the models are far apart, see Fig. 5(b).
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7. Applicability to more general quantities of interest

As we discussed in the Remark following Theorem 5.2, the UQ bounds (8) are also applicable to observables which are
not limited to averaged quantities such as (57), or for Qols satisfying (11). Indeed this is the case under the condition that
the probability measures in the UQ bounds of Theorem 5.2 are transition invariant and ergodic, and for general observables
for which the pressure terms in the UQ bounds are finite.

Furthermore, an important special case of applicability of our bounds arises when we consider localized perturbations to
statistical models such as the Gibbs measures in Section 5. Then, the corresponding interaction ¥ includes only local per-
turbations to the interaction ®, e.g. local defects encoded in the interaction potential | = J(x, y), or localized perturbations
to the external field h = h(x) in the case of Ising-type models. Defects of finite temperature multiscale models are a con-
tinuous source of interest in the computational materials science community, see for instance [55], and the lattice models
considered in Section 5 constitute an important class of simplified prototype problems. In the case of localized perturbations
to the interaction @ in (55) we do not have anymore the scaling (7); in fact the Hamiltonians scale as

Hy (oay) = Hy(0py) +0(1),

and thus the corresponding relative entropy satisfies

R(uy lup)=0(1),

uniformly in the system size N. Then, the asymptotic expansion (10) readily yields that the only necessary condition for the
Qols fy is that

Varp(fn) =0(1), (83)

uniformly in the system size N. A corresponding result can be easily obtained for £.(Q | P; f) and the full UQ bound (8).
In this context, we can obtain UQ bounds for wide class of observables, for example purely local observables pertinent to
the defects, that do not need to be averages such as (57) satisfying the condition (11).

8. Conclusions

In this paper we first showed that the classic information inequalities such as Pinsker-typer inequalities and other in-
equalities based on the Hellinger distance, the x2-divergence, or the Rényi divergence perform poorly for the purpose of
controlling Qols of systems with many degrees of freedom, and/or in long time regimes. On the other hand we demon-
strated that the goal oriented divergence introduced in [33] scales properly and allows to control Qols provided they can be
written as ergodic averages or spatial averages, e.g. quantities like autocorrelation, mean magnetization, specific energy, and
so on. We illustrated the potential of our approach by computing uncertainty quantification bounds for phase diagrams for
Gibbs measures, that is for systems in the thermodynamic limit. We showed that the bounds perform remarkably well even
in the presence of phase transitions.

Although we provided computable bounds and exact calculations, there is still a lot to be done towards developing
efficient Monte Carlo samplers for the goal oriented divergences E., which is a central mathematical object in our approach.
An additional strength of our approach is that it also applies to non-equilibrium systems which do not necessarily satisfy
detailed balance, providing robust nonlinear response bounds. The key insight here is to study the statistical properties
of the paths of the systems and to use the thermodynamic formalism for space-time Gibbs measures. Our results can be
applied to a wide range of problems in statistical inference, coarse graining of complex systems, steady states sensitivity
analysis for non-equilibrium systems and Markov random fields.
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Appendix A. Hellinger-based inequalities

Lemma A.1. Suppose P and Q be two probability measures on some measure space (X, A) and let f : X — R be some quantity of
interest (Qol), which is measurable and has second moments with respect to both P and Q . Then

1
|Eq (f) —Ep(f)| < V2H(Q, P)\/Varp(f) +Varq (@ + 5 (Eq(N) - Ep(f))2. (A1)

Proof. By Lemma 7.14 in [41], we have

|Eq(f) = Ep(f)| < V2H(Q. P)\/Ep(f2) + Eq (f?).
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For any c € R, replace f by f —c, we have
lEq(f) —Ep(DI=IEp(f—c)—Eq(f —0)I
< V2H(Q. P)Ep((f —0?) + Eq((f — 0.

Thereby,

[Eq (F) — Ep(F)] <infVZH(Q. PYEp((f — %) + Eq(f — )
By some straight calculations, we can find the optimal c is:

o ErD+Eo(f)
5 .
Thus, we have

IEq (f) — Ep()] < VZH(Q. P)y Eq[(f — c)?1 + Epl(f — ¢)?]

1
=\/§H(Q7P)\/VarP(f)+VaTQ(g)+E(EQ(f)—EP(f))Z- o

Appendix B. Proof of Lemmas 2.1 and 2.2
B.1. LLD. sequences
Proof of Lemma 2.1. Assume oM = (o01,...,0n), since Py and Qy are product measures we have d N(gNy =

N d
Hj:l #(Uﬂ

For the relative entropy we have

R(Qw | PN>=/log&dQ fZlog d% (@jdQn(o™)
Ay xy i=1
—Zflog p (@)dQ(@) =NR(Q | P). (B.1)

=1y

For the Reny relative entropy we have

N
T log / (ﬁ(o )) dPy(o™) = ——log f ]1'!( (o,)) dPy (™)

T la—1
j=1

For the x? distance we note first that

2 (9 oo dQ\*_,dQ o\
x(QnP)—f(dP 1) dP—/((dP) 2dp+l>dP f(dp)dP 1.

and therefore we have

2
N
x@vien = [ (1"[ Q(o,)) dPy (o )—1—1‘[/<dp (o,) dP(o)) — 1

Xy \i=1 =1y

1
Da(Qu | Pi) = —

d o
log / (d—%(01)> dP(0j) =NDa(Q || P). (B.2)
X

=(1+ %@l P)) ~1. (B.3)

For the Hellinger distance we note first that

2 (/%2 _ _/d_Q_ dQ __//dQ
H(Q,P)_/< aP 1) dP = <dP 2 ar 1>dP_2 2 deP
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and thus [ dQ =1- —H2(P Q). Therefore we have
) dQ [iQ
H (QN,PN)ZZ—Z/ (U])dP(U )=2-— ZH/ —(O’J)dP(O’J)
XN
2
=2_2<1_W) ) (B4)

This concludes the proof of Lemma 2.1. O
B.2. Markov sequences

Proof of Lemma 2.2: The convergence of the relative entropy rate is well known and we give here a short proof for the
convenience of the reader.

Recall that v, and vq are the initial distributions of the Markov chain at time 0 with transition matrices p and q
respectively. We write v the distribution at time k as a row vector and we have then v" @)=y pk(o) where p¥ is the
matrix product.

By expanding the logarithm and integrating we find

_/1 &dQN

_1 Z o <Uq(Go)Q(Uo,(ﬁ)"'Q(Gnq,ffn)

) Vq(00)q(00,01) - - -q(On—1, On), On)

N o Vp(00)p(00,01) - - - P(On—1, On)
= 1210 Y0(90) ) (o) + ~ Z Z vqwo)p(ao,m) 401, 07 log TP T
N oo ¢ ( ) —100," p(al<—1sok)
_ l vq(00) 1 k q(o,0")
=N ;log Up(Uo)vq(JO) +— ;GZU/U §(0)q(0,0")log ——— Py (B.5)

The first term goes to 0 as N — oo while for the second term, by the ergodic theorem we have that for any initial condition
Vg, limy— 0 2 N Zk 1 v = g where pq is stationary distribution. Therefore we obtain that

1 d '
llm —/logd%—NdQN—ZMq(G)Q(U o')log E 6;

Finally we note that the limit can be written as a averaged relative entropy, since

q(o,

3" 1g(@)q(0. 0"y log 22 o

0,0’

= Zuq(om @) p@.).

As a consequence the relative entropy rate vanishes if and only if R (q(o, )| p(c,-)) =0 for every o that is if and only if
q(o,0’)=p(o,0’) for every o and o’.

We turn next to Rényi entropy. As it will turn out understanding the scaling properties of the Rényi entropy will allow
us immediately to understand the scaling properties of the chi-squared and Hellinger divergences as well. We have

N
log Y vp(00)' " *ve(00)* [ [a(oj-1,0)*p(oj-1,0)' .
000N j=1

1D(Q IIP)—1 !
N NN =N e

Let F, be the non-negative matrix with entries
Fo(o,0)=q(0,0")*p(o,0')! ™.

Since p and q are irreducible and mutually absolutely continuous the matrix F, is irreducible as well. Let v be the row
vector with entries v(o) = v, (o)™ vg(0)® and 1 the column vector with all entries equal to 1. Then we have

1 1
D@ [ Pr) = ——

and thus by the Perron-Frobenius Theorem [43], we have

N
1vFa1,
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1 1
Jim 3 Da(Qn I Ph) = —— log p(@).

where p () is the maximal eigenvalue of the non-negative matrix F,.
It remains to show that the limit is 0 only if p =gq. In order to do this we will use some convexity properties of the
Rényi entropy [38]. For 0 < @ <1 the Rényi entropy Dy (Q || P) is jointly convex in Q and P, i.e. for any € € [0, 1] we have

Da(€Qo+ (1 —€)Qil€Po+ (1 —€)P1) =€Dg(Qol Po) + (1 —€)Du(Q1 || P1).

For o > 1 the Rényi entropy is merely jointly quasi-convex, that is

Da(€Qo+ (1 —€)Q1ll€Po+ (1 —€)P1) =max{Du(Qoll Po), Da(Q1 [ P1)}.

In any case let us assume that p # q is such that

. 1
lim —Dy(QN|IPN)=0
N—oo N

Then by convexity, or quasi-convexity we have for any € € [0, 1]

1
lim —Dq(€QN+ (1 —€)PN|PN)=0
N—oco N
On the other hand, for any smooth parametric family Py we have that, [38],
’ o
Do (P? || P?) = = (0 = 6)’F(P*) + 0((0' = 6)*)

where F(P?) is the Fisher information. If P? is a discrete probability distribution then the Fisher information is F(P?) =
Yo PP (0) (G5 log P? (0))%.

To compute F(P%) we can use the relative entropy R(P% || P%) = D1 (P || Q%) and from (B.5) with ¢ = p? and p = p°
we obtain

d 2
R(PY || P§) = G)Zvae(a) <d—910gvpe (o))

2
41 SO =0 ZZ(UPQ) (@)p’ (o, a)( logp’ (o, a)) +0((0-6"%.

k=10,0'

So as N — oo we obtain

2
A}me%m IPR) = —(0 62 ) 1y (@)p’ (o, o)( log p° (o, o)) +0(0 -6 (B.6)

0,0’

If we now apply this to the family P€ = Py +€(Qn — Py) we have that

1 1, (q(0,0") —p(o.0'))? 3
Jim RPN +€(Qu =Py IPN) =€ ) 11p(0) G0 +0(e)

0,0’

since the term of order €2 is strictly positive unless p = q this contradicts our assumption that Nlim %Da(e Qn + (1 —
—00

€)Pn || Pn)=0.
We can now easily deduce the scaling of the x2 divergence from the Rényi relative entropy because of the relation
X2(Qn || Pn) = eP2(@vIPN) _ 1 This implies that x2(Qp || Py) grows exponentially in N unless Nlim ¥D2(QN I Py) =0
—00
which is possible if and only if p =q.

. . . ) —3D 1 (Qu I PN) . .
Similarly for the Hellinger distance we use the relation H2(Qn, Py) =2 — 2e 2750 and the scaling of the Rényi

entropy to see H(Qy, Py) converges to +/2 unless p = q. This concludes the proof of Lemma 2.2.
Appendix C. Background for Section 5
C.1. Ising models and mean field models

One-dimensional Ising model. Consider an Ising model on the lattice Ay which a line of N sites, labeled successively
x=1,2, ..., N. At each site there is a spin o (x), with two possible values: +1 or —1. The Hamiltonian is given by
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N-1

HN<oAN)-—ﬂJZo(x)o<x+1)—ﬂh Y o). (c1)

XeEAN

The configuration probability is given by the Boltzmann distribution with inverse temperature 8 > 0:

1
dun(oay) = Z—Ne—”N“’AN)dPN(aAN), (C2)
where
Zy = e oy (C3)
O‘AN

is the partition function and Py(oa,) is the counting measure on Ay.
By [54], the magnetization is

IB gj
M= e’/P sinh(hpB) ’ (C4)

\/ezfﬂ sinh?(hp) +e~2JP

and the pressure is

1
pP= lil{’n N log Zy = log[e?! cosh(Bh) + \/92],3 sinh? (hB) + e—2JA]. (C.5)
Differentiating (C.3) with respect to J and using (C.5), one obtain
1 1 2e—28)
lim—E oXox+1 —llm—— —10 V4 - C.6
N N “”[Xg\: Wox+ 1] ,38](N gIN) = k1 ePJ cosh(Bh) + k; (C6)
N
where
ki = \/e21/5 sinh?(hg) +e—2J8. (C.7)
Consider the susceptibility X, by Section 1.7 in [54], we have
oM
X=—=8 llm Var,LN( Z o (x)). (C.8)
XEAN
Thus, by differentiating (C.4) with respect to h, we obtain
o1 e~ P cosh(hp)
lll{ln N Var,,( Z o) = T (C9)
XeAN 1

Square lattice zero-field Ising model. Consider an Ising model on the square lattice Ay with |A| = N. Similarly with the
1-d Ising model, the spins {cr(x)}f;’=1 € {—1,1}N. Assume there is no external magnetic field, then Hamiltonian for the 2-d
zero-field Ising model is given by

Hyoa)==B] Y, ooy, (C.10)
(x,y)CAN

where the first sum is over pairs of adjacent spins (every pair is counted once). The notation (x, y) indicates that sites x
and y are nearest neighbors. Then the configuration probability is given by:

Bl X ooy

1
dun(oay) = 7€ AN dPn(oAy), (C11)
N
where
B o (x)o(y)
N = Z e &yCAN (C12)
UAN

is the partition function and Pn(oay) = ]—I,':J:l P(opy) is the prior distribution with P(o(x) =1) = P(0(x) = —1) = 0.5. By
Section 7.10 in [54], the spontaneous magnetization is
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[1—sinh™*@28 N1 B> B,

Mqn =
0 0 B < Be,

where 8. = log(”‘/_) . Actually, this formula for the spontaneous magnetization is given by the definition My = 11m (o (%)).
Sometimes, we can also consider the spontaneous magnetization by using the other definition M = hlll‘l‘l (a(x)) which
—0—

actually is the opposite of (C.13).
And the pressure is also given by [54]

P= lim — logZN = log2 + 1 / log[cosh? (28 ]) + k(6)1d6, (C13)
N—oo N 2 2
where
k() = \/sinh4(2/3]) +1—2sinh?(28 ) cos(26). (C14)

And, by (C.12) and (C.13), we obtain

1
Nle —EMN( > G(X)G(J/))———(—l gZN) = (C15)

smh(4;3]) 1+ cos(26)
BaJ] N /
(X,y)CAN

k(9) ~ cosh? 2BJ)) +k®)

Mean field model. Given the Lattice Ay in d-dimension and set |A| = N, consider the Hamiltonian for d-dimensional Ising
model

N 1 n.n
Hy@a)==] ) oWo) —ph Y ow=—3 (58] o) +ph}
y

(X, y)CAN XeAn XeAN

where the first sum is over pairs of ad]acent spins (every pair is counted once). The notation (x, y) indicates that sites x and
y are nearest neighbors. And, {a(x)} ~, €{—1, 1}V are Ising spins. Replace Z""a(y) by Z"" (o(y)) in (C.16), we obtain
the mean field Hamiltonian

_l n.n
Hymp @ay) == 3 0 ({581 Y (0 () + ph}
y

XeAN

1
=_ Z a(x){iﬁjzdm + gh}

XeAN

=— Y o{pJdm+ ph}

XeAN
=—Bhms Y 0¥ (C16)
XeAN
where hps =h 4+ Jdm. Then, we have the probability

B Z hmfo'(x)
e AN dPN(oay). (C17)

e HNm AN AP (op ) =
N;mf ZN;mf

So the partition function is
B X hgo (x)

ZNmf—Ze XEAN

o (x)

— Z 1_[ eBhmpo ()

o (X) XEAN

= [T > eftmow

XeAN o (x)

= [ @ 4 e=Phur)

XEAN

= (efns 4 e=Pm)N
= Zims™, (C18)

AN mf(Oay) = 7
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where Z — ePhms 4 o=Bhms g th ;
1;mf =€ +e . So the pressure 1s

Py = 11m 108 Znims = log(ePms  e=Fhms) (C19)

And, we can also consider the py,ns as a product measure

1 B Y hmpo(x) 1
din.mf (Oay) = e XN dPy(oay) = [[ =€ @dP (o (x)). (C20)
ZN.mf veny Z1mf
N
It is easy to find the magnetization
1
M= Epng| > o]
XeEAN
1
=N > Epyy [0 )]
XEAN
— Z ZG(X) ePhmfo )
xeAN o(X) 1 smf
_ Z ZU(X) eﬁhme(X)
xeAN a(x)
—_ Z eﬁhmf — e_ﬁhmf)
xeAN Zl smf
1
-__ - ﬂhmf _ *ﬂhmf
= e e
elghmf +e*/3hmf( )
= tanh(Bhpyr)
=tanh(gh + B Jdm) (€.21)
and
1 1
NVarMN;mf( Z o(x) = NVarMN;mf( Z o (X))
XEAN XEAN
1
=~ Euns [ D 00O = Nm?)
XEAN
1
=~ Erns[ D 02X+ S0 (0o ()] = Nm?)
XEAN X#£Y

eﬂhmf"(") + (N = DE iy [0 (000 ()]} = Nm?

=D_0’w

o (x)
={14+(N— 1)m2} — Nm?
=1-—m>. (C.22)

So we can obtain the magnetization m by solving the implicit equation (C.21).

C.2. Computation of goal-oriented divergences

Mean field versus mean field. Given two mean field models, assume . and ,u;\,,mf are their two configuration proba-
bilities with

B X hnfo (x)
dpin;mf (0) = e~ mf A dPy (04 ,) = e *<iw dPN(OAy) (C23)
ZN;mf ZN;mf
and
’ —Hjy. (Oay) 1 P> hiﬂfa(x)
diy.mp(0) = Z e Nimf CAN G PN (O y) = 7 ¢ XEAN dPn(oay), (C.24)

N;mf N:;mf
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where hpr =h+dJm and h;nf =h +dJ'm’. Then, by (59), the relative entropy between I‘L;\l;mf and py.ms is given by

ROUN g I Nz ) =108 ZNimp =108 Zy g + Epyyy  [HN:mp (Oan) = Hyy. i (0ay)]

Z
= log X" + (Bl — Bhinp)Eyy, (Y 0 ()
N mf XEAN
zZ
=Nlog =™ (B'hyns — Bhmp) N/
1;mf

ﬁhmf _ﬂhmf

e +e

=Nlog————+— + N(B'h, . — Bhmp)m'. (C.25)
e Pltns 1 oMty mf mf

Therefore, we have

L. Clog S AT e ey 26

N (MN;mf”MN;mf)— 0g ﬂ,hmf +eﬂ/h/ + (B mf — Bhmp)ym'. (C.26)

And, the cumulant generating function of Nfy = N% o= > o) is
XEAN XEAN

Ny ¥ o®
A:“'N:mf,NfN (C) = ]Og EI‘LN;mf (e xeAy )

cNE Y o®) Bhing Z o (%)
=logZe " xRy ! e AN

o ZN;mf
1 (c+Bhmg) > o)
— log Z e XeAN
o) SNimf
logz 1_[ (C+ﬂhmf)0(X)
o (x) xeAN Im
=log l_[ Z e(C+ﬂhmf)0(X)
XeAN a(x) sm
=log l—[ e(C+ﬁhmf) + e~ (C+Phmp)y
xeAN
(C+ﬂhmf) _(C"F,maf)
e +e
= Nlog o~ Pl &+ oy (C.27)
Thus,
(c+Bhmg) —(c+Bhms)
e +e
NAMN;mf,NfN (c) =log e_ﬁhmf T eﬂhmf (C.28)
Also, by (C.22), we have
1
Vs () =1 = m?., (C.29)

One-dimensional Ising model versus mean field. Consider the Ising model and mean field model in 1-d and assume uy
and [iy.,ms are the configuration probabilities for 1-d Ising model and mean field model respectively, which are defined in
section C.1. Then, by (59), the relative entropy between py and pp.ms is

R(uNIN;mf) =108 Zn;mp —10g ZN + E g (HN:mp (Oay) — Hn(oay))
=108 Zn.mf — 108 Zn + BJEuy( D 0o (1) = BImEuy (D o). (C30)

(X, y)CAN XeAN

Thus, by (C.19), (C.5), (C.6) and (C.21), we have
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1
lim—R )
II{JHN (NN mf)

.1 .1 .1 . 1
:lll{]nﬁlogZN;mf—llﬁnﬁlogZN+ﬂjh[5nﬁEuN( Z a(x)a(y))—lll\rln,B]mNE“N(Za(x))

(x,y)CAN XeAN
eBlh+jml | o—Blh+Jm] 2281
=log 7] Coslj(ﬁh) T + i—lj(lq ~ T coshB Tl mel# sinh(hB)) (C31)
And, by (72) and by (73),we obtain
1 elctBh+im)] 4 p—lc+B(h+]m)]
N Mty Ny (©) = log o=l Jml 3 pfl+ Jm] (C32)
and
1 2
NVarMN:mf (Nfy).=1—m". (C33)

Two-dimensional Ising model with h = 0 versus mean field. Assuming .y and jn.;f are two configuration probabilities
for two-dimensions zeros Ising model and two-dimensions zeros mean field model respectively. By Section C.1,

Bl X o®oW)

1
UN(OAy) = UN(Oay) = ——e TNOMI Py oy, ) = ——e  @NIhN Pn(oAy) (C34)
ZN ZN
and
1 B X hmo®
IN;mf (OAy) = e Hum 02 do = ———e *<AN PN(oAy), (C35)
ZN;mf ZN;mf

where Zy.ms = (€M + e=Phm )N and Ry =2 Jm.
Then, by (59), the relative entropy between py and py;ms is

R(UNIN;mf) =108 Zn.mf — 108 ZN + Ey (HN.mf (Oay) — Hn(OAy))
=108 Zn.mf — 108 ZN + BJEuy (D 00 (1)) =2BJmE (Y o (x). (C36)
(X, y)CAN XeAN
Thus, by (C.19), (C.13), (C.15) and (C.21), we have
1
lim —R .
im N (NN mf)

.1 1 .1 . 1
:llI{JanogZN;mf—llﬁlﬁlogZN+ﬂjh[5nﬁEuN( Z a(x)a(y))—lll\rJHZﬂjmﬁE,LN(Z o (X))

(X, y)CAN XEAN
ePlhtiml 4 o=plh+jml g 2¢-28]
=1 Lk ———F —melPsinh(h
0% ehJ cosh(Bh) + kq + k1 (k1 ePJ cosh(Bh) + ki me-" sinh(hf))
T
log2 1
— log[e~26Im 4 ¢26Jm) _ % - / log[cosh? (28 ]) + k(6)]d6
0
inh4g)) [ 1 1 26
+ﬁJM/7[1 _ 2+C°S( ) 146 — 28 JmM (€37)
T ) k(®) cosh”(2B8]) + k(9)
And, by (72) and by (C.22), we obtain
1 e(C+2B]m) 4 o—(c+28m)
N Ay Ni (€ =108 — gy (€.38)
and
1
VWi (NfN)- =1 = m?. (C.39)

One-dimensional Ising model versus Ising model. Consider two Ising models in 1-d and uy and p), are their configuration
probabilities defined in Section C.1. Then, by (C.5), (C.6) and (C.4), we have
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li _1 ( / l )
im—R N
N N bl

1 Ky
:111511 —EM;V (log m)

1
_111511 N log A +111\r’nNE%(H(oAN) — Hy(oay))
—limllo Z —limllo zZ +(ﬂ’j/—ﬂj)limlE ' ( Z o(X)o(¥))
TN BN TN OB LAN N N Hn Y
(X, y)CAN
1
11,/ H
+ (BN = Mlim Ey (3 0 ()
XEAN
efI cosh(Bh) + \/ezh‘j sinh?(hB) + e—2J8 ) 20—28'J
=log + @] -BDHA - k’ 7T cosh(B'IY k’)
ef') cosh(ﬁ’h’)+\/ezf’ﬂ/ sinh?(W'B') +e—2J'# el cosh(B'h') +
1 ral
+ (BN — ﬂh)k—,ef B sinh(h'B')
1
And,
1 CN% > o(x)
llmNAMN(c)_llm logE (e **v )
Ny ¥ o 1 Bl X o@oW+ph ¥ o
— 11m log Z xeAn e (xycay xeAN
ZN
UAN
oo W+Bth+g) X o)
- log—Ze e 7Ry
(TAN
—lim ~ log 7
TININ Bz AN
1
_11m logZAN—llm log Zn,
N Bl X a(x)a(y)+ﬁ(h+ ) X o
where Zy y= > e @V XAN By [54], we have
(IAN
im L 7 BJ 2JB sinh? -2
lll{lnﬁlogZA,Nzlog[e cosh(Bh +¢) ++/e2JB sinh*(hB +¢) + e—2J8]
and
lll{JnﬁlOgZN = log[e”’ cosh(Bh) + +/e2JF sinh” (hB) + e—2JA].
Thus,
1 e’f”cosh(ﬂh—i-c)—i-\/eszffsinhz(h;fH-c)—i—e—zflS
llyﬁAMN(c)zlog .
efJ cosh(Bh) + \/ezfﬂ sinh?(hB) + e—2JB
And, by (C.9)

1 e~1# cosh(hp)
hfvnﬁvar“”( Z ox) = T

xeAn

543

(C.40)

(C41)

(C.42)

(C43)

(C.44)

(C.45)
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