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FANO 3-FOLDS. 1l
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Abstract. In this paper Fano 3-folds of the principal series V2g—2 in P& are studied.
A classification is given of trivial (i.e. containing a trigonal canonical curve) 3-folds of this
kind. Among all Fano 3-folds of the principal series these are distinguished by the property
that they are not the intersection of the quadrics containing them. It turns out that the ge-
nus g of such 3-folds does not exceed 10. Fano 3-folds of genus one (i.e. with Pic V ~ Z)
containing a line are described. It is proved that they exist for g < 10 and g = 12. Their
rationality for g = 7 and g > 9 is established by direct construction.

Bibliography: 21 titles.

Introduction

This is a continuation of our previous article, Part I [8]. In this part we will study
Fano 3-folds of the principal series (that is, smooth 3-folds V,,_, C P8*! of degree 2¢ — 2)
such that the anticanonical class =K, is the class of the hyperplane section. The ground
field % is algebraically closed, and although this hypothesis is not essential in this article, we
will assume that k has characteristic char k¥ = 0; we mainly require this to be able to refer to
Part 1.

In §1 we give a new treatment of certain classical results relating to the elementary
properties of Fano 3-folds of the principal series. We present some examples, and give a cer-
tain characterization of such varieties in terms of the curve sections X = P€~1 N ¥V; we list
the Fano 3-folds which are complete intersections—these only occur for g = 3, 4 and 5.
From the classical Noether-Enriques-Petri theorem on canonical curves (1.6) we deduce that
a Fano 3-fold V,,_, CP¢ *1 for g > 5 is an intersection of quadrics (that is, the intersection
of all the quadrics containing it) provided that it is not trigonal (that is, if among its curve
sections X = P&~ N ¥ there are no trigonal curves).

In §2 we study trigonal Fano 3-folds; the main result is Theorem (2.5), which gives a
complete classification; trigonal Fano 3-folds only exist for g < 7 and g = 10.

In §3 we study the family of lines on a Fano 3-fold V2g—-2‘
rem (3.4), which asserts that under the hypothesis Pic ¥V, ,_, =~ Z the lines on V)

The main result is Theo-
g—2> PIO-
vided that some exist, form a 1-dimensional family parametrized by a certain curve I" with
only double points as singularities. For g 2 4, I" is reduced at the generic point of each
component; for g = 3 this is not always the case (see [14],and Remark (3.5), (ii)). We prove
1980 mathematics subject classification. Primary 14M20, 14J99; Secondary 14E35, 14N0S5.
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that for g > 4 and Pic V,,_
lines. The results of § §3 and 4 are used in an essential way in §6 to prove the bound g <
12 (see (6.1)).

In §4 we study the family of conics on a Fano 3-fold of the principal series. The main

5 == Z every line on ¥V, g2 meets only a finite number of other

result is Theorem (4.4), in which it is proved that on a V, g—2 satisfying Pic V,,_, =~ Z the
conics, provided that some exist, form a 2-dimensional family A, reduced at a general point
of each component, and such that through a general point v € V, ¢—2 there pass a finite num-
ber of conics. The results of §§3 and 4 were known in the classical literature ([4], [12],
and also [15]) for varieties “in general position”, However, even in this situation complete
proofs of these assertions were in fact lacking.

The most important results of the present article are contained in §§5 and 6, where
we study Fano 3-folds V with Pic V' ~ Z. Following the classical terminology [4], we will
call these varieties of the first species.

The most interesting are the varieties of index 1; that is, Pic V=Z * K,,. In [4] Fano
asserts that such varieties (when anticanonically embedded in P#*1) always contain lines.
This assertion—Fano’s Conjecture I (see (3.6))—remains unproved.(!) Based on this conjec-
ture, Roth asserts in [11] (see also [12]) that Fano varieties of the first species Vg2 of in-
dex 1 only exist for g < 10. It turns out that this is not quite true. In Theorem (6.1) we
prove that such varieties exist not only for g < 10, but also for g = 12, The proof is based
on the same method used by Fano [5] and Roth [11], the method of double projection
from a line. This method is entirely constructive, and on the way leads to a proof of Fano’s
assertion [5] that for g = 7 and g > 9 these varieties are rational.

At the end of the article we give a table of all known types of Fano 3-folds of the first
species.

We note that one of the basic assertions of Fano’s theory remains unproved:(1)

Fano'’s conjecture 11. The degree of a Fano 3-fold V, -2 C P£71 is bounded above by
the absolute constant 72; that is, for g > 37 there do not exist any such varieties.

The known varieties for which this bound is reached (see [4] and [12]) have singulari-
ties. It seems very plausible that for smooth Fano 3-folds the degree is bounded by 64 (the
degree of the Veronese image of P? under its anticanonical embedding).

Finally note that Bogomolov (see [10]) has proved the stability of the tangent bundle
to a Fano 3-fold of the first species with index 1, and for these obtains the bound deg V' <
72 without assuming the existence of lines.

In referring to [8] we will indicate the section number, adding “Part I”’; example:

(4.2, Part I).

EriLOoGUE.* The two main conjectures on which the author’s classification rests, name-
ly Hypothesis (1.14, Part I) and Fano’s Conjecture I (3.6) on the existence of lines, have
been proved recently by V. V. Sokurov [19], [20]. In this translation references to these
conjectures have been replaced By references to [19] and [20] througout.

In [21] and in the forthcoming Part III the classification of Fano 3-folds in a rather
complete form is given; in particular the above conjecture —K %, < 64 is proved.

(1) See the end of this Introduction.
*Added in translation.
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§3 of Part I contains one error, leading to the omission of one class of variety, namely
the direct product P! x F of a del Pezzo surface F of degree 1 with P!. The mistake occurs
in step 5) of the proof of Theorem 3.3, where it is asserted that the normal bundle 4, to
the smooth rational curve Z, which fits into an exact sequence

0— Dy-2)— A, — O,m-2)—0,
is necessarily of the form (@) @ (—~1)® &, (m —3)or (b) T,-2)® Oym-2). In
fact, a priori any possibility A, = ,(d,) ® O,(d,) with -2 <d, <d, and d, + d,
= m — 4 can occur.
However, an argument identical to that of Lemma 3.4 proves that only two cases occur
(in the notation of this lemma): m = 3 and Z' = F;,orm = 4 and Z' = F,,. The second
case leads to the omitted class of varieties P! x F, and there are no others.

§1. Fano 3-folds of the principal series

(1.1) DEFINITION. A smooth complete irreducible 3-fold ¥ over a field & will be
called a Fano 3-fold of the principal series if the antocanonical invertible sheaf 4 '{,1 is very
ample.

From results obtained in Part I and from [19] it follows that all Fano 3-folds (Defini-
tion 1.1, Part I) are Fano 3-folds of the principal series, with the exceptions of

a) 3-folds of type (3.1 (a) and (b), Part I), and

b) hyperelliptic Fano 3-folds (§7, Part I).

Fano 3-folds of the principal series have the following properties:

() Under the anticanonical embedding ¢|_, Ve P(HO(V, #}')) the image is a
variety V2g_2 C PE1! of degree 2g — 2, with g = g(V) > 3 being the genus of V.

(ii) Each nonsingular hyperplane section H, g2 of V., isa K3 surface.

(iif) Each nonsingular section X, g—2 Of V3, by a linear subspace of codimension 2
of P&*! is a canonical curve of genus g.

For the proofs, see 1.5, 1.6 and 1.7 in Part L.

(1.2) PROPOSITION. Each nonsingular 3-fold V C P&+ of degree 2g — 2 (not lying
in a hyperplane) satisfying the two following conditions™® (i) and (ii) is a Fano 3-fold of the
principal series, embedded in P§*! by means of its anticanonical sheaf £}

(i) The curve sections X, g2 = V N P& are canonical curves of genus g.

(i) H*@H, & ) # 0 and H*(V, ﬁv) = 0, where H is a hyperplane section of V.

Proor. It is enough to show that ﬁV(l) ~ %70 that is, ﬁV(H +Kp) =~ ﬁy.
Indeed, then by (1.6, Part I) h%( & ,(1)) = hi°(H# )= —K3,[2 +2 =g + 2; that is, V is
embedded in P&*! by the complete linear system |—K .

Using (i) and the adjunction formula K, = (X - 2H + K ) we get that (X - H + K))
= 0. It is therefore enough to show that H°( &(H + K,)) # 0. Then & (H +K ) ~
@'V, for otherwise D € |H + K| would be an effective divisor with X - D = (X - H + K))
= 0; this is impossible, since the curves X sweep out the whole of V.

By duality h°( & (H + K}))) = h3( & ,(—H)). From the cohomology long exact se-
quence associated to the short exact sequence of sheaves 0 — 124 yH) — o y @H

*Translator’s note. It is easy to see that (i) implies (ii).
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—> 0 and from (ii), we get 0— H*(H, 7 ,;)— H>( & (~H)); hence by (i) h*( & ,,(—H))
# 0, and hence #°( & ,(H + K ;)) # 0. This proves the proposition.

Let us agree that in future by a variety Vyg—2 C Pe*1 we will mean a Fano 3-fold of
the principal series in its anticanonical embedding.

(1.3) ProposiTION. A Fano 3-fold Ve
for g = 3,4 or 5, and we have that

, € PE*1 is a complete intersection only
V, C P* is a quartic hypersurface,
Ve = V,.5 is an intersection of a quadric and a cubic in PS5,
Vg = V,.,., is an intersection of 3 quadrics in PS.
Conversely, each smooth complete intersection of the types indicated is a Fano 3-fold
of the principal series.

PROOF. Let Vyp , =F, NN F,,g_2 C P#*! be a complete intersection of hyper-

surfaces F"i fori=1,...,g— 2, with deg Fn,~= n; =2 andn, = >ng_2. Then
g-2
28 —2=[[ m>25".
i=1

Hence g =3,4 0r 5,andifg=3 then V, = F;; ifg=4 then Vy =F, N Fy;and ifg=5
then Vg = F, N Fy; N F,. The converse assertion follows from the adjunction formula

g-2
KV~ (2 n; —g—2> H7

=1
with H the hyperplane section of V, giving the canonical class of a complete intersection, and
from the equality h°( & v(1)) = g + 2, which is an easy consequence of the formulas for
the cohomology H i(ﬁy(n)) of complete intersections. The proposition is proved.

(1.4) ExampLES. Let us give some examples of Fano 3-folds V,,_, C P&+ which

2g—
are complete intersections inside some rather simple types of varieties. i

(i) g = 6; ¥}, is a section of the Grassmannian G(1, 4) of lines in P* by two hyper-
planes and a quadric in the natural Pliiccker embedding G(1, 4) C P°. Since Pic G(1, 4) ~
Z, with a generator provided by the hyperplane section, by Lefschetz’ theorem Pic V,, =
Z - H, with H ~ —K, the class of a hyperplane section (see [15], Lecture 4).

Note that since the Grassmannian G(1, 3) of lines in P? in its natural projective embed-
ding is a quadric of P, we can consider ¥, C P (with g = 4) as sections of G(1, 3) by
some cubic—in the classical terminology this is cailed a “cubic complex” of lines in P>.

(i) g =7;let W=P? x P2, embedded in P® by the Segre embedding, and let Q be a
sufficiently general quadric of P®, Then Vi, = WN Qis a Fano 3-fold of index 1 with
Pic V|, ~Z ® Z. Indeed, since Ay = 7 w(=3) we get from the adjunction formula that
_112 =~ ﬁVu(l). By the Lefschetz theorem Pic V,, ~ Pic W ~ Z ® Z is generated by
the classes pr}"@ﬂ(l), where pr;: P2 x P2 — P? for i = 1 and 2 are the projections onto
the ith factor. Since deg ¥, = 12 is not divisible by any cube greater than 1, the index of
V|, cannot be greater than 1. Other examples of Fano 3-folds ¥, C P® with Pic Vio=Z
will be considered in §6.

(iii) g = 8; the intersection of the Grassmannian G(1, 5) C P'% by five hyperplanes in
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general position is a Fano 3-fold V,, C P°. By the Lefschetz theorem Pic Via =1 H,
where H is the hyperplane section (see Lecture 4 of [15]).

Another type of example is given by the anticanonical models of Fano 3-folds of index
r = 2. Some of these are complete intersections inside Veronese varieties; that is, images of
P? in PV under embeddings corresponding to ﬁp 2

(iv) g=4d+1,d=2,3,...,7;,V,,_, CP*! are Fano 3-folds of index 2 (see
42, Part I). .

v) g=28;V, C P?? is a Fano 3-fold of index 3—the anticanonical model of a quad-
ric 3-fold.

(Vi) g=33;V C P* is a Fano 3-fold of index 4—the 4-fold Veronese embedding of
projective space P>.

(1.5) REMARK. One can show that every Fano 3-fold V,, C P7 with Pic Vipo=Zisa
section of the Grassmannian G (1, 4) C P?; it seems plausible that the analogous statement
for ¥,, C P is also true.

In the sequel we will use the following result.

g2

(1.6) LEMMA (the Noether-Enriques-Petri theorem; see for example [18]). Ler X C
P&~ be a smooth canonical curve of genus g = 3. Then the following assetions are true:

(i) X is projectively normal in P81,

(ii) If g = 3, then X is a plane curve of genus 4. If g = 4, then X is the intersection
of quadrics and cubics of P8™! passing through X.

(iii) X fails to be an intersection of quadrics only in the following cases:

a) X is trigonal (that is, it has a 1-dimensional linear system g; of degree 3),

b) X is a curve of genus 6 isomorphic to a plane curve of degree 5.

(iv) In cases (iii) the quadrics of PE~ through X intersect in a surface F, which is one
of the following:

a) a quadric in P® (possibly singular) if g = 4;

b) a nonsingular rational normal scroll of degree g — 2 in P~ in case (iii, a) for g >
S, with the system g; cut out on X by the ruling of F;

¢) the Veronese surface F, C PS.

From this result and from Lemmas (2.9 and 2.10, Part I) we at once get

(1.7) PROPOSITION (compare 4.4, Part I). Let V=V, , C P4t pe a Fano 3-fold,
and suppose g 2= 4. Then the following assertions are true:

(i) V is projectively normal in PE*!.

(ii) V is an intersection of quadrics and cubics.

(iii) V is an intersection of quadrics if and only if it does not have a smooth canonical
curve section which is trigonal.

ProOF. Only (iii) requires proof. If ¥ is an intersection of quadrics in P! then any
canonical curve section X = ¥ N P#7! is an intersection of quadrics in P§~!. Hence accord-
ing to (1.6, iii) X cannot be trigonal. Conversely, if a smooth canonical curve section X C V
is not trigonal, and is not a curve of type (1.6, iii, b), then according to (1.6, iii), to (i) of
the proposition, and to Lemma (2.10, Part I) V is an intersection of quadrics. It remains to
prove that on a smooth ¥ a canonical curve section X cannot be of type (1.6, iii, b). Passing
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to the hyperplane section it is enough to prove that a smooth K3 surface H C P& cannot have
such a curve as section. This is proved in [13], §(7.12). The proof is complete.

§2. Trigonal Fano 3-folds

(2.1) DerFmNiTION. A Fano 3-fold V, g2
a smooth trigonal canonical curve section X, _,.

C P81 will be called trigonal if it contains

(2.2) LEMMA. On a trigonal 3-fold V every smooth canonical curve section is trigonal.

ProOOF. As we showed at the end of the proof of Proposition (1.7), V' cannot contain
smooth curves of type (1.6, iii, b). According to (1.7) ¥V is not an intersection of quadrics,
and hence according to Lemma (2.10, Part I) every smooth canonical curve X fails to be an
intersection of quadrics. By (1.6, iii) X must be a trigonal curve, since case (1.6, iii, b) was
excluded at the end of the proof of Proposition (1.7). The lemma is proved.

(2.3) ProPOSITION. Let V,, , C P8*! be a trigonal 3-fold with g > 5. Let W de-
note the closed subscheme of PETY which is the intersection of all quadrics of P+ contain-
ing Vagp Then W=W, , C P2 s a nonsingular rational scroll of dimension 4 (see Defi-
nition 2.7, Part 1).

ProoF. Let P&~ C P8*! be a sufficiently general linear subspace such that X = v,
N P& is a smooth irreducible curve. Then F = W N P#~! is cut out by the quadrics of
P£~1 containing X, and by (1.6, iv, b) F is a smooth rational scroll, and is a surface of degree

g2

g —2in P&!. Hence there is a reduced irreducible component W° of W containing ¥,,_,
and such that dim W° = 4 and deg W° = g — 2. Then W? satisfies the condition

deg W° = codim WO + 1.

According to the classification in (2.8 and 2.5, Part I) each such variety is an intersection of
quadrics. As is well known (see for example [18]), the number of linearly independent quad-
rics containing F C P€7! is (g — 2)(g — 3)/2, and by Lemma (2.10, Part I) the same number
contain W0, and at least this number contain W, since their restrictions to P&~ cut out the
surface F. Since W% C W, it follows that W° = W.

It remains to show that W is nonsingular. Suppose that w € W is a singular point. We
can choose a hyperplane P8 C P&+l through w such that the hyperplane section H = Vag—a
N P# is nonsingular. Indeed, by Bertini’s theorem, the general element A of the linear sys-
tem on V, ., cut out by hyperplanes through w can only have singularities at the base point

w, and only then if w € V, However, since V,,_, is nonsingular, through any point v &

2
V,4—2 One can pass a hypef‘;lane section which is smooth at this point. This shows that
there exists a smooth surface section H = V,,_, N P# with w € W N P2 Since w € W is
singular, it remains a singular point on the section W = W N P&,

Repeating the above argument for W and H, we prove that theré exists a P&~! C P#
containing w and such that X = ¥,,_, NP8 ~1 is a smooth curve and F= WN P81 isa
singular surface, cut out by quadrics of P€™! containing X. This contradicts (1.6, iv, b).
Hence W is nonsingular, and this completes the proof of the proposition.

(2.4) According to (2.4—2.6, Part I) there exist integers d;, > d, =d; = d, > 0 such

that W = ¢ ,(P(5))), where
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E=0m)D ... BOm(dy

and A = ﬁp (s Pl(1) is the tautological invertible sheaf. By Lemma (2.5, Part I) _# is
very ample, since d >0fori=1, , 4. Hence » : P(%¥’) = W is an isomorphism. Let

M and L be the divisor classes on W correspondmg under the isomorphism ¢ , to the inverti-
ble sheaves # and & = f* p1(1), where f: P(¥’) — P! is the natural morphism. Then
from the adjunction formula K|, ~ ¥ - (V + K,) and the formulas for the canonical classes

Ky~—V-M, Ky~ _4M_(2_g d,—)L

(see 7.5, Part I) we get at once

V~3M + (2—2 di> L (2.4.1)

i=1

where V'="V,, , CWis the trigonal Fano 3-fold. Thus to describe the trigonal 3-folds
with g > 5 it suffices to find all possible W (or all possible values of the integers d; = -+ >
d, > 0) for which the linear system

oo

i=1

contains a smooth divisor V. Recall (2.5, Part [) that

4
=3 di+2 (2.4.2)
=1

and hence

4
degV=2g—2='2§‘J d; 1+ 2,
i=1

(2.4.3)
4
degW=g—2= 2 d;.

i=1

(2.5) THEOREM. Trigonal Fano 3-folds V. 2g—2 With g = = 5 only exist for the following
values of the invariants:

N dy ds dy d, g

1 1 1 1 1 6 |givenby V:t,Fy +1,G, =0, with (t, .1, )
homogeneous coordmates on P! and F,,
G cubic forms on P*.

2 2 1 1 1 7 V is the blow-up of a smooth cubic of

P*ina plane cubic curve.

3 2 2 2 2 10 | V = S X P, with Sy (C P3 a smooth cubic surface

(2.5.1)
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ProOOF. Inside W ~ P(¥) we have the distinguished subvarieties Yd,- fori=2,3,4
which are the images of the natural embeddings

POn(d)D ... B Ow(d))~>P(®&), for i=2 3, 4.

By Lemma (7.4, Part 1), every divisor in the nonempty linear system |aM + bL| has multiplic-
ity > q along Yy, if and only if the inequality

adi b 1 (d —d) @—1) <0 (25.2)

holds. The irreducibility and nonsingularity of V € |3M + (2 — Z‘l‘ d;)L| leads to the follow-
ing two conditions: 7Y, dy is not contained in ¥ with multiplicity = 1, and Yd4 is not con-
tained in ¥V with multiplicity > 2.

Using (2.5.2) we get the system of inequalities

2dy+2—d,—dy—d, >0,
(2.5.3)

d4+2_dz"d3>0.
It is elementary to check that the following values are the only solutions to the inequalities
(25.3):
Case | dy d, dy d,

(2.5.4)

Utk W N —
W O DD N DD —
B DO DD DD s
— et DD i et
N bt

Now let us show that the first 3 cases of (2.5.4) actually occur; that is, there exists a smooth
ve|sM+ (2 - 2‘1‘ d;)L|, and that in Cases 4, 5 and 6 the corresponding V' always has sin-
gularities.

Cases 1 and 3. Here W ~P3 x P!, and inCase 1 _# :pfﬁpl(l) ®p; @Pl(l), while
in Case 3 A ~p?* ﬁP_,,(l) ® p; @’Pl(2). Let M, be the divisor class of the sheaf pf @lﬁ(l).
Then V € |3M — 2L| = |3M, + L| inCase 1, and V € |3M — 6L| = |3M,| in Case 3. In ei-
ther case the linear system [3M + (2 — 2‘1‘ d;)L| is obviously without fixed components and
base points, so that the existence of a smooth divisor V¥ follows from Bertini’s theorem. Ac-
tually, one can check this readily by writing down the general equation for ¥. In each of
these two cases V is of the form shown in the corresponding place in Table (2.5.1). From
this one sees in particular that V is a rational variety.

Case 2. Set jo =4 Q -g—l, and let M, be the divisor class corresponding to
M . Then V€ [3M,|. Letf: P(%¥) = W — P! be the natural morphism, so that f, &, =
¥,=¥0® @Pl(—l). From this one sees that A  is spanned by its global sections, and
defines a birational morphism g, : W — P*, which is just the blow-up of the plane P? =
Ou O(P(ﬁp1 ® O, & ﬁpl)) C P* (see (1.6, Part I)). The linear system |3M,]| is the in-
verse image under ¢ o of the system of cubics | @P4(3)| in P*. Hence in this case apynolV:
¥V — V' C P* is the blow-up of a smooth cubic 3-fold V' C P* with center in a smooth
cubic curve C = V' N P2, This shows that Case 2 occurs.
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The theorem will be proved if we show that in Cases 4—6 in Table (2.5.4) ¥V must be
singular.

Cases 4—6. Here dy = d, = 1 and every divisor V € |3M + (2 — £} d,)L| contains
the quadric Yd3 = P( @Pl(l) 55} @Pl(l)) C W with multiplicity 1. Indeed, setting i = 3,
g=1,dy=d,=1,a=3and b=(2- 2‘1‘ d;) in (2.5.2), we get the inequality 3 —d, —
dy < 0, which holds in each of the Cases 4—6. On the other hand, if we set ¢ = 2 under
the same conditions, (2.5.2) does not hold. Hence the general element

Ve

3M+(2~2dOL

i=1

contains Y, 3 with multiplicity 1. It is not difficult to calculate the dimension of the linear
system |3M + (2 - Z? d;)L|, using the isomorphism induced by the natural map f: W — pl:

ho (OW (BM + (2— él d,-) L)) = ho (P‘, S§3E @ Ops (2—{2; d[))

and to check that in any of the Cases 4—6 it is nonempty.

Now let us show that V cannot be nonsingular. By the Lefschetz theorem the embed-
ding i: V <., W induces an isomorphism i *: Pic W = Pic V. Hence as generators of Pic ¥
we can take i*4 and i*%. Since V is nonsingular, Y4 ,isa Cartier divisor on V; hence
there exist integers a and § such that

Yo~V - (@M + BL) ~(3M B <2~j d;-)L LaM + ﬁL\)

w
Restricting this relation to the fiber L:

Yda'L~3CtM2-L

and intersecting with M, we get the equality 1 = 3¢, which is impossible for integral a.
Hence V has singularities on Yd3, and Y, 3 is not a Cartier divisor on V. This completes the
proof of the theorem.

(2.6) CoroLLARY. Every trigonal Fano 3-fold V has a pencil of cubic surfaces, the
restriction to V of the pencil |L| on W;and Pic V ~Pic W~Z ® Z.

(2.7) REMARK. The method of proof of Theorem (2.5) can also be applied to trigonal
Fano 3-folds having only isolated double points as singularities. Simple computations show
that the degree of such varieties is also bounded: g < 10.

§3. The family of lines on a Fano 3-fold V,,_, C petl

(B.1) Let V= V2g_2 C P2*! be a Fano 3-fold with g > 3, and let G(1,g + 1) be
the Grassmannian of lines of PE¥1; let I' = I'(V) be the closed subscheme of G(1,g + 1)
parametrizing lines lying on ¥, and let § = S(¥V) be the family of lines of V (the restriction
to I' of the universal family of lines on G(1, g + 1)):
S -2y
n)
T
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is the diagram of natural morphisms, and write R = R(V) for the image p(S) C V. A line
of ¥ and the corresponding fiber of S will be denoted by one and the same letter Z. ./VZ %
will denote the normal sheaf to Z in V, and _# ;s the normal sheaf to Z in S. Since m:

§ — T is a locally trivial fibration, /VZ /s isa free sheaf of rank equal to the dimension of
the Zariski tangent space to I' at the corresponding point vy = 7(Z).

(3.2) LEMMA. Suppose that S #+ &. Let Z C V be a line, and y €T the correspond-
ing point. Then the following assertions are true:

(i) There are just two possibilities for the normal sheaf ¥, v

a) gy = O -1)® O, or

b) A= Oyi(=2)® Oy(1).

(i) Let m., be the maximal ideal in the local ring ﬁ,y of the point v € T'; then

. 1 ,
dim my/m}y = 1 (#z)v) = 2 le ZZZ Z))

for the Zariski tangent space at v, and, in a neighborhood of v,

2>h0 (JVZ/V) >d1m1‘>h° (JV'Z/V) —h ('/V'Z/V) =1.

Proo¥F. (i) Let us first show that through any line Z C ¥ we can pass a nonsingular
hyperplane section. Consider the linear system |H — Z| of hyperplane sections through Z.
It is clear that this linear system has base locus just Z, since this is the case for the linear
system of hyperplanes through Z in the ambient PE*!, By Bertini’s theorem almost all sur-
faces of |H — Z| have no singularities outside Z. Let us show that there exists a suface in
|H — Z| which is nonsingular along Z. The projection m,: PE*! — P#~! from Z is given by
the linear system of hyperplanes through Z. Let 0,: P’ — P&*! be the blow-up of Z. Then
we have a diagram

V/ G PI

Gzl Gzl \ (3.2.1)
VG pstt fi—)- pet

where f =, © g, is a morphism, and g,: V' — V is the blow-up of Z in V. V" is non-
singular and the morphism f: V' — P81 is given by the linear system |o%H — 03" (Z)|.
This linear system is without fixed components and base points, since it is the restriction to
V' of a linear system on P’ with this property. The restriction of |03 H — 0;'(Z)] to the
ruled surface Z' = oEI(Z) is also without fixed components and base points, and is a certain
linear system consisting of sections of Z' over Z. Hence there exists a surface H' € |o3H ~ Z'|
such that the curve Z' N H' is an irreducible (and hence nonsingular) section of Z'. Under
these circumstances the morphism 0,: H' — 0,(H") is an isomorphism, and since H' has no
singular points on Z' N H', 0,(H') is a surface with no singularities on Z.

Thus there exists a smooth hyperplane section H of ¥V through Z. Since H is a K3 sur-
face, (Z * Z),; = —2. Hence we have an exact sequence:
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0— Of[ (=2 —>Hzy— 022'(1) -0 (3.2.2)

N ziH Nuwl|Z

From this one sees that the invertible sheaf of maximal degree in _#/, ;v has degree O or 1;
these lead to cases a) and b) respectively.

(ii) These assertions are a direct consequence of infinitesimal deformation theory [7],
and the trivial computations of #(_#, z/v) In cases a) and b) of (i). The lemma is proved.

(3.3) PROPOSITION. Suppose that S + 2. Let T'° be an irreducible closed component
of the scheme T, let S° be the corresponding family of lines over T'°, and let R°® = p(S©).
Then the following assertions are true:

() If dim T'°® = 2 then RO is a projective plane lying on V, and T'° =~ P?; conversely,
if V contains a plane then there exists a 2-dimensional component % C I' with I'° ~ P2.

(i) If dim T'° = 1 and I'° is generically reduced then the scheme T'° can have at most
double points as singularities, and possibly O-dimensional embedded components; Rf’ed isa
ruled surface on V, and the morphism p: Sgd — R?ed

(iii) T is nonreduced at the generic point if and only if R
contained in V.

is birational.

0

red 15 @ 2-dimensional cone

PrOOF. (i) If dim I'® = 2 then, according to (3.2, ii), dim m,/m2 = dim I'® = 2 for
all ¥ € I'%; hence I"® is a smooth surface. In this case for any line Z with 7(Z) € I'® we
have /VZ/V ~ O, -2)® O,(1),since ho(///Z/V) = dim I'? = 2 (see (3.2)). The image
R® of the morphism p: §® — V obviously has dimension > 2 (if S° is a single line then
dim I'® = 0, contradicting (3.2, ii)). Suppose that dim R® = 3; then since the morphism
p: S — ¥V is proper (S° is complete), R® = V; and since dim §° = dim V, p is generically
finite. Consider the differential dp, restricted to the line Z C S,,. It is obvious that, on the
tangent bundle T, to Z, dp is the identity isomorphism. We have a homomorphism of the
normal sheaves defined:

dp: N zise —> N zpy
0,807 05— 0, ). (3.3.1)

Since p is generically finite, for a sufficiently general line Z, by Sard’s theorem the morphism
dp has rank 2 at the general point of Z. But the lower arrow in (3.3.1) shows that no such
morphisms exist. Indeed, each of the summands ﬁz can only have a nonzero homomor-
phism into the second summand of /VZ v SO that dp has at least a 1-dimensional kernel.
Hence our hypothesis that dim R® = 3 is invalid, and there remains the single possibility
dim R® = 2.

The surface R® has a 2-dimensional family of lines. This property is enjoyed only by a
plane P2 C V. In this case it is clear that I'? ~ P2, The converse assertion in (i) is obvious.

(i) The first assertion follows from Lemma (3.2, ii). Furthermore dim S2, = 2, and,
as pointed out above, dim R® # 1. Hence Rfed
8%, — RY, is generically finite. p cannot have degree greater than 1, since otherwise
through almost all points z € R?ed there would pass more than 1 line from one and the same

is a ruled surface, and the morphism p:
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irreducible family S°. This is impossible, since dim I'® = 1. Hence p: §2, — R, is bi-
rational.

(iii) As we have just shown, p: SO, — ¥V maps S2, birationally to RZ ;. If I'® is
nonreduced at the generic point, then for almost all lines Z C S° the normal sheaf /VZ %
is isomorphic to é’z(— 2)® ﬁz(l) (see 3.2). The restriction of the differential dp 4 to

the normal sheaf of a sufficiently general line Z C SO, defines a nonzero homomorphism of

red
sheaves:

dPreq: N — N zv
| U e Z[ (33.2)

Oz — 0z(—2) D oz(1)
There does not exist a nonzero homomorphism of ﬁz into @Z(— 2). A (nonzero) homo-
morphism ﬁ — ﬁz(l) has cokernel &, supported on a single point z € Z. This means

that the general line Z C §° eq intersects the closed set D C SO | the degeneracy locus of

red>
Preqs In a single point. Tet D® C D be the irreducible component of D meeting each Z, so
that D is a section of the morphism m: SOy — T'2,. Since pq: S2y — R, is a bira-

tional morphism and dp ., degenerates in a direction normal to Z (that is, tangent to DY,

this means that p_ 4 contracts D to a point of R® red- Hence R®  C Vis a cone.

red
It remains to show that Rred cannot be a cone if I'® is reduced at its general point. In

this case for all but a finite number of lines Z C S we have /VZ/V o~ ﬁz(— e &,

and '/I/Z/So ~ @, (see 3.2, ii), and the homomorphism dp: A, /50 — A,y is non-
zero. There is only one possibility, dp: /I/ ﬁz, the prOJectlon onto the second

summand of —#7,;,. Hence the birational morphlsm p: 8% — RO is an immersion in a
neighborhood of Z C §°, and so Rred cannot be a cone. The proposition is proved.

(3.4) THEOREM. In the notation of (3.1) suppose that Pic V = Z - H, where H is the
hyperplane class, and suppose that V contains a line Z. Then the following assertions are
true:

(i) Any irreducible component T'° C T is 1-dimensional.

(i) If g =4, T'° is reduced at a generic point (that is, V does not contain any 2-di-
mensional cones, according to (3.3, iii)).

(iii) If g > 4, then every line Z C V meets only a finite number of other lines.

(iv) If d is the integer such that R ~ dH, then for g > 4 every line Z not contained
in the singular locus of R meets d + 1 other lines of V (counted with multiplicities).

ProofF. (i) If dim I'® = 2 then according to (3.3, i) V contains a plane P?, contradic-
ting the condition Pic V =Z - H.

(ii)) According to (3.3, iii) we have to show that under the stated hypotheses ¥ does
not contain any 2-dimensional cones. Suppose that R?ed C Vis a cone with vertex v € V.
Then every hyperplane of P€*1 tangent to V at v contains R° . Such hyperplanes cut out
on V the linear system |H — 2v| which contains R? reqd a5 2 flxed component, and having di-
mension = g — 3. Since Pic V' = Z - H, every hyperplane section H is irreducible. Hence
for g > 4 we obtain a contradiction to the assumption that RS, is a cone. Note that for
g =4 a cone Rred can only be a hyperplane section.

(iif) Suppose that the line Z meets infinitely many other lines of V. According to (ii)
V does not contain any cones, so that at least one line of ¥ must pass through each point
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z €Z. Let G be an irreducible component of the ruled surface R swept out by lines of ¥
meeting Z. Let m = 1 be the integer such that G ~ mH, and let r be the multiplicity of G
in a general point of Z. The projection 7n,: V — P¢~1 from Z contracts to a point every
line meeting Z, and hence contracts G onto some curve (G cannot be mapped to a point,
since otherwise G C ¥ would have to be a plane, contradicting (i)). Let us show that r =
m + 1 or m + 2. Any plane of P*! containing Z can contain only 2 further lines of V,
and the case of 2 occurs only if g = 4. Indeed, if g > 4 then, since Pic V =~ Z, V is not tri-
gonal, and according to (1.7, ii) and (1.3) ¥ is an intersection of quadrics. Hence ¥ N P?
can only be a curve of degree < 2, since ¥ does not contain any planes. If g = 4 then the
unique quadric containing ¥ (see (1.3)) could contain P?, in which case ¥ N P? is a curve of
order 3.

Let us choose a sufficiently general hyperplane section H containing Z (see the begin-
ning of the proof of Lemma 3.2). The G N H=rZ + EIIV Z;, where Z, C G are certain
lines. We have

N
m= (Z‘ . mH)V= (Zl . G)V == (Z‘ . rZ+ 2 Zl,)
i=1 H
=1+ Dy (5D 2)) =r—248,
i# I/H
where § = 0 or 1, since every line of G meeting Z; lies in the plane P? spanned by the lines
Zand Z;. Hencer=m + 2 -5.

Let 0: V' — ¥ be the blow-up of Z, let Z' = 07 1(Z) be the exceptional ruled surface,
and let G' be the proper transform on V' of G. The linear system |o*H — Z'| defines the
morphism f,: V' — P&~1, the resolution of the projection 7,. Since G' is contracted by
fz, we have

(a"H—Z")*.G'=0.
Hence
m(o*H—2"¥ = (¢*H =2 - (mo*'H —rZ' +(2-8)Z")
=@ H—2) -G +-Q-8)(*H-2)Z. G4.1)
Now we use the multiplication table in the Chow ring A(V"') (see 2.11, Part I).
Simple computations give
(c*H—2")*=2g—6, (c*"H—2Z")*.2"=3.
Substituting in (3.4.1), we get
m(2g—6) =32 - 8). (34.2)

Since (2 —8) =1 or 2, (3.4.2) is only possible for g = 4 and m = 3.

It remains to exclude this case. Here V is a complete intersection of a quadric and a
cubic in P35, and the morphism f,: V' — P3 has degree 2 (generically), with ramification
locus a surface D C P2 of degree 6. The curve f2(G'") is obviously contained in D, and has
degree equal to the number of lines Z;, Z; # Z, in the intersection G N H; that is, 6m —r =
13. Let D, denote the surface f,(Z'). We have
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deg D, = (6"H—Z')?-2'=3.

Let us show that D, CD. If Z " were not contained in the branch locus of the morphism
f7 then the involution interchanging the leaves of the double cover f,: V' — P? would take
Z' into some surface Z", and then

fA0)=2"Uz" UG ~3(c°H—1Z).

But since G' ~ 36*H — 5Z' we have Z" ~ Z'. But this is only possible if Z' = Z", since Z'
is an exceptional surface, and Z" is irreducible. Hence D, C D. Let D, be the complemen-
tary cubic surface; that is, D = D, U D,. The curve C =D, U D, is contained in the singu-
lar locus of the branch divisor D; hence f L(C) is a surface on V' such that the image
o(f7(C)) on V is swept out by lines meeting Z or conics intersecting Z twice. However, it
is not difficult to see that on a smooth V' = V, 5 every line can only intersect twice with 2
conics: these lie in the two planes contained in the quadric through ¥, and intersect along
this line. Hence o( fZ_I(C)) is a surface swept out by lines meeting Z. Now note that

dego g (f71(C)) < deg G,

since deg C =9 < deg f,(G "y = 13. But this contradicts (3.4.2). The assertion (iii) is
proved.

(iv) A proof of this assertion going back to Fano [4] was reproduced in [15], Lecture
4, 82 (proof of Lemma 5). We will not repeat the arguments given in [15], noting only that
these work under the assumption that the given line meets only a finite number of other
lines, and that the line is not singular for the ruled surface R. Both of these conditions hold
in our case: the first because of (iii), and the second by hypothesis. The proof of Theorem
(3.4) is complete.

(3.5) Remarks. (i) It is not known if there exist (smooth) Fano 3-folds V,,_, con-
taining a plane. If Pic V, g—2 =Z then these do not exist by the Lefschetz theorem.

(ii) For g = 3 the assertion (3.4, ii) is no longer true. A corresponding example is
considered in [14]: this is the diagonal quartic £ x; = 0, which contains 40 cones, cut
out by the hyperplanes x; = ex; (i #j), where € runs through the primitive 8th roots of 1.
Each of the cones appears in the surface R = p(S) with multiplicity 2.

(iif) Note that if a ¥,, _, C P#*! with g > 3 does contain a cone RO, then deg R® <
3. Indeed, R° is contained in the intersection ¥ N P3 of ¥ with the tangent space to V at
the vertex of the cone. If ¥ is not trigonal and g > 5, then, according to (1.7, iii), Vag—z is
an intersection of quadrics; hence deg R® < 2. In the trigonal case, deg R® < 3 according to
(1.7, ii).

(iv) Starting from (3.4, i) one shows using elementary methods involving a count of
constants that on a ¥,,_, which is a complete intersection (see (1.3)) or a Grassmannian
section (see (1.4)) there do exist lines, and these form a 1-dimensional family (for g = 3 see
[14]). In [4] Fano asserts that lines exist on every 3-fold ¥V, ,_, with Pic V,,_, =Z - H.
However, his arguments are not convincing, and until recently a new proof had not been
found; in this connection we had the following open problem:

(3.6) FaNO's CONJECTURE 1. Every Fano 3+fold V,,_, C PE*! with Pic V,,_, =

g2
Z - H contains a line.
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This has recently been proved by V. V. Sokurov [20].
In §5 during the proof of the main Theorem (5.1) we will need some facts on lines of
V in general position, and we find it convenient to set forth these results here.

(3.7) LeMMA. Under the hypotheses of Theorem (3.4), on a Fano 3-fold V, g—2 With
g = 4 there exists a dense open set B C I' in the family of lines T such that every line Z in
B satisfies the following conditions:

W Sy~ O,-1® O,

(i) Thed + 1linesZ,, ... ,Z,,, meeting Z (see(4.3, iv)) are distinct, and for each
of them (i) holds.

(iii) Let o: V' — V be the blow-up of Z,let Z' = 6 ~"(Z) be the exceptional ruled
surface, and let Z? be the proper transforms of the lines Z, (fori=1, ... ,d + 1). Then
foralli=1,...,d+1

K g =0 (— 1) DO (— 1)

and the point of intersection z; = Z N le does not lie on the negative section of the ruled
surface Z'.

(iv) For g = 5 not more than 4 lines pass through every point v € V, and no 3 of
these can lie in a common plane;, for g = 4 not more than 6 lines pass through every point
v €V, and no 4 of these can lie in a« common plane.

ProOF. According to (3.4, ii) and (3.3, ii), lines with property (i) form an open sub-
set of I". The finite number of lines not satisfying (i) only meet a finite number of other
lines according to (3.4, iii). Hence all but a finite number of lines of R satisfy (i) and (ii);
in the parameter curve I' they form an open set, which we denote by B. Let us show that
for lines in B (iii) is also satisfied.

Let T = 7~ 1(B). Then from (i) we deduce, as at the end of the proof of Proposition
(3.3), that the natural morphism p: T — V is an immersion. Furthermore, two distinct irre-
ducible components of the family S cannot map to one and the same component of the sur-
face R, for otherwise (3.4, ii) would fail. From this and from (3.3, ii) it follows that the
morphism p: § — R is birational, and hence p: T — V is a birational immersion. Hence if
ty,ty €T, t, #t,, are points such that p(¢,) = p(z,), then the point v = p(t,) = p(z,) is
a singular point of R, and the images of the tangent spaces to ¢, and ¢, span the whole 3-di-
mensional tangent space to V at v. Let Z, and Z, be lines through #, and ¢,, and let U,
and U, be normal neighborhoods of Z, and Z, respectively. Then from what we have said
above it follows that the image of Z, meets p(U,) transversally at v, and similarly for Z, and
p(U,). Hence on performing the blow-up o,: ¥; — V of the line Z, on V the normal com-
ponent ﬁzz ~ N, U, of the normal sheaf /f/z v is replaced by ﬁzo(—l), where Zg

2/ 2/
C V, is the proper transform of Z,. Since K v, = ofK, + 0;1(Z,), one c%mputes easily

that det /’/zg vy = é’zg(—z). Thus
ng o Ozg (—1)® 022 (— D).

An analogous thing happens on blowing up Z,. This proves the first assertion of (jii). The
second assertion follows from the fact that the negative section of the ruled surface Z'
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corresponds to the second summand ﬁz in the normal sheaf /VZ v = ﬁZ(— ne &,
and from the previous arguments which show that the direction of each of the d + 1 lines
Z, is transversal to this normal component.

Let us prove (iv). If g = 5, since Pic V =~ Z it follows that V is not trigonal, and is
hence an intersection of quadrics in PEt! (see (1.7)). Let Pg be the projective tangent space
to V atv. Then the lines through v are contained in V' N PS ,and since V' N Pg is cut out by
quadrics of P there can be at most 4 of these lines. For the same reason in a plane P? there can
be at most 2 lines of ¥, since otherwise ¥ N P2 could not be an intersection of conics of P2,

Inthecaseg=4, V="V, C P35 is a complete intersection of a quadric and a cubic.
Hence V' N Pg is a curve of degree 6 and at worst can break up into 6 lines. If in one plane
P2 there are more than 2 lines of ¥, then this P2 must be entirely contained in the quadric
through V, and the cubic through ¥ will cut out on P? a curve of degree 3. Here and above
we are using the fact that V¥ does not contain a plane (see (3.4)). The proof of the lemma is

complete.

§4. The family of conics on a Fano 3-fold of the principal series

4.1) LetV=1V,, , C P2*! be a Fano 3-fold, and let A = A(V) be the scheme parame-
trizing the conics on V; this is a closed subscheme of the Hilbert scheme of closed subschemes of
P&*! with Hilbert polynomial 2n + 1. Let 7= T(V) denote the universal family of conics over
A, and let

T 4V

ey

A
be the diagram of natural morphisms. Set Q@ = q(T). A conic on V (possibly reducible or
nonreduced) and the corresponding fiber of T will be denoted by one and the same letter C.
As usual, 7 cv will denote the normal sheaf. On decomposing /VC /v into a direct sum,
or in representing it as an extension of invertible sheaves, the symbol @C(d) will denote the
invertible sheaf of degree d on C.

(4.2) LeMMA. Suppose that on V there exists a smooth conic C. Then there are only
the following 4 possibilities for the normal sheaf /VC N%
a) N ey =0c® Oc,
b) #ey =Oc(— 1) @ Oc (1),
c) New =0c(—2) D O¢ (2,
d) JV‘c/y&Oc (——- 4) (—B 0(; (4)
Proor. If we can pass a smooth hyperplane section H through C, then we have an
extension

0—>Oc(—2—>SNew —Oc @ —0, 4.2.1)

since ///C/H o~ ﬁc(— 2), since C is a curve of genus 0 on the K3 surface H, and (C - C) =
—2. Asin (3.2.2) we get from this the first 3 possibilities a), b) and c) for /VC/ v

Let P = P(C) be the plane of a conic Cin P!, If P C ¥, then (C* C)p = 4 and we
have the exact sequence
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0—0O¢ (4) — N ¢y Oc¢ ( — 4) — 0, (422)

which obviously splits as a direct sum. This gives the remaining possibility d).

It remains to show that there are no other possibilities for the decomposition of /f/c v
into a direct sum. As in the beginning of the proof of Lemma (3.2), it is not difficult to
show that there exists a smooth surface F € [2H — C| cut out on V by some quadric of pstl
through C. Since K ~ F - H it follows at once from the formula for the genus of C that
(C: C)p = —4. From this we get an exact sequence

0~ Oc (— 4) = N¢y— Oc (4) - 0. (4.2.3)

This sequence shows that apart from cases a), b), ¢) and d) only one other case is possible:

Q) Moy~ Ou-3)® T 03).

We will prove that in fact this case does not occur.

Let D = ¥V N P be the closed subscheme of V cut out by the plane P. The case D = P
has already been considered. Thus we can assume that dim D = 1. Clearly C C D; let u(D)
be the multiplicity of D in the general point of C.

Let us show that p(D) = 1 or 2, with p(D) = 2 only if ¥ = ¥, C P*, and the plane
P touches V along C. According to (1.7, ii), if g = 4 then V is an intersection of quadrics
and cubics. Hence D C P is also cut out by conics and cubics. It follows that u~(D) =1
forg > 4. If g =3 then D C Pis a curve of degree 4. If D = C U C?, with C° a conic dis-
tinct from C, then obviously u-(D) = 1. There remains only the case where C = C® and D
is a double conic of P; that is, u(D) = 2.

Consider the linear system [H — C| on V. Obviously D and only D is the base scheme
of this linear system. Let o: ¥’ — ¥ be the blow-up of C, and let C' = ¢~ !(C) be the ex-
ceptional ruled surface, having s and f the class of the negative section and the fiber of C’
respectively. We have

(H—C) - C =-—2"'H C"1-C"=2(H -C)y—degdet ¥ c;y =4 (4.2.4)

(see (2.11), Part I). The linear system |¢*H — C’| cuts out on C’ a certain linear system of
sections of the ruling; that is, (¢*H ~ C") - C' ~ s + af for some integer a. If u-(D) =1,
then this linear system is without fixed components; and, conversely, it has a fixed component
if uo(D) = 2. From (4.2.3) we get

4= (s+oaf-s+af) =s*+2a. 4.2.5)
For uo(D) = 1 the negative section of C' is not a fixed component, and hence
(s s + af) >0; that is, s> + a = 0.

Using (4.2.5) we get from this that @ <4 and s> >—4. Since C'= P(/17C/V), with /fc/v
the conormal sheaf, it follows that /VC/V =~ O(-d)® ﬁc(d) withd = 0, 1 or 2, and
the same is true of _#, ;v - Hence in this case only the possibilities a), b) and ¢) can occur.
Now let u(D) = 2. In this case a hyperplane section H of V' = V, through Cis a
quartic surface of P3 which touches P along C. If x, = 0 is an equation for P C P3 and
(xg, --- , x3) are homogeneous coordinates, then C C P has equation Q,(x,, x,, x3) =0,

and H is given by an equation of the form
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Qa2 (X1, X2y X3)*+x0F5 (%, ..., x3) =0,

where F3(x,, ..., x3) is some cubic form. The general hyperplane # is nonsingular at the
general point of C, and hence the cubic F5(x,, ... , x3) = 0 does not contain C. Simple
computations show that H has 6 singular points on C—the intersections of C with the cubic
F3(xq4, ..., x3) = 0. Hence the linear system |o*H — C’| cuts out on C” curves in the class
s + Bf, with 8 > 6. Since (s + 8f - s + Bf) = 4 (see 4.2.5), B = 6 is only possible if s> <
—8. Since s* = —2d, there remains the unique possibility 8 = 6 and d = 4; that is, case d).
The lemma is proved.

(4.3) PROPOSITION. Suppose that T # &, and let T® be an irreducible component of
the scheme T, A® the corresponding component of the scheme A, and Q° = q(T°) a compo-
nent of Q. Then the following assertions are true:

() If for the general conic C C Q° the normal sheaf e ;v 18 of type a) of Lemma
(4.2), then A° is nonsingular at its general point, dim A® = 2 and Q° = V; that is, the mor-
phism q: T® — V is generically finite.

(ii) If, for the general conic C C Q°, N /v 18 of type b), then A is nonsingular at
its general point, dim A® = 2, dim Q° = 2, and Q° is either the Veronese surface in P%, or
one of its projections into a lower-dimensional space, but not a plane P* or a quadric of P3.

(iii) If, for the general conic C C Q°, /VC /v is of type ¢), then A° is nonsingular at
the general point, dim A® = 3, and Q° is a quadric surface in V.

(iv) If, for the general C C Q?, ///C/V is of type d), then Q° is a plane P C V.

ProoF. (i) The smoothness of A at a general point and the equality dim A® = 2
follow from general deformation theory [7]. Clearly dim Q° > 2. If dim Q° = 2 then Q°
is a surface containing a 2-dimensional family of conics. According to a classical result of
Bertini [2], QO is either the Veronese surface in P3, or one of its projections in a lower di-
mensional space. All of these surfaces are well known (see, for example [17]):

F

the Veronese in P®

4
v
F,,F, R, in P (4.3.1)
Vool
S4 Ra Qz in p3

and the plane P?, where S, is the Steiner surface, R, and R are rational cubic scrolls, and
Q, is a quadric (as usual the lower index denotes the degree). An immediate verification
shows that if Q° is one of the surfaces in (4.3.1) then ./f/c ;v has a positive summand; that
is, /VC/V >~ ﬁc(—d) @ ﬁc(d), with d > 0. But this contradicts the assumption that
%/V >~ ﬁc © ﬁc’. Hence Q° = V and the morphism g: T® — ¥ is generically finite.
Here we are using the fact that T is proper over k.

(ii) The first two assertions are a consequence of deformation theory. As usual we
have dim Q° > 2. Suppose that Q° = V. Then the morphism q: T° — V is generically fi-
nite, and hence its differential

d N
Ncire Y, cv

{l 1
Oc® Oc ——> Oc(— 1) D Oc () (4.3.2)
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is nondegenerate at the general point of some curve C. However, the lower arrow of (4.3.2)
shows that dg must have kernel of rank at least 1. This contradiction shows that dim Q° =
2, and hence Q0 is one of the surfaces of diagram (4.3.1). It cannot be the plane P2 or a
quadric @, C P3, since for either of these /VC % would have a summand of positive degree
greater than 1.

(iii) According to deformation theory two cases are possible here:

a) AO is nonsingular at a general point and dim A® = 3;

B) AY is nonreduced at the general point and dim A% = 2,

In either case the morphism g: T2, — V cannot be dominant, since the differential

red
dg: N e y7o , - N
- l
Oc(—2) D Oc(d

cannot have rank 2 at the general point of C, because the trivial sheaf /12, / can only

70
have a nonzero homomorphism into the second summand of /VC v red

Hence Q° = q(ng) is a surface from diagram (4.3.1). Clearly, in case a) Q° = Q,isa
quadric of P3. Case ) cannot occur. Indeed, Q° cannot be the plane by considerations of
the dimension of the family of conics on it. It is not difficult to check that for all the re-
maining surfaces in (4.3.1) /fé ;v has positive summand ﬁc(l).

(iv) Here also Q° = q(T2,) must be a surface from (4.3.1). In Lemma (4.2) we showed
that /VC v has type d) only if the plane P of Clies on ¥, or if ¥V = ¥, is a quartic and V
touches P along C. This final case is excluded since a smooth quartic 3-fold cannot contain
any of the surfaces of (4.3.1) (see [14], and also (4.4, ii)). There remains the case Q° = P,
a plane of ¥. The proposition is proved.

(4.4) THEOREM. Suppose that Pic V ~ Z, and that V contains a line Z. Then the
following assertions are true:

(i) V contains a smooth conic.

(ii) For every irreducible component T of the family of conics T on V the morphism
g: T® — V is generically finite.

(iii) If q > 8 then only a finite number of conics pass through each point v € V.

PrOOF. (i) According to (3.4) the lines of V sweep out a ruled surface R ~ dH, and
the general line of R meets a further d + 1 lines. Hence there is a reducible conic C; on ¥V
consisting of 2 incident lines. Let J be the sheaf of ideals of the conic C; C V. Then

KNeyv=Hom(I/I,, O,)

is a locally free sheaf of rank 2, since C,, is obviously a locally complete intersection, so that
I/I? is a locally free sheaf.
According to Schlessinger’s deformation theory we have
dim A® > B (#7c,v) — B (W cyw),
where A® is an irreducible component of the scheme of conics A parametrizing deformations
of Cy, in V. By the Riemann-Roch theorem we get

B (N eyw) — B (N eyw) = deB N cyv + 2(1 — pa (C)) = 2.
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Hence dim A® > 2. On the other hand, reducible conics on ¥ form only a 1-dimensional
family, since for g = 4 every line of ¥ meets only a finite number of others (see (3.4, iii)).

In the case that V=V, C P? is a quartic, the existence of smooth conics can easily be
shown directly (see for example [14]). Thus (i) is proved.

(i) According to Proposition (4.3), if g: T — V is not generically finite then Q° =
q(ng) is one of the surfaces of (4.3.1). Hence deg Q° < 4. By assumption Pic ¥V =~ Z and
V contains a line, and hence Pic ¥V = Z - H, with H the hyperplane class. Hence deg G >
2g — 2 = 4 for any surface G C V. Thus for the proof of (ii) we have to exclude the only
possible case: V=V, C P*, and Q° = S,, the Steiner surface. But it is easy to see (see
[14], Lemma 4) that the Steiner surface S, cannot lie on a nonsingular quartic 3-fold V,.

(iii) Let v € ¥ be a closed point, and m,, its sheaf of ideals. For any integer » > 0 we
have

O Oy (H) R mY) > h° (O (H)) — ( g 2).

In particular, for v = 3 and g > 9 we get

h Oy (H) ® mq) > 2;
that is, dim [H — 3v| > 1. If there were a 1-dimensional family of conics passing through v,
then the surface G, swept out by these conics would have to be a fixed component of the
linear system |H — 3ul, since the proper transform of any such conic has negative intersection
with the proper transform of |H — 3v| on blowing up v. But since Pic V' = Z - H, every hy-
perplane section A is irreducible, so that [/ — 3v| cannot have any fixed components. This
completes the proof of the theorem.

85. Fano 3-folds of the first species: preliminary results

(5.1) DEFINITION. A Fano 3-fold V will be said to be of the first species if Pic V ~ Z
(the term comes from Fano’s “di 1? specie” [4]).

Thus Fano 3-folds of the first species are characterized among projective varieties by
the two conditions Pic V' ~ Z and K3V <0.

The study of the birational properties of such varieties is the principal content of Fano’s
classical papers. Basing himself on Fano’s assertion that there exists a line on (the canonical
model of) a Fano 3-fold of the first species with Pic V' = Z - K, (see [20], (3.5, iv), and
(3.6)), Roth classified in [11] all Fano 3-folds of the first species. However, as pointed out
in our note [9], Roth’s classification contains gaps. The most significant of these is the false
assertion that such 3-folds (with Pic ¥ = Z - K /) exist only for g < 10. We will subsequent-
ly show (see (6.1, iii)) that there also exist Fano 3-folds with g = 12.

Let & (H) be the positive generator of Pic ¥ =~ Z, and r the index of V (so that rH
~ —K ). The classification of 3-folds of the first species and with index r > 2 is contained
in our Part I [8], where a classification of all Fano 3-folds of index r = 2 is given, under the
assumption (since proved; see [19]) of Hypothesis (1.14, Part I), that the linear system ||
contains a smooth surface. One can show, although we will not do this here, that for 7 = 2
and Pic V' =~ Z we can get rid of this hypothesis.

In [8] we also gave a description of hyperelliptic 3-folds of the first species with index
r= 1. A partial description of 3-folds of the first species and of the principal series has
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already been given in the present article: these are the complete intersections (see (1.3)) and
the Grassmannian sections (see (1.4) and (1.5)).

In the remaining part of this article we describe Fano 3-folds of the first species with
g = 7, under the assumption of the existence of lines (see (3.6) and [20]). The existence of
lines and conics is used in (6.1) for the proof of the boundedness of the genus g (g < 12).
To construct 3-folds with given g we use the birational technique (going back to Fano [5],
[6]) of projection and double projection from lines on V.

From now on we will stick to the following notation.

(5.2) Notation and conventions.

V=V, C P4*! is a Fano 3-fold of the first species.

Z CVisaline on V.

o: V' — Vs the blow-up of Z in V; H* = o*H, where H is the hyperplane section,
and Z' = ¢71(Z) is the exceptional ruled surface.

mgz: V — P& is the projection from the line Z.

0y =mgo0 V' — P#~! is the morphism resolving the indeterminacy of .

V" = 1,(V) = ¢z(V') is the image of ¥ under the projection .

R, = ¢,(Z") is the image of the ruled surface Z'.

My 7: V — P&7% is the double projection from Z; that is, the rational map defined by
the linear system |H — 2Z]|.

W = m, (V) is the image of V under the double projection m, 5.

Q = Q, is the surface of V swept out by conics on ¥ which meet Z.

Q' is the proper transform of Q in V.

Q" = ¢4(Q") C V" is the image of Q under 7.

Z,fori=1,...,d + 1, are the lines of ¥ meeting Z.

Z?, fori=1,...,d + 1, are the proper transforms of the Z; on V.

7: V' — V' is the blow-up of all the d + 1 lines Z.

Z? = 771(Z) are the exceptional ruled surfaces above the blown-up lines Z?, and Z"
= 1(Z".

z;=Z2 N Z'is the point of intersection of the line Z? with the ruled surface Z', for
i=1,...,d+ 1.

H* = 7*H*.

An isolated singularity x € X of a 3-fold X will be called an ordinary double point if
after performing at x the blow-up o.: X ' — X the blow-up X' is nonsingular in a neighbor-
hood of Y' = ¢ (x), and Y’ >~ P! x P!, with the normal sheaf given by

Ny ix- = p¥Op (— 1) B p3 Op: (— 1).
We begin with the following auxiliary result, which is also of independent interest.

(5.3) LEMMA. In the notation of (5.2) suppose that Z has the properties (1)—(iii) of
Lemma (3.7). Then Z' ~F 1» Where F | is the standard ruled surface (obtained by blowing
up one point in P*), and if g > 5 then the following assertions hold:

(i) The morphism ¢,: V' — V" is birational.

(ii) The linear system |H* — Z'| cuts out on Z' the complete linear system |s + 2f|,
where s is the class of the exceptional section and f is the class of a fiber of the ruled
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surface Z'; and R is a nonsingular scroll of degree 3 in P*, lying on V".

(iii) V" has d + 1 isolated ordinary double points, the images of the d + 1 lines Z ,

,Z meeting Z (see (3.4, iv)), and has no other singularities.

d+1 s

(iv) Letg, =g —2;then V" C P¥1 Y with deg V" = = 28, — 2, and furthermore the
sheaf (,+(=1) is the canonical dualizing sheaf Hyyn. Also Pic V" =Z - H", so that
Vi,
double points.

-, C Pg 1% s 4 Fano 3 fold of the first species, only having a finite number of ordinary

PROOF. Since A, = O, (-1)® O, and Z' ~ P(A, /V) with ./VZ/V the co-
normal sheaf, it follows that Z'=F,.

(i) In the projection m,: P% s — P#7! the inverse images of points y € P! are the
planes P2 through Z. Hence if y € V" then its inverse image lies in ¥ N P2 Since Pic V
~Z and g =5, Vis an intersection of quadrics of P€*! (see (1.7)), and P2 ¢ V (see (3.4, 1)).
Hence ¥ N P is cut out by conics in P2. Hence, apart from the line Z, the scheme ¥ N P2
can only contain either a further line Z;, (for i = 1, ... ,d + 1), or no more than one other
point x € V. Hence the restriction of 7, to V — (Z U?_“Lll Z,) is a one-to-one mapping to

V"~ (Z' U] Z7). Hence the morphism ¢,: V' — V" is birational. Note that it con-
tracts each of the d + 1 lines Z? into a point of V",
(ii) Each nonsingular surface H' € [H* — Z'| cuts out on Z' some section; that is,
H' NZ'~s + af, with a some integer. We have

(st+af-s+af) = (H"—2Z")*.Z'=3 (5.3.1)

(see 2.11, Part I). Since Z' ~F,,s? = —1. Hence a = 2. Z' only contains a single curve
having negative self-intersection, namely the negative section s. Since (s - Z'),, = (s +2f - Z "
—-2(f+Z")=3~2 =1, the morphism ¢, cannot contract s to a point. Hence ¢, cannot
contract anything, apart from the d + 1 lines Z,.0 .

Furthermore, if we prove that V" is projectively normal, and hence a normal variety,
then it will follow that ¢, Z ' — R, is a birational morphism, and R is a normal surface
of degree 3 (see (5.3.1)). But this is only possible if ¢, is defined by the complete linear
system |s + 2 f[; and then R; is a smooth scroll of P,

Let us prove the projective normality of ¥”. Choose a smooth surface H' € {H* — Z'|
and set

=0y (H—27), Zp=% Q0.

Since H' is a K3 surface, p,: H' —> ¢ (H') is a birational morphism and the complete lin-
ear system |7 is without fixed components and base points, it follows as shown in [13],
Theorem 6.1, that the natural homomorphism

S*HO(H', $i)—~ @ HO(H', &5 (53.2)

nzo

is surjective, where the left-hand side is the symmetric algebra on Ho(H',.Z, 1'1.).
Since the sequence

HO(V', &) > H (H', $p) >~ H'(V', Op) =0

is exact, the hypotheses of Lemma (2.9, Part I) are satisfied with X = V, ¥ = H' and
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&= L. Becasuse of this lemma the natural homomorphism

S*HO(V, &) D H V', £&") (5.3.3)

nz=e
is also surjective, so that

= @z (V') = Proj @ H(V', £")

n>:o

is projectively normal in P&,
(iii) We have shown that outside {J¢*} Z? the morphism ¢, is a bijection with V"
- U} ¢4(Z0). Since V" is normal, it follows from this by Zariski’s theorem that

(leV'—tUZ?ZV' U 2>V — U(pZ(ZO)
=1 i=1

is an isomorphism. The inverse image Z; O of each of the points 0 Z ,.0) is 1-dimensional, and
hence each goZ(Zo) is a singular point of V". Since (Zo “H*-Z") =0, ¢ extends to a

morphism p,: V' —> V", where V' — V' is the blow-up of all the d + 1 lines Z?. Let Z0
be the exceptional ruled surface over Z;. O By hypothesis (see (3.7, iii))

N g0, = Oz (— 1) D Opo (= 1),
and hence Z_l.o =~ P! x P1;and, since EZ(Z-O) = (Z?), ¢(Z?) is an ordinary double point

of V.
(iv) Using the multiplication table (2.11, Part I), we get

(H*—Z')*=H"+-3H*.2"—Z7"”=H*—3H -Z + deg detN;,y
—2g— 92— 3—1=2g—6,
and hence if we set g, =g -2, then deg V" =2g, —2and V"' =V, _, C P&l Fur

thermore, it is well known that ordinary double points are Gorenstein; that is, the dualizing
sheaf 5¢},» on V" is invertible. Since

Ov: (—Ky) = Oy, (H*— Z') >~ 9,0~ (1)
and the morphism ¢, is birational, we have
Hyr= (9 )1Oy+ Ky} = Oyp- (— 1).

It remains to show that Pic V" ~ Z, with £} = (&,»(1) a generator. We have that

Pic V' =~ Z ® Z, with generators &,(H*) and @,(Z'). Note that the surface R, =
¢7(Z") is not a Cartier divisor on V", since it passes through all of the d + 1 singular points
npz(Z,-o) of V", but according to (iii) is itself nonsingular. One sees easily that no multiple
rR; of R; can be a Cartier divisor either. On the other hand we know that the sheaf

(*Pz).avf (H‘—Z/) zo)v" ( 1 )

is invertible, and that & (4 * — Z') can be chosen as one of the generators of Pic V.
Hence the sheaf

(0).0v (@H" —BZ') =(pp),0v- (H" — Z')* ® Oy (2')**
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is invertible on V" if and only if « = 8. It follows that Pic V" ~ Z, with generator
ﬁVn(l). The lemma is proved.

We will now prove some assertions concerned with the properties of double projec-
tions.

(5.4) LeMMA. Under the conditions of Lemma (5.3), and using the notation (5.2),
the following assertions (1)—(viii) are valid:

() Ifg>5 then W( O, (H* —2Z")y=0fori > 1, (O, (H* -22)=g-5,
and W( &, (H* - 3Z")<1.

(i) If g = 7 then the linear system |H* — 2Z'| on V' is without fixed components,
and its base locus consists just of the d + 1 lines Z; 0 (see (5.2) for the notation).

(iii) Suppose that g > 7, and let L = |H* — 2Z'| N\ Z' be the trace of the linear
system [H* — 2Z'| on Z' Then L C|2s+3f| = [-K i, L has no fixed components,
and its base points are just the d + 1 points z; = Z? N Z' (and hence d < 7).

(iv) Forg=17

g=144-hr Oy (H —3Z) —h' (Oy. (H* —3Z)) (54.1)
and forg 2 7 and d + 7

g< 13 4+ B Oy (H* —3Z')) — d, (5.4.2)

where d is as in (iii), and h°( ﬁVr(H* - 3Z") = 0 or 1 (see (i)).

(v) For g > 7 suppose in addition that the d + 1 points z; are simple base points
for L; that is, that each z; has multiplicity 1 in L and is resolved by a single blowing-up.
Then the base lines Z? are also simple base lines for |H* = 2Z'|, and if : V' — V' is
the blow-up of all the Z? fori=1,...,d+ 1,and ¢, : V' — W C P86 js the map
defined by the linear system \H* — 2Z' — T9X1 Z?| (see (5.2) for the notation), then v,,
is a morphism.

(vi) Under the conditions of (v), if h°%( & ,H* = 3Z')) = 1 and d # 7T then Q' ~
H* -3Z'

(vii) If g = 9 and the conditions of (v) hold, then ¢, , is a birational morphism
(apart possibly for the one case g = 9,d = 5 and deg ¢, , = 2) which contracts the sur-
face Q' (in the notation of (5.2)) on some irreducible curve Y C W and which contracts
each of the surfaces Z,° = 77 1(Z?) onto some line Y; C W.

(viii) Under the conditions of (vii) we have the isomorphism Pic W =~ Z; further-
more, W is nonsingular if and only if @, 12" Z' — ¢, ,(Z") is an isomorphism.

If W is nonsingular, then it is a Fano 3-fold of the first species and of index r = 2
normally embedded in P& ©,

Proor. From the cohomology exact sequences associated to the short exact se-
quences of sheaves
0->~0y (— Z') - Oy, > Oz — 0,
00Oy (H"—Z') >0y (H)—~ 0z (H)—>0
and

0— Oy (H* — 27') > Oy, (H* —Z) > Oz (H* —2Z') 0,
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we get W( D y(=Z)) = 0 for i > |, W( D ,(H* = Z") = 0 for i > 1, and, finally, for
g > 5 (using (5.3, ii)), A¥( ﬁV'(H* - 2Z")) = 0 for i > 1. From this, using the Riemann-
Roch formula, we get

W (O (H*— 27')) = g —5.

Let us prove the inequality hO(@V:(H* —-3Z")) < 1. Suppose that this is not the case;
that is, that |H* — 3Z'| is a mobile linear system. Then the surface Q' of conics meeting
Z (in the notation of (5.2)) is a fixed component of |H* — 3Z'|, since (H* - 3Z' - C")
= —1 for C' C Q' the proper transform of a sufficiently general conic C C Q. Since Q'
# Z', @ must be a component of some hyperplane section # C V, which contradicts the
assumption Pic V' = Z - H. The assertions in (i) are proved.

(i) Since Pic ¥ = Z - H, the linear system |H* — 2Z'| cannot have fixed compo-
nents (for g > 7) other than Z'. The surface Z' can also not be a fixed component, since
otherwise h®( 2, (H* ~ 3Z")) = (& ,(H* - 2Z")) = g = 5 > 2, contradicting (i).
Let us prove that |H* — 2Z'| has no base points outside (X! Z?. For this we use
Lemma (5.3). For every v' € V' = U &t} Z2 we can find, using Bertini’s theorem and
(5.3, iii), a smooth surface H' € |H* — Z'| with v’ € H'. Furthermore, if Y’ C V' is
some curve through v’ then H' can be chosen so as not to contain any component of Y.
Since k(& ,(~Z") = 0, |[H* — 2Z'| cuts out on H' a complete linear system. By choice
of H' this linear system is without fixed components. Since H' is a smooth K3 surface,
every complete linear system without fixed components on it has no base points (see for
example [13]). It follows that v’ cannot be a base point of |H* — 2Z’'|, and since v’ €
V' = UF! Z? was an arbitrary point, this proves that | H* — 2Z'| does not have any
base points outside the d + 1 lines Z?. On the other hand each of these lines is obvi-
ously a base locus for |H* — 2Z'|, since (Z - H* — 2Z") = - 1.

(iii) By the adjunction formula we have

—Kze ~(—Ky-— 2V Z = H"— 22V Z'.
Hence L C |-K,/[ = {25 + 3f|, where s is the class of the negative section and f is the
fiber of the ruled surface Z' = F,. Clearly, the d + 1 points z; are base points for L,
and L has no further base points, since |H* — 2Z'| has no base points on V' outside the
d + 1 lines Z2.

(iv) From the exact cohomology sequence associated to the short exact sequence of
sheaves

0 — Oy (H* —3Z) —~ Oy, (H* —2Z'} — Oz (H* —2Z) —0,

using (i) and (iii) we get h'( ﬁVv(H* - 32" =0 for i = 2.

Computing the Euler characteristic we get (5.4.1). Since A'( &, (H* - 32")) =
dim {~K /| — dim L, and L has no fixed components and only the d + 1 points z, as
base points, we have A!( ﬁV:(H* -3ZYYW=d+ 1ifd <7. The inequality (5.4.2) fol-
lows immediately.

(v) The multiplicity of the linear system |H* —2Z'| at the general point of Z? is at
most equal to its multiplicity at the point z;, which by hypothesis is 1. Hence |H* ~2Z'|
has multiplicity 1 along each of the d + 1 lines Z2.
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Let 7: V' —> V' be the blow-up of the d + 1 lines Z?. The restriction of the linear
system |H* - 2Z' ~ 284! Z9| to Z' = 77 1(Z") is without fixed components and base points
by (iii) and by the assumption in (v). Let us prove that its restriction to each of the d + 1
surfaces Z' ? is also without fixed components and base points. According to (3.7), Z ? ~ P!
x P1; let s; and f; be the classes of a section (with 31'2 = Q) and a fiber of the ruled surface
Z?. Then from the fact that |H* — 2Z'| has multiplicity 1 along Z? it follows that its prop-
er transform on ¥' cuts out on Z' ? some linear system of sections (that is, curves from the
class 5; + o;f;, with a; > 0 some integer). We have

. _ d+1 _ \2 _
20; = (3; + aif; 'Si'}‘aifi):(Hk_QZI —> Z?) WA
i=1

= 2(H" - L)y — 4 (Z - Z)y —degdet Sy, =2 49—

and hence oz,.=0fori= 1,...,d + 1. Hence

. . d+1_
H"— 272" — Z Z;

[=1

N Zi s

and since dim [s;| = 1 and the restricted linear system is mobile (this follows from the fact
that it is mobile when restricted to the fiber over z;, assumed in (v)), the complete linear
system |s;| is cut out. Thus we have proved that |[H* — 2Z' — = 2%1 79| is without fixed
components, and without base points on Z' or on any of the d + 1 surfaces Z ?; since we
have already proved in (ii) that it has no base points outside these surfaces, it defines a mor-
phism ¢, ,: V' — W, where W C P€%, since h%( O, (H* ~ 2Z')) = g — 5 (see (i)).

(vi) Suppose that h%(&,(H* - 3Z')) = 1. Every conic C C V which meets Z only
meets it in 1 point, as follows from the fact that V is an intersection of quadrics. We have
(C' - H* =3Z"y = -1, where C' C V' is the proper transform of C. Hence if |[H* — 32’
# &, then the surface Q' of conics meeting Z is contained in |[H* ~ 3Z’| as a component
(that Q' is irreducible follows from Pic ¥ = Z - H). Let us show that in fact 0’ ~ H* — 3Z".
From the condition Pic V' = Z - H a surface in |[H* ~ 3Z’| can a priori only contain Q' to-
gether with some multiple of Z'. Let Q" + aZ' ~ H* — 3Z’, with & > 0 an integer. Since
(C'-H* —2Z") =0, the surface Q' C V' has degree O relative to H* - 2Z' ~ 5! Z0, so
that

_ . _ d+1 _ \?

Q - (H‘—QZ’ - Zi’) = 0. (5.4.3)
=1

In the proof of (v) we showed that Z' ? also has degree 0. Hence 7*Q’ also has degree 0.

Hence, using the multiplication table (2.11, Part I), we get

_ _ d+1 _\2 _ _ . _ d+1 2
aZ' - (H*—2Z’-—2 Z?) = (H*—3Z') -(H‘—2Z' — 2 Z?)
i=1 i=1
il Il
a@—d—1 — 2g — 28 + 2d

For d # 7 inequality (5.4.2) implies that g < 14 —d. Substituting this in the last equation
we get a(8 —d — 1) < 0, and hence @ < 0. This proves (vi).
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(vii) Using the multiplication table (2.11, Part T) we get

d+1 3
(H'—QZ'—E Zf) =20—22 Ld 1. (5.4.4)
=1
By Lemma (2.1, Part I) we have the inequality
codimW 4 1 =g--8.< deg\V:gg_—ggiii_l__ (5.4.5)
deg @,

If g = 9, then it follows from (5.4.2) that d < 5. Ford < 4 it follows immediately from (5.4.5)
that deg ¢,, = 1; that is, v, , is a birational morphism. For d = 5 one other case is pos-
sible: g =9, deg v,, = 2. From (5.4.2) we get that in this case h%(&,(H* - 3Z')) = 1.
In the following section during the proof of Theorem 6.1 we will show that this case does
not in fact occur.

It is clear that ¢, , contracts the surface Q' and each of the Z?. From the proof of
(v) one sees that the Y, = ¢, Z(Z ?) are lines of W. It remains to prove that Q' is not con-
tracted to a point. This follows from the fact that Q' N Z° # & for each i, or from the fact
that the curve Q' N Z' cannot be contracted under the map ¢, ;1Z": Z' — ¢, ,(Z'). The de-
tailed checking will be carried out during the proof of Theorem (6.1).

(viii) The group Pic V' has rank d + 3 and is generated by the classes of H*, Z' and
the Z2,i=1,...,d + 1. The morphism y, , contracts all the Z? and the surface Q.
Standard arguments then deduce that Pic W ~ Z. In exactly the same way we can prove that
the group of Weil divisor classes C1 W is also isomorphic to Z. Hence Pic WC C1 W ~ Z.
Let us show that in fact we have equality Pic W = Cl W. For this it i{s enough to check that
on V' the group Pic V' is generated by (H* — 2Z") and the class of the contracted surface
Q'; that is, that the class of Z' can be expressed in terms of them. Let a and b be the inte-
gers such that Q' ~ aH* — bZ'. If C C Q is a sufficiently general conic meeting Z then
Ny = Oc ® O (see (4.4,ii). Let C' be the proper transform of C on V'; then

HNcoyr = Ocr (— 1) B Ocr.
It follows that (C' - Q") = —1, since (C" - C')g’ = 0. We have
€ -Q)=(C -aH'—bZ) =2a—b=—1.
Hence Q' ~ a(H* —22Z') - Z', and
Z' ~a(H*—22")—Q'. (5.4.6)

From this we conclude that the image £ on W of the class of (H* —2Z' = £ Z%) is a
generator both of Pic W and of C1 W, and furthermore, the image F = ¢, ,(Z') of the sur-
face Z' is equivalent to gF.

From the fact that Q' - (H* —2Z' — 2911 Z9)2 = (0, we get

i=1 i
a(2g—214d) + (d—7) =0. (5.4.7)

Hence and from (5.4.1) and (5.4.2) we get a list of all possible values of g, d and a (of
course, with g > 9):
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g | d | a
13 1 1
12 2 1
11 1 3
11 3 1 (5.4.8)
10 3 2
10 4 1
9 4 3
9 5 1

Now let us prove the criterion for the nonsingularity of W. First suppose that F =
¢,,(Z")=Z" is a smooth surface. Then W cannot have singularities on F, since F ~ aF is a
Cartier divisor. Furthermore, from the fact that W has a smooth hyperplane section it follows
that W cannot have more than isolated singularities. It is easily seen that W is projectively
normal in P76 Hence every isolated singularity is the image of the contraction of some
subvariety X' C 7', and X’ N Z' = &, since otherwise the singular point would lie on F. But
a curve of V' not meeting Z' cannot be contracted by ¥, 7, since it has a nonzero intersec-
tion number (equal to its degree) with H* — 2Z’. This proves that F smooth implies W
smooth.

For the proof of the converse implication note that F can only have singularities if the
birational morphism ¢, ;1Z": Z' — F contracts some curves. Let X' C Z' be such a curve.
Since W is nonsingular, Q' is an exceptional divisor of the first kind (more precisely, it be-
comes an exceptional divisor of the first kind after contracting all of the Z_ ?) on V', so that
its image on W should be a nonsingular curve ¥ C W. It follows from this that the intersec-
tion curve Y' = Q' N Z' is also nonsingular, since it is isomorphic to Y. Hence the curve X'
cannot lie on the contractible surface @'. One checks similarly that X' also cannot lie on
any of the d + 1 surfaces Z?. There are no other surfaces contracted by ¢, ,. Hence ¢, ,
must contract an isolated curve. But then W must have a singular point. This contradiction
shows that W smooth implies that F = ¢, Z(Z "} is a smooth surface.

The final assertion in (viii) follows at once from previous arguments. The lemma is
proved.

(5.5) REMARKS. The term “double projection” for ¢, , comes from the fact that the
map 7, , defined by the linear system |H — 2Z| on V can be represented as the composite
of two projections:

a) the projection from the line Z, n,: V — V",

b) the projection g, V" — W from the ruled surface R, the “image” of the line
Z under the projection 7.

The second projection is induced by the projection PE~1 — P£76 from the linear sub-
space P*—the linear span of the scroll R5. To resolve the indeterminacy of the projection
g . one has to blow up Ry C V" into a Cartier divisor. Let §: V" — V" be this blow-up.
Then V" is a smooth 3-fold: & is the most economic resolution of the singularities of V",
in the sense that the inverse image of each singular point is a smooth rational curve—the
blow-up of the corresponding point on R,. Let —R_a = 5’1(R3). Then 5[1—23: 1_23 — Rjis
the blow-up of R; in the d + 1 points of R; which are singular on ¥". Under the conditions
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of general position of (5.4) it is not difficult to show that V™ is the image of the variety V'
on contracting the d + 1 surfaces Z? =~ P! x P! on the other component from the contrac-
tion 7.

§6. Fano 3-folds of the first species: the main theorem

(6.1) ThrOREM. Let V="V, , , C Pt g > 7, be a Fano 3-fold of the first species.
Suppose that V contains a line, and let m,,: V. — W C P¢ =6 pe the double projection (see
5.2) from a sufficiently general (in the sense of Lemma (3.7)) line Z C V. Let E denote the
hyperplane section of W. Then the following assertions hold:

(i) g<12.

(i) Ifg =12, then W= W, C P is a Fano 3-fold of the first species and of index 2
and degree 5 (with possibly one singular point); the map py: W — V inverse to n,, Is given
by the linear system |3E — 2Y|, with Y C W a normal rational curve of degree 5 in P°.

(iii) There do not exist any Fano 3-folds of the first species with g = 11.

(v) Ifg= 10, then W= W, C P* is a quadric and py: W— Vs given by the linear
system |SE — 2Y|, where Y is a smooth curve of genus 2 and degree 7 in P*.

(v) Ifg=9, then W= P3 qand Py P3 — V is given by the linear system |1E — 2Y],
where Y is a smooth curve of genus 3 and degree 7.

i) Ifg=28,thenm,,: V-— P? is a rational map with fibers (after resobving the de-
terminacy) curves of genus 2, and such that the inverse images of lines of P? are rational
surfaces. °

(vii) If g =T, then my,: V — P! is a rational map whose general fiber (after resoly-
ing the indeterminacy) is a del Pezzo surface of degree 5 with 8 points blown up; V is a ra-
tional 3-fold, and the projection from a line maps it into a complete intersection of 3 quad-
rics of P8 containing a smooth rational ruled surface R, C P*.

(6.2) CoroLLARY (FANO). Fano 3-folds of the first species with g =T or g = 9 are
rational (of course, assuming that there exist lines on them [20]).

(6.3) REMARK. In [6] it is asserted that Fano 3-folds of the first species with g = 5,
6 or 8 are irrational, and that a 3-fold with g = 8 is birational to a smooth cubic of P#. The
irrationality of Vg with g = 5 is proved in [16] and in [1]. The author has succeeded in re-
establishing the construction of the birationality of ¥, (g = 8) with a cubic 3-fold. The
proof will be published.

(6.4) Proofr ofF THE THEOREM. (i) From (5.4.2) one gets at once that g < 13, since
d =1 (see (3.4, iv)). Let us show that there do not exist any 3-folds with g = 13. In this
case (5.4.2) becomes an equality with d = 1 and h%( @V:(H* —3Z")) = 1. Note that the
points of intersection z; and z, of the lines Z(l’ and Zg with Z' must be distinct, since other-
wise the 3 lines Z, Z, and Z, on V would have to lie in one plane, which is impossible since
V is an intersection of quadrics. Furthermore, according to Lemma (3.7), the line Z can be
chosen so that the points z, and z, do not lie on the negative section of the ruled surface Z'.

Consider first the case that z; and z, do not both lie on the same fiber of the ruled
surface Z'. In this case all the conditions of Lemma (5.4) are fulfilled, and according to this
lemma the image of the double projection m,,: V' — W is a smooth Fano 3-fold of the first
species and of degree 6, W, C P7. W is smooth, as one checks using the criterion (5.4, viii).
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However, it is known (4.2, Part I) that such 3-folds do not exist. Hence in this case a 3-fold
V with g = 13 cannot exist either.

Now suppose that z, and z, lie on the same fiber of Z ’. Following through the proof
of Lemma (5.4) in this situation, one can check that the double projection m,,: V — W
can be resolved to a birational morphism ¢, ,: ¥’ — W which contracts the fiber of Z' on
which z, and z, lie into an isolated singularity of W. Apart from this singular point, as in
the first case W satisfies deg W = 6 and Pic W = Z - E. An analysis of the proof of Theo-
rem (4.2) in this case shows that such 3-folds W do not exist. Hence g # 13 and (i) is
proved.

REMARK. It is known (see 4.2, Part I) that there does exist in P7 a Fano 3-fold We =~
P! x P! x P! of index 2. A map py, the inverse of a double projection m, ,, allows us to
construct a Fano 3-fold ¥ C P# of index 1 with g = 13. However, ¥ is not a 3-fold of the
first species: Pic V~Z ®Z ® Z. The map py is given by the linear system

|3E—2Y—Y,—V,],

where E is the hyperplane section, Y is a smooth curve of genus 1 and degree 7 in P®, and
Y, and Y, are two lines, chords of Y.

(ii) Now let us consider the case g = 12. It follows from (5.4.2) that d = [ or 2. The
case d = 1 does not occur (see the table (5.4.8)). If d = 2 then ho(@vr(H* -3Z') =1,
and (5.4.2) turns into an equality; that is, in (5.4.1)

B (O (H*—3Z') =d - 1,

Note that all 3 of the points z,, z, and z, cannot lie on one fiber of the ruled surface
Z', since otherwise this fiber would be a base curve of the linear system |H* — 22|, contra-
dicting (5.4, ii). Furthermore, by Lemma (3.7) the line Z can be chosen such that none of
the 3 points z,, z, and z4 lie on the negative section of the ruled surface Z '. We consider
separately two cases:

a) The 3 points 21,245,233 €2 " are in general position; that is, no two of them lie on
a fiber of Z', and all 3 do not lie on a section of Z' in the class of s + f.

b) The 3 points z,, z,, 23 € Z' are not in general position.

Case a). Here all the conditions of Lemma (5.4) are fuifilled, and according to this
lemma the double projection m,, maps V' to a smooth Fano 3-fold of the first species W, C
PS. The degree of W is computed from (5.4.4). There exists just one such 3-fold up to pro-
jective equivalence, namely a linear section of the Grassmannian G (1, 4) of lines in P? (see
4.2, iii, Part I). Now to convince ourselves of the existence of ¥V we carry out the construc-
tion of the inverse map py: W — ¥V to m,,. For this let us find first the curve ¥ C W on-
to which the surface of conics Q = @, is contracted (for the notation, see (5.2)). Let Y' =
Q' N Z' be the curve of intersection of the contractible surface Q' ~ H* — 3Z' with Z’ (see
(5.4, vi)). Clearly Y' ~ 3s + aof for some integer @, which we find from the equation

(Bs+af-3s+af)z.=(H*"—3Z')-Z =15, (6.4.1)

Hence a = 4. The curve Y’ passes through the points z,, z, and z with certain multiplici-
ties. To discover these, we first compute the multiplicity of the surface Q' at the general
points of the lines Z%, ZJ and Z§.
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Let H' € |H* — 2Z'| be a sufficiently general smooth surface. This exists by Lemma
(5.4) and by Bertini’s theorem. Then Q' N H' =r,Z% + r,Z9 + r,Z3 + X, where r,, i =
1,2, 3, is the multiplicity of Q' at the lines Z?. Computing the intersection number Q' - Z?
in two different ways, we get

—2=H"—3Z'-Z)=@Q - Z)=—ri+ (X Z)n.

Since (X ~Z?)Hr =0, we have r;, > 2 for i = 1, 2, 3. Hence a fortiori the points z; have
multiplicity at least 2 on Y.

Set Y =0 'NZ' on V'. As was mentioned at the end of the proof of Lemma (5.4),
because W is nonsingular, Q" becomes an exceptional divisor of the first kind after contracting
the 3 surfaces Z (the irreducibility of Q' follows from the assumption Pic V = Z - H). Any
irreducible conic C C Q meets Z in one point. It follows from this that the curve Y' is a sec-
tion of the ruled surface Q' Y is irreducible, since otherwise either Q' would be reducible,
which is not the case, or ¥’ would contain some fiber of the ruled surface Q' as a compo-
nent. But in this case such a fiber, belonging to the intersection Q' N Z;, would be contracted
under the morphism ¢, ,: Z' —> ¢, ,(Z"), contradicting the fact that z,, z, and z, are in
general position on Z'.

Thus Y' is a nonsingular section of the ruled surface Q’, and is isomorphic to the curve
Y C W on which Q' is contracted. From this it also follows that Y and Y’ are smooth
curves.

The morphism 7: ¥’ — V' takes Y' to Y'. Hence Y’ is irreducible. From the formu-
la for the genus of a curve on a surface we get

_ 8 t.(t,—1)
g(Y)= (3s+4f - 3s -+ 4f 4 Kz.) A+ 1__2 UL ‘2
2 i=1

bt —1)
=3—3 ———>0, (6.4.2)

i=1
where £; > 2 are the multiplicities of Y’ at the points z;fori =1, 2, 3. Hence we get t; =
ty =1ty =2and g(Y') = 0. Hence g(Y)=0.
Let us compute the degree of Y. This is equal to

3
(ﬁ'—-ﬁ’-—z Z?) .Y’ = (25 4+ 3f - 3s + 4f) —6 =5.
i=1

Note that each of the 3 lines Y; into which the surfaces zZ ? are contracted meets Y in
2 points; that is, it is a 2-chord of Y.

Now let us find the image of the hyperplane section H under the double projection
T,,: V — W, or, more precisely, the image of the linear system |H*| on V' under the mor-
phism ¢, ,: V' — W. From general considerations it is clear that

3
nE —mY — mY|,

i=1

9, (H']) =

where n, m, and the m; are certain integers. Let us compute them. We have
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whence n = 3. The integer m is equal to the intersection number of the surface H* with
the fiber of the surface Q' which contracts to Y; that is, m = (C - H) = 2, where C C Q is
an arbitrary conic. Similarly m; = (Z, - H)=1fori =1, 2, 3.

Thus

¢ (H) =

3

3E —~2Y—2 Y, I =|3E —2Y|.
i=1

The final equality holds because the chords Y; are automatically base curves of the linear

system |3E — 2Y|. The linear system ¢, Z(II—J *|) has no further base points, since, outside

0'u U3 Z?, ¢, is an isomorphism and the linear system |H*| is free from base points.

Hence the map py inverse to m, , should be defined by the linear system

3
3E —2Y ——2 Y;

i=1

where Y C W is a smooth rational curve of degree 5 in P>, and the Y, fori=1,2,3 are 2-
chords of Y. It remains to see that such a linear system exists.

We show first that W contains a curve Y with the required properties. Let f: E —> P2
be the representation of a del Pezzo surface of degree 5 (a smooth hyperplane section of W)
as a blow-up of 4 points x,, ... ,x, € P? in general position. Then the proper transform on
E of a smooth conic of P? passing through just one of the points X, satisfies all the condi-
tions for Y: the three 2-chords Y, are the proper transform on £ of the 3 lines of P? pass-
ing through a pair of the remaining points. For computational purposes we will require in-
formation about the normal sheaf _#7, w- Since Y lies on a smooth hyperplane section E
and (Y - Y)i =3, ~/,/Y/W can be represented as an extension

00y (3) > Nyjw — Oy (5) -0,

where as usual in this article & y(d) denotes the invertible sheaf of degree d on Y. Hence
RO(Ay;y) = 10 and hl(/f/y/w) = 0, and hence it follows according to local deformation
theory that the family of curves in a neighborhood of Y is smooth and 10-dimensional.
There are only two possibilities:
KN rw=Oy(4) ©05 (4), ' Ny/w=0r (3)®0y (5).
In both cases the computations lead to varieties ¥ with the same numerical characteristics.
The different normal sheaves only affect the geometrical properties of the surface Q. It is
likely that for a sufficiently general curve Y 1) holds; for our purposes this is not essential.
Choose one such curve Y and let Y, Y, and Y; be its 2-chords. The linear system
3E —2Y - Y, — Y, — Y| cuts out on £, in addition to the base curves 2Y + Y, + Y, +
Y, also a pencil of conics |C| with (C - C)g = 0 and dim [C| = 1. It follows from this that
it has no further base points outside the curves Y and the three Y,. Each curve C meets Y

1
in 3 points and is contracted to a point by the map p, defined by the linear system

|3E—2Y—Y,—Y,—Y,],
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Hence the surface £ on which the curve Y and its chords Y; lie is contracted to some curve.

Let W' —> W be the blow-up of Y and the three Y, let E* be the total transform of
E on W', let Y' and Y| be the inverse images of the corresponding curves, and let E' be the
proper transform of the surface E containing Y, so that £’ ~E* - Y' - Y, ~ Y, ~ Y;. From
the exact sequence

3
0 H(Ow: (2E* —Y")) — H® (OW, (35' - -3 Y}))

\ =1

3
— H° OE,(SE' - -3 Y1>)

i=1
we find that

3

dim 3E——2Y—Z‘ Y= 13.
=1
Hence p, (W) =V C P!3. Asin Lemma (5.4) we check that py defines a morphism pYy:

W' — V. One of the methods used to check that py is a birational morphism is the follow-
ing. By Lemma (2.1, Part I), deg p'Y = 1 or 2. Furthermore, if deg p'Y = 2, then V is a ra-
tional 3-fold scroll of P!3 (see 2.7, Part I). The morphism p’ contracts down the 3 surfaces
Y/ and the surface E'. It follows from this that Pic ¥ = Cl ¥ ~ Z. This is sufficient to get
a contradiction to the assumption that deg p'Y' = 2. An alternative method is a direct alge-

bro-geometric analysis.
The degree of V is computed in the usual way:

3 3
(35'—23/' -3 Y}) = 929.
=1 /

We leave out the detail of standard computations so as not overload what has already become
a rather weighty exposition. The reader can easily reestablish them if desired.

Case b). This case only differs from the consideration of case a) in that the image W
gets one singular point.

(iii) Let g = 11; then from (5.4.2) we have d = 1, 2 or 3. We restrict ourselves to
the consideration of the general case; that is, when the points z, ... ,z5,, €Z "are in gen-
eral position. The case when these points are not in general position leads, as in (ii, b), to a
variety W having the same numerical invariants, but having isolated singularities. From the
table (5.4.8) one sees that the case d = 2 is excluded. d = 1 is also excluded, since it con-
tradicts (5.4.5). There remains the case d = 3. By Lemma (5.4), in this case W is a Fano
3-fold of the first species in PS5 and deg W = 4; that is, W C PS is the intersection of two
quadrics (see 4.2, Part I).

As in the proof of (ii), Case a), let Y' = Q' N Z’; then, since Q' ~ H* — 3Z' (see (5.4,
vi)), we have that Y’ ~ 35 + 4f on Z'. The curve Y’ passes through Zys ..., 24 and has
multiplicity at least 2 at each of them. From the formula for the genus (6.4.2) we deduce
that Y’ cannot be irreducible. From this as in (i) we deduce that the surface Q' is irreduci-
ble, which contradicts the assumption Pic ¥ = Z - H. This shows that there do not exist
Fano 3-folds ¥ containing a line and with g = 11 and Pic ¥ = Z - H. An analysis of the
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cases where we do not have general position confirms this conclusion.

REMARK. If we leave out the condition Pic V' = Z - H and carry through the construc-
tion analogous to that in (ii) we arrive at the following result.

There exists a Fano 3-fold V with g = 11 and Pic V ~ Z ® Z, which is obtained as the
image of a rational map py: W — V given by the linear system |3E — 2Y — Z‘;’ Y|, where
W=Ww,C P isa complete intersection of two quadrics of PS5, Y=CUZ where Cisa
smooth conic and Z is a line disjoint from C, and the Y, are lines meeting both C and Z.

Furthermore, the lines Y and Y, i =1, ..., 4, all belong to a smooth hyperplane section E
of W.

(iv) Let g = 10; then, according to (5.4.2), 1 <d < 4. Let us again restrict ourselves
to considering the case that the points z,, ..., z4,, are in general position on Z’. Table

(5.4.8) excludes the casesd =1 or 2. The case d = 4 is also excluded; indeed, by Lemma
(5.4) we would have deg W = 3; that is, W C P? is a cubic. As in (iii) the curve ¥' = Q' N
Z' would again turn out to be reducible, which contradicts the condition Pic V' =Z - H.

There remains the case d = 3. Here W C P? is a quadric. Set F = ¢22(Z'). From
(5.4.8) and (54.6) we get F~2E and Q' ~2H* -5Z'. Let Y' = Q' N Z', 50 that Y' ~
Ss+ 7f on Z'. Let us determine the multiplicity of the curve Y’ at each of the 4 points
z; Let H' € |[H* — 2Z'| be a sufficiently general surface. Then Q' NH' =r Z% +--- +
reZ3 + X, where r, is the multiplicity of Q" at the general point of the line Z?. Computing
the intersection number Q' - Z? in two different ways, we get

—3=QH'—5Z' - Z)=(Q - Z) = —ri+(X - Z}),,..

Since (X * Z{)y >0, we get r; >3 for i = 1, ..., 4. Hence Y’ has multiplicity at least 3
at each of the z, From the formula for the genus, as in (6.4.2) we find that r; = --- =17,
= 3 and g(Y') = 2, where Y is the proper transform of Y' on ¥'. Here we are using the
fact that Q', and hence the curve Y, are irreducible, for otherwise h°( &, (H* - 3Z")) # 0,
so that Q' ~ H* — 3Z’, which is not the case.

As in the proof of (ii) it can be shown that the curve Y' =~ Y is nonsingular. Hence
Y C W is a smooth curve of genus 2, and

degY = (6s 4 7f - 25 +-3f),, —3 -4 =1T.
The 4 lines Y, = ¢, AZ ?) are obviously 3-chords of Y. As in the proof of (ii) we get that

0

5E—2Y—ZY,

i==1

chZ(\_H.D:

This information is already sufficient for the construction of the inverse map py: W — V.
We will not give here the details of the construction.

(v) Letg=9;then 1 <d < 5. Again let us restrict ourselves to the general case. The
values 1, 2 and 3 for d are excluded by (5.4.5). If d = 5, then, according to (5.4.2),

B (O (H*—3Z2")) =1,
Then by Lemma (5.4, vi) we have Q' ~ H* — 3Z', and as in (iii) the curve Y' = Q' N Z'
turns out to be reducible, contradicting the condition Pic V= Z - H.
There remains the case d = 4. By Lemma (5.4) we have deg W = 1, that is, W =~ P3.
The subsequent computations are analogous to those of the previous paragraphs. Here
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F~3E, Q" ~3H*~ 7Z', the curve Y’ contains S points z,, ... , zg with multiplicity 4 each,
Y' =~ Y is a smooth curve of genus 3 and degree 7, with 5 lines Y; as 4-chords of Y, and, fi-
nally,

(Pzz(lH‘I)='7E—2Y—25’ Y;

i=1

(vi) If g =8, then ho(ﬁyf(H* —2Z") =g — 5 = 3, and hence the double projection
m,z maps V onto P2. The fibers of the morphism ¢, z: V' — P? are curves; hence

d+1 3
oz(ﬁ'—ﬂ'—z Z?) =9 —221+d+ 1. (6.4.3)
i=1
and so d = 5. We have
Kyo ~ —H" 1 7', KV,~~H'+Z’+EZ?.

i=1
Let H' € |H* - 2Z’| be a sufficiently general surface, and let
8
7 TI* 77 70
H e |H —27'— 2 Zi'

i=1

r!

be its proper transform on V'. Then obviously r|H': H' — H' is an isomorphism. From

the adjunction formula we get
— Ko ~(H*—22') -2 ~H'- 2!, —Kg~H -Z. (6.4.4)

Hence the anticanonical system [—K | is nonempty: it contains an irreducible elliptic curve
D=H'NZ' ~2s+3fonZ' Letusshow that h!(&) = 0. Consider the exact sequence

0 = HY(Oy.) — H (@) > H? (Oy- (— H")).

By duality (0 y(—H)) = hl(ﬁV'(—Z ')). As we saw at the beginning of the proof of
Lemma (5.4), h'(&,,(=Z'")) = 0. Hence by Castelnuovo’s rationality criterion H' and also
H' are rational surfaces. Let X be a fiber of the morphism ¢, ,: V' — P?. Then X C H'
and (X - X),- = 0. By the formula for the genus we obtain

(X X (X Kz ) .7

_ HH _ .
g(X)= 5 +l=TT =2,

vii) Ietg = 7. Then m,, maps ¥ onto P!. From (6.4.3) we get d = 7. In the nota-
2z Tap
tion of (vi),

(Kg. - Kg)g. =(D - D)y, =(H*—2Z'} - 7' = —3. (6.4.5)

Furthermore, on the general fiber H' € [H* —2Z ' - Ef Z?I there are 8 pairwise disjoint
exceptional curves of the first kind ' NZD,i=1,...,8. As a result of contracting these
the self-intersection number (K * K/ g7 increases from =3 to 5. As in (vi) one shows
that A’ is a rational surface. Let F be the image of H' on contracting the curves ' N Z7?.
To prove that F is a del Pezzo surface of degree 5 it remains to prove that the anticanonical
sheaf & (—Kg) is ample. We will use the numerical criterion of ampleness, so that it is
enough to show that any curve X' C H’ has nonempty intersection with D + ¢ Z?. But
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this is obvious, since otherwise 0 = X' - (H* —2Z")= X' - H* = 0; that is, X' C Z'. But
then (X' - D), = (X' + 25 + 3f), # 0.

Another method of proving that F is a del Pezzo surface of degree 5 is got from the
following considerations. Let m,: ¥ — V" be a projection from a sufficiently general (in
the sense of (3.7)) line Z. Then, according to (5.3), V" is a variety of degree 8 of P® contain-
ing a scroll Ry, and having d + 1 = 8 ordinary double points v, ..., vg lying on R;. The
pencil of hyperplanes of P® through R5 (or equivalently, through the linear span P* of R5;
see (5.5)) cuts out on V", residually to R, a pencil of surfaces F of degree 5 of P>. By Ber-
tini’s theorem the general member of this pencil can only be singular at v, ..., vg. How-
ever, it is easily seen that it is in fact nonsingular. Indeed, |F| cuts out on R a pencil of
irreducible elliptic curves |2s + 3f — Zf v;]. Hence the general member of |F| does not have
singularities at the 8 points v;. Hence F is a del Pezzo surface. It is clear that F is the image
of H' under the morphism ¢,: V' — V.

It is well known (see for example [3]; a modern proof has been given by Swinnerton-
Dyer) that a del Pezzo surface of degree 5 defined over an arbitrary field is rational over the
same field. Hence V is rational, since the general fiber of the double projection m,,: V —
P! is rational.

It is not difficult to show that V" is a complete intersection of 3 quadrics of P®; that
is, according to (1.7), that it is not trigonal.

The representation of ¥” as a complete intersection of 3 quadrics of P® passing through
R is the base for a proof of the existence of V. Let (x4, ..., x¢) be homogeneous coordi-
nates of P®. These can be chosen so that the scroll R is given by the system of equations

XoXs — X1%3 = 0,

XXy — X3 =0,
XXy — XgXq =0
in P4 x5 = xg = 0. Then the general form of V" will be given by equations of the form
XgXg — X1Xp -+ Xslay + Xglge =0,
Xoty — Xa + Xglgy + XgLoy = 0, (6:4.6)
XyXg — XXy + XgLgg + XeLye = O,
with the Lij arbitrary linear forms in (x,, ... ,xg) fori=1,2,3 andj =1, 2. If the Li]- are
sufficiently general, then direct computations show that the V" given by (6.4.6) does in fact

have 8 double points lying on R,. V is constructed by means of an inverse map V" — V
to the projection m,. The proof of the theorem is complete.
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(6.5) Table of Fano 3-folds of the first species

Case| r | H® g 3-fold V Reference
1 141133 p3 (4.2, Part I)
2 | 3] 2(28|QyC P* aquadric (4.2, Part I)

312|115 |V;— W, adouble cover of the cone over [(4.2, Part I)
the Veronese

4 | 2219 |Vy— P?adouble space with quartic (4.2, Part I)
ramification

5123 [3{VaCP* acubic (4.2, Part )

6 | 2[4 |17|V,, C PS5 anintersection of 2 quadrics (4.2, Part 1)

7 12|5[21]VgZ P® asection of the Grassmannian

9 6 (4.2, Part I)

G(1,8)CP ' byaP , Pa

8 | 1122 [Vo—P? adouble space with sextic (7.2, Part I)
ramification

9111413 |VaCP* aquartic (1.3)

101 11| 4 |3 V; — @, a double cover with ramification {(7.2, Part 1)

in a surface of degree 8

11} 1| 6 [4 |V,3 C P8 an intersection of a quadric (1.3)
and a cubic . .
1211 8 |5 V2.2<2C ps 3 con; lgtgulélésircssectlon (1.3)
13| 1 |10!6 | Ve C P? the intersection of the Grass- (1.4)
mannian G(1, 4) C pY by a P’ anda
quadric
141 1 112{7 [V P8 6.1)
15| 41 | 14[8 | V4 C P? the intersection of the Grass- 1.4)
mannian G(1, 5) C P14 by a P°
16| 1 [161]9 |V C P10 (6.1)
1711 1810V, C P! (6.1)
18| 1 12212 V4, C P13 (6.1)

Here r is the index of V, g its genus, and H is a positive generator of Pic V >~ Z.

The form of the varieties in Cases 3—7 depends on Hypothesis (1.14, Part I) on the exis-
tence of a smooth divisor in |H}; this is proved in [19]. Cases 8—18 depend also on Conjec-
ture (3.6) on the existence of lines, proved in [20].
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