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Let ζ5 be a primitive fifth root of unity, and let F = Q(ζ5). In this talk we describe
recent computational work that investigates the modularity of elliptic curves over
F . Here by modularity we mean that for a given elliptic curve E over F with
conductor N there should exist an automorphic form f on GL2, also of conductor
N , such that we have the equality of partial L-functions LS(s, f) = LS(s,E), where
S is a finite set of places including those dividing N . We are also interested in
checking a converse to this notion, which says that for an appropriate automorphic
form f on GL2, there should exist an elliptic curve E/F again with matching
of partial L-functions. Our work is in the spirit of that of Cremona and his
students [7–9, 15] for complex quadratic fields, and of Socrates–Whitehouse [16]
and Dembélé [10] for real quadratic fields.

Instead of working with automorphic forms, we work with the cohomology of
congruence subgroups of GL2(O), where O is the ring of integers of F . There
are several reasons for this. First, we have the Eichler–Shimura isomorphism,
which identifies the cohomology of subgroups of SL2(Z) with a space of modular
forms. More precisely, if N ≥ 1 is an integer and if Γ0(N) ⊂ SL2(Z) is the
usual congruence subgroup of matrices upper triangular mod N , then we have
H1(Γ0(N);C) ' H1(X0(N);C) ' S2(N)⊕S2(N)⊕Eis2(N), where X0(N) is the
open modular curve Γ0(N)\H, S2(N) is the space of weight two holomorphic cusp
forms of level N , the summand Eis2(N) is the space of weight two holomorphic
Eisenstein series, and the bar denotes complex conjugation.

Moreover, this reason generalizes. Borel conjectured, and Franke proved [11],
that all the complex cohomology of any arithmetic group can be computed in terms
of certain automorphic forms, namely those with “nontrivial (g,K)-cohomology”
[6, 18]. Although this is a small subset of all automorphic forms (Maass forms,
for instance, can never show up in this way), all such automorphic forms are
widely believed to be connected with arithmetic geometry (Galois representations,
motives, . . . ).

Finally, working with cohomology also has the advantage that computations
can be done very explicitly using tools of combinatorial topology. In a sense the
cohomology provides a concrete incarnation of exactly the automorphic forms we
want. These are the automorphic forms that account for the “modular forms over
Q(ζ5)” in the title.

Now we explain the setting for our computations. For our field we begin with
the algebraic group G = RF/Q(GL2) (R denotes restriction of scalars), which
satisfies G(Q) = GL2(F ). We replace the upper halfplane H with the symmetric
space X for the group G = G(R) ' GL2(C)×GL2(C). We have X ' H3×H3×R,
where H3 is hyperbolic 3-space; thus X is 7-dimensional. We remark that if we
were to work with G′ = RF/Q(SL2) instead, the appropriate symmetric space
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would be H3 × H3. The extra flat factor R accounts for the fact that SL2(O) has
infinite index in GL2(O).

One might ask why we prefer GL2 to SL2. First, one knows that the same
cusp forms contributing to the cohomology of subgroups of SL2(O) also appear
in the cohomology of subgroups of GL2(O), so there is no reason not to work
with GL2. But a more compelling reason for our choice is that there is a natural
model of X in terms of the cone of positive-definite binary hermitian forms over
F [1, 14]. In fact, using GL2 is essential, since this linear model plays a key role
in our computations of cohomology and the Hecke action; more details (for the
analogous Hilbert modular case) can be found in [13].

Now let N be an ideal inO. We consider the cohomology spaces H∗(Γ0(N);C) =
H∗(Γ0(N)\X;C), which contain classes corresponding to the cusp forms we want
to study (the analogue of “weight two” modular forms). A priori we have cohomol-
ogy in degrees 0 to 7, but thanks to a vanishing theorem of Borel–Serre [5] we know
that the cohomology vanishes in degree 7 (the virtual cohomological dimension is
6). Furthermore, standard computations from representation theory show that the
only degrees where cuspidal automorphic forms can contribute to the cohomology
are 2 through 5, and that a given cusp form will contribute to all of these groups.
Thus it suffices to investigate only one degree. Generalizing techniques of [2–4,12],
which treat SL4(Z), and [13], which treats the Hilbert modular case, we developed
an method to compute the cohomology space H5(Γ0(N);C) and its structure as a
Hecke module. The technique is similar to the modular symbol method, although
the combinatorics are more involved (cf. [17, Appendix]).

We conclude by discussing our results and giving an example. We have com-
puted the cuspidal subspace of H5(Γ0(N);C) for all levels N with Norm(N) ≤
4800, and for prime levels N with Norm(N) ≤ 7921. We have simultaneously
compiled a list of elliptic curves over F of small norm conductor, essentially by
carefully searching over the space of coefficients for Weierstrass equations. For
each rational cuspidal Hecke eigenform we identified, we found an elliptic curve
E over F whose number of points modulo primes not dividing the conductor NE

agreed with the Hecke eigenvalues for operators away from NE , as far as we could
compute both sides. Conversely, for any level N where we found no rational eigen-
classes, we did not find any elliptic curve over F of that conductor. In other words,
our data totally supports a generalization of a modularity conjecture connecting
elliptic curves over F with rational Hecke eigenclasses.

The first prime level (up to Galois) where we found a rational eigenclass was
the prime in O dividing 701. The corresponding elliptic curve has Weierstrass
parameters (a1, a2, a3, a4, a6) = (−ζ2

5 − ζ5 − 1, ζ3
5 − ζ5,−ζ4

5 ,−ζ4
5 , 0). We computed

the Hecke operators T` for primes ` with Norm(`) ≤ 751. Note that this curve is
not a base change form Q(

√
5) to F .1

1In real time, as the talk concluded, Nils Bruin and Mark Watkins checked that the L-function
of this curve doesn’t vanish at the critical point and that its Mordell–Weil rank is zero.
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