SOME ELEMENTARY RAMANUJAN GRAPHS

PAUL E. GUNNELLS

Abstract. We give elementary constructions of two infinite families of Ramanujan graphs of unbounded degree. The first uses the geometry of buildings over finite fields, and the second uses triangulations of modular curves.

1. Introduction

Ramanujan graphs were defined by Lubotzky, Phillips, and Sarnak as graphs that have optimal spectra of their adjacency matrices; we refer to §2 for the definition. In [7–9] they gave explicit constructions of infinite families of fixed-degree Ramanujan graphs by taking arithmetic quotients of the SL_2 Bruhat-Tits tree. The eigenvalues of the adjacency matrices are the eigenvalues of Hecke operators acting on certain automorphic forms, and the condition on spectra becomes the Ramanujan-Petersson bound on the eigenvalues of cuspidal Hecke eigenforms. Hence the construction of these graphs uses many heavy number-theoretic machines, in particular the Jacquet- Langlands correspondence, and Deligne’s proof of the Petersson conjecture for holomorphic cusp forms.

In this article we address a related but much simpler problem than the one solved by Lubotzy, Phillips, and Sarnak. Namely, we construct infinite families of Ramanujan graphs of unbounded degree. Families of such graphs have been constructed by a variety of authors, see for example [5,10,16]. We construct two basic families of such graphs. The first, in §3, uses the geomety of finite vector spaces. The second, in §4, uses certain triangulations of modular curves. In both cases we can directly compute the spectra of our graphs by exhibiting eigenvectors of the adjacency matrices, and can immediately verify the Ramanujan property. No deep estimates of Hecke eigenvalues or exponential sums are needed as in [5, 10, 16]; instead, the basic tools are geometry of linear spaces and some complex representation theory of finite groups. Finally, in §5, we show how to use our graphs and a simple “splitting” construction to construct four more families of Ramanujan graphs.

Date: December 25, 2004.

We thank E. Babson and F. Hajir for stimulating discussions, and the referee for helpful comments. The author is partially supported by the NSF. 1

2. Definitions and notation

We begin by fixing notation. Let G = (V, E) be a connected undirected graph with vertex set V and edge set E ⊂ V × V . We write v ∼ w if either (v, w) or (w, v) ∈ E, and assume that G has no loops or multiple edges. We also assume that G is k-regular for some integer k ≥ 2; that is, any vertex is connected by an edge to exactly k vertices.

Let S_V be the complex vector space of functions f : V → C equipped with the canonical basis {e_v | v ∈ V }, where e_v(v) = 1 and e_v(w) = 0 if w ≠ v. For any subset W ⊂ V , we identify S_W with the subspace of S_V generated by {e_v | v ∈ W }.

The adjacency operator A_G : S_V → S_V is the linear transformation defined by

(A_Gf)(v) = ∑ w∼v f(w). The spectrum of G is the set of eigenvalues of A_G, and is denoted Λ_G. Note that Λ_G ⊂ R since A_G is represented by a symmetric matrix on the basis {e_v}. With our assumptions on G, we have the following well known facts about Λ_G:

(1) Λ_G ⊂ [−k, k].

(2) The eigenvalue k occurs with multiplicity 1.

(3) The eigenvalue −k occurs if and only if G is bipartite, and if −k occurs it does so with multiplicity 1.

Definition 2.1. A k-regular graph is called Ramanujan if |λ| ≤ 2 √ k − 1 for all λ ∈ Λ_G with |λ| ≠ k.

For an explanation of the terminology of Definition 2.1, as well as constructions and practical applications of these graphs, we refer to [6–9, 11].

3. Ramanujan graphs from finite vector spaces

Let p be a prime, let q = p^f , and let F_q be the finite field with q elements. We will work with the finite vector space F^n_q , n ≥ 2. For any integer k with 1 ≤ k ≤ n − 1, let G_{k,n} be the cardinality of the finite Grassmannian Gr(k, n)(F_q ) of dimension k subspaces in F^n_q . It is well known that G_{k,n} = [n]_q!

[k]_q![n − k]_q! , where [n]_q = (q^n−1)/(q−1) and [n]_q! = ∏_n i=1[i]_q. In particular, G_{k,n} is a polynomial in q of degree k(n−k), the dimension of Gr(k, n). It is convenient to put G_{0,n} = G_{n,n} = 1.

Definition 3.1. For each integer k with 1 ≤ k < n − k ≤ n − 1, define a graph B_q(k, n − k) as follows. The vertex set V is V_k ∪ V_{n−k}, where V_i denotes the set of subspaces of F^n_q of dimension i. The only edges are between vertices in V_k and V_{n−k}, and v ∈ V_k is joined to w ∈ V_{n−k} if and only if v is a subspace of w.

By construction B_q(k, n−k) is bipartite, and it is not hard to verify that B_q(k, n−k) is connected. The duality on F^n_q exchanging subspaces of dimension and codimension k implies that B_q(k, n − k) is regular, with degree G_{k,n−k}. For n = 3, k = 1, the graph B_q(1, 2) is the rank 2 spherical building of type A over F_q , whereas for n > 2 the graph is a subcomplex of this building. We have #V_k = #V_{n−k} = G_{k,n}.

Theorem 3.2. The graph B_q(1, n − 1) has the following spectrum:

(1) ±(q^{n−1} − 1)/(q − 1), each with multiplicity 1; (2) ± √ q^{n−2}, each with multiplicity

(q^n − 1)/(q − 1) − 1.

Hence, since the graph B_q(1, n − 1) has degree (q^{n−1} − 1)/(q − 1), it is Ramanujan for all q. For k ≥ 2, the spectrum of B_q(k, n − k) contains λ = (G_{n−2k,n−k} − G_{n−2k−1,n−k−1})q^{−(n−2k)/2}, and thus if q is sufficiently large B_q(k, n − k) cannot be Ramanujan.

Proof. We verify the claims about the spectra by constructing some explicit eigenvectors of the adjacency matrix A = A_{Bq (k,n−k)}.

Let a, b ∈ V_1 be two distinct lines, and for any k let H_k(a) (respectively H_k(a, b)) be the set of subspaces of dimension k containing a (resp. containing a, b). Define the function Φ^+_{a,b} ∈ S_V by

(1) Φ^+_{a,b}(v) = 0 if v ∈ H_k(a, b) ∪ H_{n−k}(a, b), (2) Φ^+_{a,b}(v) = 1 if v ∈ H_k(a) ∖ H_k(a, b), (3) Φ^+_{a,b}(v) = −1 v ∈ H_k(b) ∖ H_k(a, b), (4) Φ^+_{a,b}(w) = q^{−(n−2k)/2} if w ∈ H_{n−k}(a) ∖ H_{n−k}(a, b), (5) Φ^+_{a,b}w) = −q^{−(n−2k)/2} if w ∈ H_{n−k}(b) ∖ H_{n−k}(a, b), (6) Φ^+_{a,b}(x) = 0 for all other vertices x.

We can similarly define a vector Φ^−_{a,b} by changing the signs on q^{−(n−2k)/2} in (4) and (5).

Figure 1 shows such a vector Φ^+_{a,b} for B_2(1, 2); we picture Φ^+_{a,b} by labeling points and lines in P^2(F_2 ). The black points correspond to a, b and are mapped respectively to 1 and −1 under Φ^+_{a,b}. The two lines through a and not b are taken to 1/ √ 2, and the two lines through b and not a are taken to −1/ √ 2. The function Φ^+_{a,b} vanishes on any unlabeled subspace.

Now fix a, b and write Φ^+ for Φ^+_{a,b}. We claim Φ^+ is an eigenvector of A with eigenvalue λ. To ease notation, in what follows we write μ for G_{n−2k,n−k} − G_{n−2k−1,n−k−1} and ν for q^{−(n−2k)/2}.

First we consider AΦ^+ on dimension k subspaces. Let v ∈ H_k(a)∖H_k(a, b). Then v sits on G_{n−2k,n−k} subspaces of codimension k. On G_{n−2k−1,n−k−1} of these Φ^+ vanishes,

PSfrag replacements

Figure 1. An eigenvector in B_2(1, 2)

and on the remaining μ of them Φ^+ takes the value ν. Hence (AΦ^+)(v) = μν = λ. Similarly, if v ∈ H_k(b) ∖ H_k(a, b), then (AΦ^+)(v) = −λ.

If v ∈ H_k(a, b), then clearly (AΦ^+)(v) = 0. The only other dimension k subspaces possibly receiving a nonzero contribution are those v ∉ H_k(a) ∪ H_k(b) that lie in a codimension k subspace w ∈ H_{n−k}(a) ∪ H_{n−k}(b). However any such v is contained in the same number of w from H_{n−k}(a) as from H_{n−k}(b), and thus (AΦ^+)(v) = 0.

Next we consider the action of AΦ^+ on codimenion k subspaces. Each w ∈ H_{n−k}(a) ∖ H_{n−k}(a, b) contains μ dimension k subspaces on which Φ^+ is nonzero and equals 1, and thus (AΦ^+)(w) = μ. Similarly if w ∈ H_{n−k}(b) ∖ H_{n−k}(a, b) then (AΦ^+)(w) = −μ. The only other codimension k subspaces possibly receiving a nonzero contribution from Φ^+ are those in H_{n−k}(a, b), but each of these contains the same number of dimension k subspaces from H_k(a)∖H_k(a, b) as from H_k(b)∖H_k(a, b); thus AΦ^+ vanishes on them. Hence Φ^+ is an eigenvector with eigenvalue λ. A similar discussion shows Φ^− is an eigenvector with eigenvalue −λ.

If k ≥ 2, then the regularity of B_q(k, n − k) is a polynomial in q of degree k(n − 2k), whereas λ(q) = O(q^{(2k−1)(n−2k)/2}). Hence in this case B_q(k, n − k) cannot be Ramanujan if q is sufficiently large.

On the other hand if k = 1, then λ = √ q^{n−2}, which satisfies the Ramanujan bound.

To finish the proof, we must show that ±λ are the only interesting eigenvalues of A. This follows from the fact that if {x_i} is any linearly indepedent subset of a vector space, then the span of the vectors {x_i − x_j } has codimension one in the span of the x_i. If we let W^± be the spans of {Φ^±_{a,b}} as a, b range over all pairs of distinct lines in F^n_q , we see that dim W^+ = dim W^− = (q^n − 1)/(q − 1) − 1. But W^+ ∩ W^− = {0}, and by a dimension count the proof is complete. □

Remark 3.3. It can happen that some B_q(k, n − k) are Ramanujan if k ≥ 2. For example, if k = 2 and n = 5, the spectrum consists of {±1, ±λ, ±q}, and in fact B_2(2, 3) is Ramanujan.

Remark 3.4. There are other (nonbipartite) graphs one can define using incidence of linear spaces over finite fields. For example, given 1 ≤ k < l ≤ n − 1, one can let I_q(k, l, n) be the graph with vertex set V_l and with two vertices v, v^′ joined by an edge if dim v ∩v^′ = k. Since we have not studied such graphs in detail, we will only discuss the graph I_q(1, 2, n). In this case the regularity is (q+1)(q^{n−2} +q^{n−3} +· · ·+q). Choose two distinct lines a, b, and define Φ = Φ_{a,b} by Φ(H_2(a) ∖ H_2(a, b)) = −Φ(H_2(b) ∖ H_2(a, b)) = 1, and Φ = 0 otherwise. Then Φ is an eigenvector with eigenvalue q^{n−2} + q^{n−3} + · · · + q^2 − 1, and thus I_q(1, 2, n) cannot be Ramanujan if q >> 0.

Remark 3.5. For n = 2, the graph B_q(1, 2) was originally studied by Tanner [15], who computed the spectra of all generalized N-gons. In fact, the results of [15] and Theorem 3.2 suggest a more general collection of graphs that may yield some bipartite Ramanujan graphs.

Let D be a connected Coxeter diagram associated to a finite Weyl group, that is, a diagram of type A_n, . . . , G_2. Associated to D and F_q is the spherical building B(F_q ). This is a finite simplicial complex with a surjective map from its vertices to the vertices of D such that the vertices of any top-dimensional simplex of B(F_q ) have distinct images.

Suppose that D admits an involution θ : D → D. This means D is of type A_n, B_2 = C_2, D_n, E_6, F_4, or G_2. Then if two vertices x, y of D are interchanged by θ, we can form a graph B_{x,y}(F_q ) by taking the 1-dimensional subcomplex of B(F_q ) whose vertices are the inverse images of x and y. Since x and y are exchanged by θ, the graph B_{x,y}(F_q ) will be regular and bipartite. For example, the graphs B_q(k, n − k) arise by taking x and y to be the kth vertices from the left and right of D = A_{n−1}. The cases D = A_2, B_2, G_2 were investigated by Tanner.

One can ask which B_{x,y}(F_q ) are Ramanujan for all q. Theorem 3.2 contains the complete answer for type A. By explicit computation, one can show that for D_4 if one takes x, y to be any pair of the three degree one vertices, then B_{x,y}(F_2 ) is Ramanujan. However we do not know the spectrum of this graph as q → ∞.

4. Ramanujan graphs from modular curves

Let H ⊂ C be the upper halfplane, and let Γ = P SL_2(Z). Then Γ acts on H^∗ = H ∪ Q ∪ {∞} by linear fractional transformations. We define G(∞) to be the infinite graph with vertex set H^∗ ∖ H, and with an edge between two vertices v, w if and only if there exists γ ∈ Γ such that γ · 0 = v, γ · ∞ = w. Note that the graph G(∞) has unbounded degree.

Definition 4.1. Let N > 1 be an integer, and let Γ(N) ⊂ P SL_2(Z) be the subgroup of matrices congruent to the identity modulo N. The graph G(N) is defined to be the quotient Γ(N)\G(∞).

For example, if N = 3, 4, 5, the graph G(N) is the 1-skeleton of respectively the tetrahedron, octahedron, and icosahedron. The graph G(7) is the 1-skeleton of a beautiful triangulation of a surface of genus three investigated by Klein [4]. In general G(N) is the 1-skeleton of a triangulation of the modular curve X(N), and as such has appeared in the work of Brooks [1, 2] and (essentially) Shabat-Voevodsky [13].

The graphs G(N) can be described more explicitly as follows. Let V (N) = {(a, b) ∈ (Z/NZ)^2 − (0, 0) | gcd(a, b, N) = 1}/ ± 1, and let E(N) be the set of all pairs ((a, b), (c, d)) ∈ V (N) × V (N) such that ad − bc = ±1. Then G(N) is isomorphic to the graph (V (N), E(N)). This description also shows that the finite group L_N = P SL_2(Z/NZ) acts on G(N) through right multiplication on the vertex set V (N). This action is transitive on V (N), and the stabilizer of (0, 1) is the upper unipotent subgroup U. Hence V (N) can be identified with U\L_N , and the neighbors of any vertex Ux are the vertices {Uxσ | σ ∈ Σ}, where Σ ⊂ L_N is any subset of N matrices with bottom rows (1, j), j = 0, . . . , N −1. In other words, G(N) is the Schreier graph of L_N with respect to the finite index subgroup U. From this it follows that G(N) is N-regular and is connected.

We now focus on the case N = p a prime. In the sequel it will be useful to have the following additional description of G(p).

The group F^×_p acts on the set (Z/pZ)^2 − (0, 0) diagonally: if ε ∈ F^×_p and (a, b) ∈ (Z/pZ)^2 − (0, 0), then ε · (a, b) = (εa, εb). Hence this gives an action of F^×_p on the vertex set V (p), and we say that two vertices in the same orbit are associates.^1 Since −1 acts trivially on V (p), the set of associates of a given vector v contains (p − 1)/2 elements. Now fix a vertex v; the set of vertices adjacent to v naturally forms a p-gon. Any vertex not associate to v is adjacent to exactly one associate of v. Hence G(p) can be decomposed into (p − 1)/2 “caps,” each containing p + 1 vertices and each with a different associate of v at its center. Moreover, one can verify that if w is a vertex not associate to v, then w is incident to exactly two vertices on each cap not containing it. This accounts for all vertices and edges of G(p).

We now state the main theorem of this section.

Theorem 4.2. Let p ≥ 3 be a prime. Then the graph G(p) is Ramanujan. More precisely, G(p) has the following spectrum:

(1) p with multiplicity one, (2) −1 with multiplicity p, and (3) ± √ p, each with multiplicity (p − 1)^2/4 − 1.

1This is not an action on the graph, since it does not preserve edges.

We prove Theorem 4.2 by explicitly constructing eigenvectors for the adjacency matrix A. Since the induced L_p-action on S_{V (p)} commutes with that of A, first we describe S_{V (p)} as an L_p-module. For the convenience of the reader we recall some facts about the complex representation theory of L_p [3, 12].

Let ε be a generator of F^×_p , let μ be

(_{ε 0}

0 ε^{−1} ) , and let λ ∈ L_p be an element of order (p + 1)/2. The group L_p has (p + 5)/2 conjugacy classes that can naturally be grouped into five types:

(1) The class I of the identity.

(2) The class B (resp. B^′) of (^{1 0}_{1 1} ) (resp. (^{1 0}_{ε 1} )). We have |B| = |B^′| = (p^2 −1)/2. (3) The classes C_k represented by μ^k, where 1 ≤ k ≤ (p − 5)/4 if p = 1 mod 4 and 1 ≤ k ≤ (p − 3)/4 if p = 3 mod 4.

(4) The classes D_l represented by λ^l, where 1 ≤ l ≤ (p − 1)/4 if p = 1 mod 4 and 1 ≤ l ≤ (p − 3)/4 if p = 3 mod 4.

(5) A class E, represented by μ^{(p−1)/4} (resp. λ^{(p+1)/4}) if p = 1 mod 4 (resp.

3 mod 4).

There are five types of representations:

(1) The trivial representation 1.

(2) The Steinberg representation St of degree p. This is the quotient by the trivial representation of the permutation representation of L_p on the space of complex-valued functions on P^1(F_p ).

(3) The principal series representations P S_θ, each of degree p + 1. These are indexed by characters θ : F^×_p → C satisfying θ(−1) = 1. We have P S_θ ≃ P S¯_θ. There are (p − 5)/4 isomorphism classes if p = 1 mod 4 (the quadratic character is excluded), and (p − 3)/4 if p = 3 mod 4.

(4) The discrete series representations, each of degree p − 1. These are associated to additive characters of the subgroup U. There are (p − 1)/4 isomorphism classes if p = 1 mod 4, and (p − 3)/4 if p = 3 mod 4.

(5) There are two split principal series (resp. discrete series), each of degree (p + 1)/2 (resp. (p − 1)/2) if p = 1 mod 4 (resp. 3 mod 4). We denote the split principal series by SP S_±.

We will need the following values of the irreducible characters of L_p: I B B^′ C_k D_l St p 0 0 1 −1 P S_θ p + 1 1 1 θ(ε^k) + θ(ε^{−k}) 0 SP S_± (p + 1)/2 (1 ± √ p)/2 (1 ∓ √ p)/2 (−1)^k 0

Lemma 4.3. As an L_p-module, the vector space S_{V (p)} is isomorphic to the direct sum of the following irreducibles:

(1) 1, with multiplicity one. (2) St, with multiplicity one.

(3) P S_θ, each with multiplicity two.

(4) If p = 1 mod 4, the two split principal series representations SP S_±, each with multiplicity one.

Proof. The description of G(p) as a Schreier graph shows that S_{V (p)} cannot contain any discrete series representations. It is easy to see that the character χ of L_p acting on S_{V (p)} is

χ(I) = (p^2 − 1)/2, χ(B) = χ(B^′) = (p − 1)/2, χ = 0 otherwise,

and a standard character computation finishes the proof. □

Now we describe some subspaces of S_{V (p)}.

(1) For any vertex v, let S_v ∈ S_{V (p)} be the function defined by

(a) S_v(εv) = p, for all ε ∈ F^×_p .

(b) S_v(w) = −1 for all other vertices w.

Let S be the subspace generated by all S_v, as v ranges over V (p). (2) Let θ : F^×_p → C be a nontrivial character with θ(−1) = 1. For any vertex v, let P^+_{θ,v} be the function defined by (a) P^+_{θ,v}(εv) = θ(ε) √ p, for all ε ∈ F^×_p .

(b) P^+_{θ,v}(εw) = θ(ε) if v ∼ w.

Let P^+_θ be the subspace generated by all P^+_{θ,v}, as v ranges over V (p). (3) Let θ be as above, and define P^−_{θ,v} by replacing √ p with − √ p in the definition of P^+_{θ,v}. Let P^−_θ be the corresponding subspace.

Lemma 4.4. The vector S_v is an eigenvector of A with eigenvalue −1, and P^±_{θ,v} is an eigenvector with eigenvalue ± √ p. Proof. Consider the cap decomposition of G(p) with centers the associates of v, and let w be any vertex not associate to v. Then (AS_v)(εv) = −p, whereas (AS_v)(w) = p + (−1)(p − 1) = 1. Hence (AS_v)(x) = −(AS_v)(x) for all x ∈ V (p).

For P^+_{θ,v}, we have (AP^+_{θ,v})(εv) = θ(ε)p. If w is adjacent to εv, then we have (AP^+_{θ,v})(w) = θ(ε) √ p − ∑ α∈F^×_p θ(α), since there are two edges from w to each cap

not containing it, and since θ(−1) = 1. Thus (AP^+_{θ,v})(w) = θ(ε) √ p, and P^+_{θ,v} is an eigenvector with eigenvalue √ p. A similar argument works for P^−_{θ,v}. □

To compute the dimensions of the spaces S, P^±_θ , we will need a lemma about Gauss sums. We are indebted to F. Hajir for the proof.

Lemma 4.5. Let g_a(θ) be the Gauss sum ∑ t mod p θ(t)ω at, where ω = e^{2πi/p}, and a ≠ 0. Then g_a(θ) is real if and only if p = 1 mod 4 and θ is the quadratic character.

Proof. The sum g_a(θ) is real if and only if g_a(θ) = θ(−1)g_a(θ). Write θ(−1) = e ∈ {±1}. Suppose

(1) g_a(θ) − eg_a(θ) = ∑ t mod p h(t)ω^{at} = 0, where h(t) = θ(t) − eθ(t) is in the field F = Q (e^{2πi/(p−1)} ). Dividing (1) by ω and putting H(x) = ∑_{p−1} t=1 h(t)x^{t−1}, we see H(ω^a) = 0. So ω^a satisfies a degree p − 2 equation over F . If a single h(t) were nonzero, a consequence would be that the extension F (ω^a)/F would have degree at most p − 2. But F (ω^a)/F has degree p − 1 because F/Q and Q (ω^a )/Q are disjoint, as p is totally ramified in one and unramified in the other.

Hence all the h(t) must vanish. Now consider the possibilities for e. If e = 1, then θ(t) = θ(t), so θ is quadratic and p = 1 mod 4. On the other hand, if e = −1, then θ(t) = −θ(t) for all t. But θ(1) must be 1 giving 1 = −1, which is absurd. This completes the proof. □

Lemma 4.6. As L_p-modules, we have the following isomorphisms: (1) S ≃ St; (2) P^+_θ ≃ P^−_θ ≃ P S_θ if θ^2 ≠ 1; (3) P^±_θ ≃ SP S_± if θ^2 = 1.

Proof. It is easy to see that L_p acts on the spaces S, P^±_θ with the correct characters; our main task is to compute the dimensions of these spaces. It is not hard to see dim S = p, so we focus on P^±_θ . By the construction, it is clear that dim P^±_θ ≤ p + 1, so we show that dim P^±_θ = p+1 if θ is not quadratic, and is (p+1)/2 if θ is quadratic.

Fix a vertex v, and let W = {w | w ∼ v}. Then P^+_θ is the span of P^+_{θ,v} and {P^+_{θ,w} | w ∈ W }. There is an obvious action of Z/pZ on W and hence on S_W given by rotation about v. For each w ∈ W , let ξ_w be the image of P^+_{θ,w} under the projection S_{V (p)} → S_W , and let Ξ_W be the span of the ξ_w. The set of vectors {ξ_w} also admits a Z/pZ-action, and hence we can think of them as giving a Z/pZ-equivariant map S_W → S_W . The kernel of this map corresponds to relations among the ξ_w, and it is a direct sum of Z/pZ-eigenspaces. If one writes out these relations in coordinates, one sees that to determine dim Ξ_W it suffices to check the vanishing of expressions of the form (2) √ p + ∑ t mod p θ(p)ω^{at}, a = 0, . . . , p − 1, where ω = e^{2πi/p}.

The sum (2) is nonzero if a = 0. By Lemma 4.5 it is nonzero if θ^2 ≠ 1, and one can check (using g_a(θ) = θ(a^{−1})g_1(θ)) that it vanishes for half of a = 1, . . . , p − 1 if θ^2 = 1. (Note θ(−1) = 1, hence if θ^2 = 1 then p = 1 mod 4.) Thus if θ^2 ≠ 1, we have dim Ξ_W = p, and if θ^2 = 1, we have dim Ξ_W = (p + 1)/2. These are lower bounds on the dimension of P^+_θ .

Now let W^′ = W ∪ {v}, and for w ∈ W^′ let ξ^′_w be the image of P^+_{θ,w} under the projection S_{V (p)} → S_W ′ . Let Ξ^′_W be the span of the ξ^′_w. We have dim Ξ^′_W = dim Ξ_W , since the ξ^′_w satisfy √ pξ^′_v + ∑ w∈W ξ_w = 0.

Thus the only possible new nontrivial relation among the P^+_{θ,w} is (3) √ pP^+_{θ,v} + ∑ w∈W P^+_{θ,w}. If θ^2 ≠ 1, then (3) does not hold, and dim P^+_θ = p + 1. If θ^2 = 1, then (3) does hold, and dim P^+_θ = (p + 1)/2. Similar considerations apply to P^−_θ . □

Proof of Theorem 4.2. We have P^−_θ ∩ P^+_θ = {0}, since they are distinct eigenspaces of A. Hence Lemmas 4.3 and 4.6 show that we have constructed all the eigenspaces of S_{V (p)}, and Lemma 4.4 shows that the spectrum of G(p) is as indicated. □

Now we consider the case of general N. Write N = ∏ p^e||N p e, where the p are distinct primes. We have the following partial description of the spectrum of G(N).

Proposition 4.7. For each prime power p^e exactly dividing N, choose an α(p^e) in the spectrum of G(p^e). Then the spectrum of G(N) contains α(N) = ∏ p^e||N α(p e). Proof. For any prime power p^e, let ~V (p^e) = V (p^e)×F_2 if p^e ≠ 2, and let ~V (2) = V (2). The vertex set V (N) can be identified with ( ∏ p^e||N ~V (p e))/ ± 1, where ±1 acts on each ~V (p^e) through multiplication on F_2 . Two vertices v = ((v_p, ε_p)), v^′ = ((v^′_p, ε^′_p)) ∈ V (N) are adjacent if and only if for each p|N we have v_p ∼ v^′_p and ε_p = ε^′_p.

Let π_p : V (N) → V (p^e) be the projection induced from ~V (p^e) → V (p^e). Then if ξ(p^e) ∈ S_{V (p}e_) is an eigenclass on G(p^e) with eigenvalue α(p^e), the function ξ(N) = ∏ p π^∗_p(ξ(p^e)) ∈ S_{V (N)} is an eigenvector with eigenvalue α(N). □

Proposition 4.7 implies that most G(N) cannot be Ramanujan. In fact, one can see that the spectrum of G(p^e) contains −p^{e−1}. This implies that the spectrum of G(N) contains −N/p for each p|N; since the degree of G(N) is N, if p is small compared to N the graph G(N) will not be Ramanujan. On the other hand, there are some composite N such that G(N) is Ramanujan, for example G(2p) for p = 2, 3, 5, 7 (and no other p).

Remark 4.8. Let q = p^f be a prime power. Then one can define a graph G^∗(q) by replacing Z/pZ with F_q in the description of G(p) as a Schreier graph. (We use the notation G^∗(q) to distinguish this graph from the graph G(q).) The group L_q = P SL_2(F_q ) acts on G^∗(q), and presumably G^∗(q) is Ramanujan.

These graphs can also be realized as geodesic arcs connecting cusps in locally symmetric spaces. For example, let H_3 = SL_2(C )/SU(2) be the three-dimensional hyperbolic upper halfspace, and let O = Z[ √ −1] be the Gaussian integers. Let Γ = SL_2(O), let p be a prime, and let Γ(p) ⊂ Γ be the subgroup of matrices congruent to the identity modulo p. We can define a graph G^∗(∞) by taking the Γ-translates of the ideal geodesic connecting 0 and ∞ in H^∗_3 = H_3 ∪ Q ( √ −1) ∪ ∞. If p = 3 mod 4, then Γ(p)\G^∗(∞) ≃ G^∗(p^2).

5. Splitting

In this final section we show how one can produce other families of Ramanujan graphs from B_q(1, n − 1) and G(p) through a simple “splitting” construction.

Definition 5.1. Let k ≥ 2 be an integer, and let [[k]] be the set {1, . . . , k}. Given a graph G = (V, E), let G^k be the graph (V^k, E^k), where

(1) V^k = V × [[k]], and (2) ((v, i), (v^′, j)) ∈ E^k if and only if (v, v^′) ∈ E.

Note that if G has v vertices, e edges, and is r-regular, then G^k has kv vertices, k^2e edges, and is kr-regular. Figure 2 illustrates the passage from G(3) to G^2(3).

Proposition 5.2. Suppose G has spectrum Λ_G = {μ_0, . . . , μ_{n−1}}. Then G^k has spectrum Λ_Gk = {kμ_0, . . . , kμ_{n−1}} ∪ {0}. Moreover, the multiplicity m(μ) of μ in Λ_G equals the multiplicity m(kμ) of kμ in Λ_Gk , and m(0) = #V · (k − 1).

Proof. Let π : G^k → G be the projection that on vertices takes the form (v, i) → v. If f is an eigenvector for A_G with eigenvalue μ, then π^∗f is an eigenvector of A_Gk with eigenvalue kμ. Furthermore, choose v ∈ V and fix two vertices (v, i), (v, j) ∈ π^{−1}(v). Then the function g = g_{v,i,j} ∈ C [V^k] defined by • g(v, i) = 1, • g(v, j) = −1, and • g(w) = 0 for all other vertices of G^k is an eigenvector of A_Gk with eigenvalue 0.

To prove the statement about multiplicities, first observe that m(kμ) ≥ m(μ) for any μ ∈ Λ_G, since any relation among the eigenvectors {π^∗f} pushes forward to a relation among the eigenvectors {f}. Now if v ∈ V is fixed, the space of functions F_v = {g_{v,i,j} | i ≠ j} has dimension k − 1, and the 0-eigenspace of A_Gk is ⨁ v∈V F_v. Thus m(0) = #V · (k − 1), and m(kμ) = m(μ) for all μ ∈ Λ_G. □

Combining Proposition 5.2 with the computation of spectra in Theorems 3.2 and 4.2 yields the following:

Corollary 5.3. The graphs B^k_q (1, n−1) are Ramanujan for k = 2, 3, 4, and the graph G^2(p) is Ramanujan.

Remark 5.4. The graph G^2(p) can also be constructed by taking the vertex set V^2(p) = (Z/pZ)^2 − (0, 0), and then joining two vertices (a, b), (c, d) ∈ V^2(p) by an edge if ad − bc = 1. Note that |V^2(p)| = 2|V (p)|, since we do not mod out by −1. Hence G^2(p) admits an action of SL_2(F_p ), and one should be able to compute its spectrum directly as in the proof of Theorem 4.2.

Figure 2. Splitting G(3) to G^2(3)

References

1. R. Brooks, Spectral geometry and the Cheeger constant, Expanding graphs (Princeton, NJ, 1992), DIMACS Ser. Discrete Math. Theoret. Comput. Sci., vol. 10, Amer. Math. Soc., Providence, RI, 1993, pp. 5–19.

2. , Platonic surfaces, Comment. Math. Helv. 74 (1999), no. 1, 156–170. 3. G. Frobenius, Über Gruppencharaktere, Sitzungsberichte der Königliche Preußichen Akademie der Wissenschaften zu Berlin (1896), 985–1021, (Gesammelte Abhandlungen v. III, pp. 1–37).

4. F. Klein, On the order-seven transformation of elliptic functions, The eightfold way, Math. Sci.

Res. Inst. Publ., vol. 35, Cambridge Univ. Press, Cambridge, 1999, Translated from the German and with an introduction by Silvio Levy, pp. 287–331.

5. W. Li, Character sums and abelian Ramanujan graphs, J. Number Theory 41 (1992), no. 2, 199–217, With an appendix by Ke Qin Feng and the author.

6. A. Lubotzky, Discrete groups, expanding graphs and invariant measures, Progress in Mathematics, vol. 125, Birkhäuser Verlag, Basel, 1994, With an appendix by Jonathan D. Rogawski.

7. A. Lubotzky, R. Phillips, and P. Sarnak, Hecke operators and distributing points on the sphere.

I, Comm. Pure Appl. Math. 39 (1986), no. S, suppl., S149–S186, Frontiers of the mathematical sciences: 1985 (New York, 1985).

8. , Hecke operators and distributing points on S^2. II, Comm. Pure Appl. Math. 40 (1987), no. 4, 401–420.

9. , Ramanujan graphs, Combinatorica 8 (1988), no. 3, 261–277.

10. A. Medrano, P. Myers, H. M. Stark, and A. Terras, Finite analogues of Euclidean space, J.

Comput. Appl. Math. 68 (1996), no. 1-2, 221–238.

11. P. Sarnak, Some applications of modular forms, Cambridge Tracts in Mathematics, vol. 99, Cambridge University Press, Cambridge, 1990.

12. I. Schur, Untersuchungen über die Darstellungen der endlichen Gruppen durch gebrochene lineare Substitutionen, J. Reine Angew. Math. 132 (1907), 85–137.

13. G. B. Shabat and V. A. Voevodsky, Drawing curves over number fields, The Grothendieck Festschrift, Vol. III, Progr. Math., vol. 88, Birkhäuser Boston, Boston, MA, 1990, pp. 199–227.

14. G. Shimura, Introduction to the arithmetic theory of automorphic functions, Publications of the Mathematical Society of Japan, vol. 11, Princeton University Press, Princeton, NJ, 1994, Reprint of the 1971 original, Kano Memorial Lectures, 1.

15. R. M. Tanner, Explicit concentrators from generalized N-gons, SIAM J. Algebraic Discrete Methods 5 (1984), no. 3, 287–293.

16. A. Terras, Are finite upper half plane graphs Ramanujan?, Expanding graphs (Princeton, NJ, 1992), DIMACS Ser. Discrete Math. Theoret. Comput. Sci., vol. 10, Amer. Math. Soc., Providence, RI, 1993, pp. 125–142.

Department of Mathematics and Statistics, University of Massachusetts, Amherst, MA 01003

E-mail address: gunnells@math.umass.edu