MATH 411 EXAM II

This exam is worth 100 points, with each problem worth 20 points. Please complete
Problem 1 and then any four of the remaining problems. There are problems on both
sides of the page. Unless indicated, you must show your work to receive credit for a
solution. Make sure you answer every part of every problem you do.

When submitting your exam, please indicate which problems you want graded by
writing them in the upper right corner on the cover of your exam booklet. You must
select exactly four problems from problems 2 and higher (problem 1 is automatically
selected and you need not indicate it); any unselected problems will not be graded,
and if you select more than four only the first four (in numerical order) will be graded.

(1) Please classify the following statements as True or False. Write out the word
completely; do not simply write T or F. There is no partial credit for this
problem, and it is not necessary to show your work for this problem.

(a) (4 pts) If z € G has order 10, then z2 has order 10 also.

(b) (4 pts) Let H < G be a subroup and a,b € G. Then if HaN Hb # 0,
then Ha = Hb.

(c) (4 pts) Every element of S, can be written as a product of cycles.

(d) (4 pts) If G is a finite group and H is a subgroup, then |G|/|H| is an
integer.

(e) (4 pts) The permutation (1,2, 3,4)(5,6,7) € Sy is in the alternating group
Az

(2) (20 pts) Let o € S5 be the permutation

(1 23 45 6 7 891011 12 13 14 15
9=\101 155 8 12 14 94 6 7 13 11 2 3

Compute o7

(a)
(b) Compute o2.
(c) Compute a representation of ¢ as a product of disjoint cycles.
(d) Compute the order of o in Sis.
(3) (20 pts) Let G be a group and H a subgroup. Define a relation on G by z ~ y
if there exists h;, ho € H such that y = h;zh,.
(a) (12 pts) Show that ~ is an equivalence relation.
(b) (8 pts) Let G = S5 and let H be the subgroup {(1, 2)) of order 2. Compute
the equivalence classes of ~.

Date: Wednesday, 13 Nov 2024.



(4) (20 pts) Let ¢ and 7 be two distinct transpositions in Sy, n > 3.

(a) (10 pts) Show that if o and 7 are not disjoint, then the product o7 can
be written as a 3-cycle.

(b) (10 pts) Show that if o and 7 are disjoint, then the product o7 can be
written as a product of two (not necessarily disjoint) 3-cycles.

(5) (20 pts)

(a) (10 pts) Show that if |G| is a prime number, then G is cyclic.
(b) (10 pts) Suppose that G is a group and H and K are subgroups such that
|H| =39, |K| = 65. Show that the subgroup H N K is cyclic.

(6) (20 pts) Let G be a group of order p?, where p is a prime. Show that G must
have a subgroup of order p.

(7) (20 pts) Let G = {£1,+1,+J,+K} be the quaternion group,

(a) (10 pts) Let H be the cyclic subgroup generated by I. Find all right
cosets of H in G.
(b) (10 pts) Let H' be the cyclic subgroup generated by —1. Compute
(G: H).

(8) (20 pts) Let H be a normal subgroup of G, and assume that |[H| = 2. Show
that H is contained in the center of G (recall that the center of G is the
subgroup {g € G | zg = gz for all z € G}).

(9) (20 pts)

(a) (15 pts) Prove that every subgroup of an abelian group is normal.

(b) (5 pts) Give an example to show that a nonabelian group can have a
nonnormal subgroup (you must verify that your example works).
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