PROBLEM SET 4
COMBINATORICS

MY SOLUTIONS

Problem 3.10.3:

Find an explicit formula for a,, if ag =3 and a,, = 7a,,.1 + 2 for n > 1.

Solution. Let

A(z) =) aya”

n>0

Using the definition of a,, we can rewrite
A(x) =3+Tz ) Ta,qz"+ Y 22"

n>1 n>1

:3+79:A(3c)+21m

= 3 +2 <

1-7z (1-2)(1-Tx)
B SN
1-7¢ 3xz-1 37x-1

:327”37”—%an+%27”$”

n>0 n>0 n>0
10 1
— I (A P
nzzo( 3 3"
And therefore
10 1
S
=73
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Problem 3.10.4:

Find an explicit formula for a,, if ag =1, a; =2 and a,, = 2a,,-1 — a,,_3 for n > 1.

Solution. Let

A(z) =) aza”

n>0
Using the definition of a, we can rewrite

A(x) =ag+ a1z +2 Z Ay X" — Z ot

n>2 n>2
=ag +arv +22(A(z) - ag) - 22A(x)
=1+2r+2z2(A(x) -1) - 22A(x)
1

- 1-2z + 22
1

ORI
= Z(n+1)x"

n>0

And therefore

a,=n+1
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Problem 3.10.6:

Find an explicit formula for a, if ap =1 and a,, = (n + 1)a,_1 + 3" for n > 1.

Solution. Let
A(x) = Zan
n>0
and

a(z) = Zan 1

ie. da'(x)=A(z).

Using the definition of a,, we can rewrite

A(z) =d'(z) = ), an

n>0
n Tn
=1+ Znan_l—' + Zan_l—' + Z?)nm
n>1 : n>1 n>1
n " (3z)n
=1+ Ap1>—— + Ap_1— + _—
,; " (n-1)! 7; "l 7; n!

=1+2A(z) +a(z)+e3 +1
=xad'(v) +a(x) + >

So we get the ODE

o/ () = a(x) +e3
1-z
we find that
1 edx
a(z) = § 1- a: -
where C' € R. Thus, we have that
( ) 63:1: 63z | C’
) = =
3(1 x)2 -z (1-x2)?

Note that, A(0) = % +1+C =ap =1, and hence C' = -1/3. Thus after playing a little bit
with power series we find that:

A(z) = Z(ZW?”“ 1) P O(iZ—: )———Z(n+1)az

n20 \k=0 >0 \k=0 n0
“nln-k+1)_, ,\a" nonl
= (ZTi% P Z—| ———Z(n+1)'—
n>0 \k=0 n>0 \ k=0 n>0

Thus,

(n- k+1)3’f 14 3k

an n'z

1
—Z(n+1)!
S+ 1)
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or if you wrote a little different your power series you could also have obtained something

like

L & (0o k no3k ]
anzgz:(k)?) (ks 1)lent Y= 20 +1)

k=0
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Problem 3.10.7:

Find an explicit formula for a,, if ag =1, a; =2 and
A = n(a'n—l + an—2)

for n > 1.

Solution. Let "
x
A(zx) = g:oanm
and o
a(z) = 7;1 -1
ie. a'(z)=A(x).

Using the definition of a,, we can rewrite

A(x) =d'(x) = Z anI—
n>0 Tl'

xn

=1+2z+ Z n(ap-1+ ap-g)—

n>2 n'

" ™
:1+2x+x2an—'+x2an_1m

n>1 : n>1
=1+2zx+z(A(x) - ap) + za(x)
=142z +zd (x) -z +za(x)
=1l+z+zad(x)+xa(z)

So we get the ODE
o/ () = 1+x+za(x)
1-z
We find that -
a(z) = ot
1-= l-z
where C' € R. Note that, A(0) =C =0. Thus, we have that

T
alz) = 1-2
and hence 1
! n __ l‘n
A(.CE) =Qa (ZE) = (1——$)2 = 7%(:)(71+ 1)1’ = 7%2)(71+ 1)'5
Thus,

a, =(n+1)!
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1. How 1O soLvE ODES OF THE FORM OF THE PREVIOUS (QUESTIONS

This are just some quick notes assuming eveything works "nice” on how to solve ODEs
of the form of the previous two problems. Consider an ODE of the form:

y'+p(a)y =r(z)
Let h(z) = [ p(z)dx and F(z) = e".

Note, that F’(x) = @ - h/(x) = e"@p(z) = F(x)p(x). Now, if we multiply our ecuation
by F(x) we find that:

F(x)y'(z) + F(x)p(x)y(x) = F(x)r(x)
Replacing F'(x) and F'(x) we find that
'y’ = h'ety = ey + (") 'y = (ety) = re
Thus,
Y= e‘h(f ehrdr + C)

We can use this to solve the ODEs in this problem set. For example in Q6 the ODE
(using y instead of a) can be written as

a 6330

So, in this case

1—
h(z) = [ p(a)dz =log(z - 1)

y(z)=e" ([ ehr(x)dr +C

= L (/eg’xderC')
1-xz

1 ed C
== +
31-z 1-=x
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