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1. (20 points) For each question, please select the best response. Please clearly
indicate your choice; ambiguous answers will not receive credit. In this problem,
there is no partial credit awarded and it is not necessary to show your work.

(a) (4 points) The area of the region enclosed by the polar graph r = 2sin 6 is
i) 1/v2 (i) 7/v2 (iii) 1
(iv) =/2 (v) (vi) 2w

Solution. By plotting a few points, we readily check that we
get the complete graph by letting 6 goes from 0 to 7. So the
area of this polar curve is [ [; 250 grd = Qbmedﬂ =
2 [Tsin?0d0 = 2 [T =S gg — 7 — [T cos 20)d0 =

Alternatively: If you know that it’s a circle then you can Write _
down the answer immediately! *

y —

(b) (4 points) Let T" be the triangular region in the zy-plane with vertices (3,0),
(0,—1), and (0,1). Suppose T is a thin plate with constant density 1. Then
the x-coordinate of the center of mass of T is

i) 2v3 (i) V3 (iif)
(iv) 1/V3 (v) 1/2 (vi) 1/3

Solution. After we sketch the region of integration we can
readily setup the double integral for the mass of the thin

plate: fo fll_fﬁgd dr = f03 2 — 2x/3)dx = 3. Similarly,

the moment above the y-axis is fo fllfa/:% xdydx = f03(2:c _

22%/3)dxr = 3. So the x-coordinate of the center of mass is

(c) (4 points) The Jacobian of the transformation x = u + v, y = —u + v equals
(i) 2w (i) wu? —o? (iii)  Vu? — v?
(iv) -2 (v) 0 (vi)



Continuation of 1.

(d) (4 points) Set up the double integral [[p f(z,y)dA over the shaded region
R shown in Figure [1] in the order dydz. (The region is bounded by z = 1,
y=1—2% and y = e%).

(i) foflnxf (z,y) dy dx (ii) foflnzgf (z,y) dy dx
(iii) f1f1_x2 f(z,y) dy dx (iv) flfez_m f(z,y) dy dx
Lre . 1p1—z2
© [ e (6) L fey) dyds
y=e" -
y=1—=x

Figure 1: The region R from

(e) (4 points) Let E be the solid region bounded by the paraboloid z = 2 +
2?2 + 9?2, the cylinder 22 + y? = 1, and the xy-plane (Figure . In cylindrical
coordinates, when written as an iterated integral the triple integral [[[,e*dV

becomes
@) L et drdode () 2 L2 et d dz dr
2r 1 p2+4r? )
(iii) / / / re®dz dr df (iv) fo 1262 dr df dz
(v) fo 24171202 49 dz dir (vi) fo 24 202 4 dr df

3dfigure.pdf

Figure 2: The region E from 1(e)
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2. (20 points) Let f(z,y) = x + y and let E be the ellipse

=1.

2
2, Y

0+ =
8

Find the minimum and maximum value of f on E.

Solution. We want to maximize/minimize f(z,y) = x + y subject to the con-

strain g(x,y) = 1 where g(z,y) := 22 + 3?/8. By Lagrange multiplier, we have

Vf = AVg for some A.
In terms of coordinates, that mean
(1,1) = A2z, y/4);

Note that this implies in particular

A #0,
whence

y = 8.
Substitute this back into the constrain g(x,y) = 1, we get 922 = 1, whence

x=+1/3.
Recall and we find that
(x,y) =(1/3,8/3) or (—1/3,—-8/3).

We readily check that the maximal and minimal of f are, respectively,

3. (20 points) Let R be the triangular region in the zy-plane with vertices (0, 0),
(1,1), and (1,0). Find the volume over R and under the paraboloid z = 2 — 2% — y2.

Solution. The volume of this solid is given by

/Ol/ox(2—x2—y2)dydx
:/01(2y—x2y—y3/3)‘:dm
:/01(29;—4953/3)013:
—(? — /3)]
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4. (20 points) Find the surface area of the part of the graph of z = 3 + 2y + z*/4
that lies over the region R in the zy-plane bounded by y = 2° 2 = 1, and the
T-axis.

Solution. The surface area is given by

// V1t () zy)2dydx—// VIt @2+ (22 dyde

—// V5 + 28 dydx
0o Jo

1
:/ 25/5 + 26 dz

0

6 63/2 y 53/2
= [ vatdufo) = |7
5

5. (20 points) Let E be the solid region bounded by the unit sphere 2 +y?+2% = 1
and inside the cone z = \/22 4 y2. Evaluate [[[, zdV.

Solution. (#1) First we compute the intersection the of the sphere and the
cone:

1—(2®+9?) =22 =27 + ¢,
so the intersection is
P y? =172, 2 =4/1/2.

The spherical top suggests that compute this triple integrals
using spherical coordinates. Since the solid is symmetric
around the z-axis,

0 goes from 0 to 2.

To determine the range of ¢, consider the xz-cross section of i
the solid as depicted on the right. From this picture we see _
that 1/2

¢ goes from 0 to /4.
Put everything together and we see that this triple integral in spherical coordinates

is
w  pr/d
Azé f@m@wm@@mw

2 pw/4 1

:/ / Zcosqf)sinqbdqbd@
2w

:/ id&
o 16
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