
Homework 5, Honors Calculus II
due Thursday 10/17/19

Please hand in your home work before class, have it neatly written, organized
(the grader will not decipher your notes), stapled, with your name and student ID
on top. All integrals have to be computed without using symbolic calculators. You
may use a calculator only to verify a result and for numerical calculations which
you cannot to on paper or in your head.

Problem 1. Determine (and provide a proof) whether the following integrals are
finite (i.e. convergent) or not (i.e. divergent):

(i)
∫ 1

0
1

x1/3 dx

(ii)
∫∞
0

e−t
2

dt

(iii)
∫∞
1

2x
x3+8 dx

(iv)
∫∞
0

√
x

x+9 dx. It is true that eventually x + 9 ≤ 9x (why? Draw the two

graphs to understand this statement), which should somehow help...think
of comparison...

(v) Bonus:
∫∞
0

sin x
x dx. The integrand seems not to be defined at x = 0, but

think about the limit of sin x
x as x → 0. What is this limit? Then the

only issue is what happens when you integrate
∫ b

0
sin x
x dx and let b→∞.

Remember that the integral calculates signed areas.

Problem 2. Reduce the following integrals with the substitutions shown in class
to integrals of rational functions (you do not need to find an antiderivative of the
rational integral):

(i)
∫ sinh2(x)

1+cosh x dx

(ii)
∫

x3

(3x+5)1/4
dx

(iii)
∫

x2
√
4x2+1

dx

(iv)
∫ sin2(x)

cos x+10 dx

(v)
∫ √

5− 2x− x2 dx

Integration of rational functions I : the next problems discuss some of the
basics of the “partial fraction decomposition” and the integration of rational func-
tions. Read the accompanying text carefully so you understand what is being ask
and what the symbols mean. If in doubt, doodle down explicit examples so you
can see the abstract notions at work.

The problem to be solved is the following: how can we integrate a rational func-

tion f(x) = P (x)
Q(x) where P (x) and Q(x) are polynomials. Recall that a polynomial

is a function of the form P (x) = anx
n + · · ·+ a1x + a0 with ak ∈ R real constants,

the coefficients of the polynomial P (x). Provided that the leading coefficient an 6= 0
(which we always assume when we write down a polynomial), the degree of the poly-
nomial degP = n. So a degree 1 (or linear) polynomial is of the form P (x) = ax+b,
a degree 2 (or quadratic) polynomial is of the form P (x) = ax2 + bx + c and so
on. Important to keep in mind is, that a degree n polynomial has (n + 1)-many
coefficients! (Make sure you understand what this means in exa mples).Thus, to de-
termine a degree n polynomial, one needs to prescribe (n+1)-many points its graph
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goes through, which will lead to (n + 1)-many linear equations for the coefficients
ak, which generally can be solved.

Problem 3. Find the quadratic polynomial whose graph contains the points (0, 0),
(1, 1) and (−1, 4). Notice that there is no linear polynomial containing those three
points (after all, a line is determined by two points). And there will be many cubic
(degree 3) polynomials containing those three points (find at least two different
such cubic polynomials). The reason is, that a cubic polynomial has 4 coefficients,
and the given 3 points only give 3 linear equations, not enough to pin down all 4
coefficients, so there is a 1-parameter freedom.

Let’s continue with our problem of integrating rational functions P (x)
Q(x) . If degP ≥

degQ (numerator degree greater or equal than denominator degree), we perform
long division and arrive at

P (x)

Q(x)
= R(x) +

P̃ (x)

Q(x)

with R(x) a polynomial of degree degR = degP −degQ ≥ 0 and a remainder term
P̃ (x)
Q(x) where now deg P̃ < degQ. Since we can integrate a polynomial, this means

we only have to understand how to integrate rational functions whose numerator
degree is strictly smaller than its denominator degree.

Problem 4. Carry out the long division for the rational functions

f(x) =
3x4 + 2x2 − 5x + 1

x2 + x + 1
and g(x) =

3x4 + 2x2 − 5x + 1

x4 + 1

and identify the polynomials R(x) and P̃ (x) in both cases. Check whether the
degree relations are as stated above.

Next we have to remind ourselves of the Fundamental Theorem of Algebra (whose
proof, ironically, uses Analysis and Topology; there is no known proof using only
Algebra, and perhaps there never will be). This theorem states that any polynomial
with real coefficients can be written as

P (x) = a(x− x1)n1(x− x2)n2 · · · (x− xr)nr (x2 + b1x + c1)m1 · · · (x2 + blx + cl)
ml

where a, bi, ci ∈ R are some real constants, x1, . . . xr are distinct real numbers, the
zeros of the polynomial P (x), and n1, . . . , nr are positive integers, the corresponding
multiplicities of the zeros. The quadratic factors x2 + b1x + c1 and so on have no
real zeros, and m1, . . . ,ml are positive integers. This is quite ugly and if we had
complex numbers at our disposal, all of this would boil down to the statement that
a degree n polynomial has exactly n-many zeros (counted with multiplicities) over
the complex numbers. Those quadratic terms in our formula cannot be further
written as products of linear factors, since they have no real zeros. Using this
knowledge, we get the relation

degP = n = n1 + · · ·+ nr + 2m1 + · · ·+ 2ml

Problem 5. Find the above decomposition for the following polynomials (basic
idea here is to guess a zero and etc.) and compare to the general formula, identify
the constants a, bi, ci, the integers n, ni and mi, and the zeros xi:

(i) P (x) = 4x4 − 3x2 − 1
(ii) P (x) = x3 + 1
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(iii) P (x) = x4 − 1

Let’s use this to get a feel how we can integrate rational functions P (x)
Q(x) with

degP < degQ: we start with the simple case when there are none of the quadratic
terms in the denominator, that is, when the denominator polynomial

Q(x) = (x− x1)n1(x− x2)n2 · · · (x− xr)nr

factors into linear terms over the reals, in other words, when all its zeros are real,
possibly repeating. Then we have degQ = n1 + · · ·+ nr > degP and we make the
following Ansatz:

P (x)

Q(x)
=

A1

x− x1
+

A2

(x− x1)2
+ · · ·+ An1

(x− x1)n1
+(1)

+
B1

x− x2
+

B2

(x− x2)2
+ · · ·+ Bn2

(x− x2)n2
+ . . . +(2)

+
C1

x− xr
+

C2

(x− xr)2
+ · · ·+ Cn2

(x− xr)nr
(3)

Multiplying by Q(x) yields and identity

P (x) = R(x)

where R(x) is a polynomial of degree at most degQ − 1 (check this, why?), and
since degP < degQ, both sides are polynomials of degree at most degQ− 1. Since
such a polynomial is determined by degQ many conditions, and we have exactly
that many unknowns, the A’s, B’s, C’s etc., we can solve for those unknowns.

Problem 6. Integrate the following rational functions:

(i) f(x) = x3

(x−1)(x+1)3

(ii) f(x) = x
(x+2)2(x+1)2

(iii) f(x) = 1
x2(x+5)(x−2)

(iv) f(x) = x3+2x+1
(x+1)2

(v) f(x) = x4+1
x+1


