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The unimodular root zonotope Zani
,

and its volume .

The root zonotope Zpt is
"

÷!the Minnowswi sum of the e.-e¥e,positive roots of the root system 0. g
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The root zouotope Zane
,

is unimodalar and its (normalized)

volume is given as Vol ( Zan! -- n
"-2 fit
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Why not a product formula for all Weyl groups ?
pug, ,

of The zonotopes Zpt are not unimodalor
a)Their tiles are less nice than trees

.
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Voll 2-pet -- ⇐ Idetcrssl
→ summing overall Vol ( ZB;) -- 7G-bases of Zpx

(Baumeister-Wegener] The reflections associated to F
'

generate the Weyl
group

W if and only if F' and F
'

are K-bases of Q and Qa
rootHattie cortot lattice

(corollary) Vol ( Zod±wlRGI Vol urology:* a. ⇒ w
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reflection subgroup generating sets of W'



The W - Laplacian and its determinant
W is a Weyl group acting on V=R

"
.
It has set of reflections R , root

system 0, and reflection representation pv .
Its W- Laplacian Lw is :

Defn 1 : Glas 7 Lw :=¥p ( In - puts)
↳ the nxn identity matrix

Defa2 : Lw Lv) : = -2 Lv, Is . 6
GE lot
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The W - Laplacian and its determinant

Defn 1 : Guus 7- Lw :=¥p( In - puts) Defn2 : Lw Lv) : = -2 Lv, Is . 6

→Defn of toy.#s by Gordon -qnkfftehf.mn identity matrix
GE Qt

by Defn 1 and W- invariance : det (Lw ) this the Coxeter # ofW)

If W is reducible det (Lw) = .

hi CWS i.e. { hi LAzxBzxfubb={3,36, 6,6, 12,12, 12,12}

Ionian sees
↳
new -hatin

⑦by Defn2 and as a sum of rauw-L operators :

detuwt-zdetkri.BD-T.fm#tRGstw' " E!!!.io.
index

corollary : IRGSCWS1=-1 -2 glw.WY.it?hilW 'S
ICW) u w

W'kmaxw Mobiles function for lattice
of reflection subgroups



Volumes Vol (Zoe) in terms of Coxeter #s and reflection subgroups
( after Shephard-McMullen) Vol ftp.S-IIR#loVolLQ'S

W'tmaxw #of reflection generating sets ofW

Applying the previous
calculation of IRGSLWSI will give :

Theorem :

Vol ftp.it-w-T?wiTI.hilw9lwEwzwylw:wYvoTEg
Max

Corollary : To compute the Ehrhart polynomial of Zq, replace the
interval Cw"

,
w] by (W", parad. closure (w

''D



Working out the case for EG

Bord - de Siebenthat Theory Lattice of maximal rank
reflection subgroups

q,
Maximal Reflection 36xA , As 40xA8

• subgroups :
mail.no . A. As

• AP

Vol ftp.il-w-T?wiIhhilw9lwEwzwylw:wtvoTEg
Max

VOICED -_ 126 . # 1-36.12-651 . (Tt - F) +40.36. - ¥ )
=D - 895536



Are there W- trees ?

Matrix Forest Theorem ( For complete graph kn , unweighted)

(t -ins
"'
= I, Cro tht

'

↳ # of rooted forests on End w/ he trees

Example : Lt + 45=43 + ( 4.5 + 3.12.25) . t t 6. 2. t' + I. t'

¥
.
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[W- Laplacian char. polyn . ]

It +ht --E Ii"
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hilwxs ) . tdimt"
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parabolic
↳ Counts generating sets of W'Em#×

weighted by ICW's .



Summary / Advertisement arxiv : 2012.04519

Existing approaches Our approach
• Postnihrov Vol ftp.f-wzw

- - - ' ° Debatable more explicit
- all group elements Vol ( Z e) =I °o°

• De Cancino' Vol ( Zog, ) -_ Z
- - - ' W''Emon.W

- process.
f-EF- n! flags on the o Reveals connection

simples .*The above generalize to with a general version
arbitrary permutohedra. of W

- trees (i. e. reflection
gang sets)

• Ardila - Bear - o combinatorics of trees
. The W-Laplacian playsMcWhirter ° generating functions

for Ehrhart polynomials a
"

higher -arithmetic" role :
• only Classical types
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