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Counting Trees
Cayley's Theorem 1889

There are n" -2 labeled trees
on n vertices
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Matrix - Forest theorem (folwlore ?)
The following expansion counts rooted
forests on n vertices
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#of roots (WH) connected components

(trees) each rooted

Coming Soon? ( in this tahr) : A version
for reflection groups



Counting Factorizations

Hurwitz 1891
There are n

"-'

shortest lengthfactorizationsTietz . - - o tu- 1=42 - - - h) in

transpositions ti .

Ex : ( 1231235=423) (2351135=1123)
( 13) ( 125=423)

Deines 1959
Factorizations really correspond

to trees?
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From symmetric groups
to reflection groups

Reflection groups W are finite subgroups of
GLARY generated by leuclideau) reflections
AreSna : Ffg;

- - -

JIE Fu :Eo

Bu : o=•-← . . . -a-•
EG :-#-o_O

Dn :!-a . . -a.
Et : o-o-o-I.es.
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a Coxeter element c is a product of
all simple generators Si in any order
The Coxeter number h of W is the
order of any

Coxeter element c .

Coxeter - Steinberg: Coxeter number
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From symmetric groups
to reflection groups

[ Looijenga- Deligne - Arno Isd- Chapotou - Bess is]

There are hYw shortest lengthfactorizationsti . - - -oth -- C of a Coxeter element
c in reflections ti .
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For Sn , Chub -- LN , N - D so N"on! = NN - 2
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Coming soon? ( in this takes : A simple,
uniform proof of this formula .



A formula looking for a name

Looijengoc (conj .) : # factorizations = degree ofLL map

The Lyashiro - Looijenga (US map is a
quasi-homogeneous morphism which sends a
function to its multi set of critical values .

Deligne (w/ Titsttagier) .. proves it

Arno Isd : observes uniform formula
for degree of LL map

Chapoton : rediscovers the formula in
the context of the noncrossing lattice

Bessis : Confirms it for all well-generatedcomplex reflection groups .



A formula is an over-achiever

Coxeter presentation :
W - Lsi

,
...sn/si7l,SiSj-Si--SjSio--Sj)

Artin presentation ,
mhijferms

Btw) -- Lsi
.
. . .sn/SiSj-Si--SjSio--Sj)
Tw Fifers

Dual braid presentation :(Relies on !i÷!)
Bows -- it .

.
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Last non- uniform ingredient in
Paolini- Salvetti proof of kin, IS conj.
For affine Artin groups



The Deligne - Reading recursion
Hurlwt # { shroerteecto.de:9" t . . . .tn -- c}

Factorizations

Deligne ( '745 , Reading ( ' 08)
Hur Cws - toffs Hurlwcss)

Idea . Hi
,
. . . .tn)- l't . . . . . .
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C-orbit Nti always has a simple gens or.

Recursively proves Hurlws . but
separately for each family .

In Bn it comes down to Abel's identity
nm ' ( F) .hr?Cn-r5--r-2



The Noncrossing Lattice NCCWS

Define Ipfw) as the minimum # of
reflections needed to write w -- t , oo.tw

Define Eps in W via UkrV if and

only if lrlustlrlu-i.us - In Lv)

( breweras- Reiner-Bian e- Brady -Watt -Bessis]
The noncrossing lattice NCCW) is
defined as the interval CL

, der

(Brady-Watt)
Wccw) embedIs in the intersection
lattice of the reflection arrangement ofW
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The Noncrossing Lattice NCCWS
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Maximal chains in Now) correspond to
shortest length reflection factorizations of c.



A different recursion

Hur CWS = -2 Hur LWD
LE Wccw) dim LLSH

Idea : Tita . . - ith
- i
.tn -- c
-

this product w is a noncrossing partition
5. th

. climbing =L

(Armstrong- Rhoades - Reiner] (uniformly
There are qµc÷wg noncrossing partitions
in the W -orbit of L .

Implication : It is sufficient to prove

that Y;¥ni÷uii¥⇒
n-I

or . . . hn
- '

oh = -2 It
,

hi Cwc)
LEL

,
dim CLSat



The W - Laplacian Recursion

For any real hyperplane arrangementIt in some VTR
"

define :

Glass.LA:7?EatInEn-si:?etieoson:!
identity across H
matrix

Lemma (Chapuy-D . ,Burman]

detchttts --Exeftpdet ( Lax)
.tdimcxspseudo

-def Product of non-zero( eigenvalues )

Lemma (Coxeter -Steinberg- Gordon-Griffeth)

(

det ( Law ) -- II. hilw)
O

B 5 lhttsh--E
"

Liew, .tdimW
HA X thaw
the • SHurlwf-hn.nl/lw1
S



Modules of logarithmic derivations
* it a hyperplane arrangement in V
. S : = GCV] algebra of polynomials onV.
Der(s) algebra of derivations on S

(equiv . polynomial vector fields on V)

q>
linear form defining H

DIAS : --{ g. Eberts) : go hit C- Sod. f HEA}
equiv . g as

a rector field(
is tangent to ad HEA)
An element
of D CBD

where Br is
the arrangement
x.y

. hi -y'S



Multi - Arrangements
• (it

,
m) it arrangement

m : A -s Kt multiplicity fisc .
DCA

,m) : -- { gt Der (s) : g. AH C- Saith"}
polynomial vector fields that
are tangent to the ma - th

degree on each HEA

[Saito
,
Tera o

, Ziegler]
If DCA

,
m) is a free module

,
we call

the (multi -S arrangement't IA,m) free .
The degrees of its S - generators are
called the exponents of CA,m) .

( Tera o
,
characteristic polynomial ]

If my =L
,

the characteristic polynomial of a free
arrangement it, with exponents ei,
factors as XLA, TS = Tl ( t -eis

[Abe
,
Terao

,
Wave field]

There is an analog XL CA,mbts



Multi - Reflection Arrangements

[Terao- Yoshinaga]
For a reflection arrangement Aw and

multiplicity functions m=2ok or m*=2WtI
both CAMS and (A,m*) are free?

Moreover
,

n times
-

exponents (CA,mD= { heh, heh, . . . ,rb}

exponents ( ht,mHJ= { thee , . . . . . trhten}
where h is the Coxeter number of W
and Ci -di - l with di being the

invariant degrees ofW .



Local - to - global identities
(Briesworn's lemma]

xht.ts-fzgyftdimuy.xhtx.ts.tl
''m

H
"
coefficient of. . o

"

[Abe-Terao-Wave field]

xcdt.msits-IZ.su?tdimtxYoxClAx.md.tSotdimH
(Implications)

(Recovers theHhtt5=¥zaY hicwxsotdiml
"

wiretap!:c:o)
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. Ctttrhteitxeyuuthrhilwxsteicwxs) . tdiml
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Summary
Deligne - Reading Recursion :

Hur Cws -- IES HurlWess)
[Cha

pug
- D . recursion]

Hur (WS --I Hurlwas
LENCCWS
dim CLS -4

The Chapug
-D

. recursion uniformly recovers
the h". n ! Aw , number via the formula :

(htt5=-2
'Fits!Yw×g . tdimlxs
'

1=1XtLaw

which is proven either

• via the W - Laplacian

Law : = -2 ( In- SH) or

HEAw
• via the EATW] local - to -global identities



That's all
folks?

Thank
you for

stirring along


