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Some enumerative results

Hurwitz ( 1¥91) There are n
"-2
minimal length factorizations of the

long cycle of Sn in transpositions : Hotz . - - - ota
,
= ( 12 - - - n)

ex : ( 134121=423) ( 1211231=423) ( 2351135=423) 33-2=3

• Really these are all trees . [ Deines
'

59]

1681137.9%7%5%441785.



What is your favorite way to count trees ?

in::÷:l¥¥÷÷s:÷÷÷÷:÷÷÷..
ofMatrix - Tree theorem]
The Laplacian of a graph G on n vertices counts spanning trees of G

# {Spann . trees of G} = IT fins eigenvalues of
City

LG

AKA the "pseudo- determinant
"

of LG



The non -crossing partition lattice Nch)

2344M ott has 14 elements?

iii. Tins :#" II. iii. ii. it has ein""

|###
. Poets have Feta -polynomials÷ : ÷ : : : ÷ :

( 141 ( 135 123) ( 34) ( 24) ( 12)

T.i-zcnccns.rs :-. # { Meissner:}
i ;

Do I stay sane kit
.

Christi )
or do I join

n !
°

the Catalan obsession ?? . It has n
" -2

maximal chains



Symmetric groups and reflection groups
• finite subroups of GL CRY

• Reflection groups W ome
'

o

. generated by (euclidean) reflections
Moto : If you live it in Su - prove it for reflection groups
don't know how ? : Use the classification :

An -_ Su : o-o.no.- . . -→→.
F4 : •-o=.- Hz : •⇐←.

+ l S , Sr Su
Es :
mortar
- Hy : •=•-•→

Bu go.ee - - - To

pm linesS
, Sr Su Ez : more-4 12cm) : ••••
S ,

Dn : Yo - - - '

Ts
.

E8 : °--→→ 2x #{of dirges below. i,j}Sr

Diagrams encode W=Ls .
.

. . . .su/Si'--L,lSi.SjJmii-- I }
angles @presentation -simple generators



Numerology ? ?

Symmetric group Su Reflection group
W

(of ramen)
• invariant

2. 3,4, - - i. n"

degrees" ↳sym.polysix.ie . - exit
.. .

d ''d?
- - idk

•
number of
reflections

175=1+2-1 - - th- l IRI - dit - - + In - n

• size Isnt -- hole 2.3 - ' en Iwl =D .
. -- - edu

(
s# cycles of n

• Statistics Fest
" ""

- EIiltt.isgo.Ewtlrhd-IICI-tcdi-ib.Zetapolyn.FLNClnb-n.I.hr.mil Fnlnclwlk ' Ttlrhtdi)
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Some enumerative results

Hurwitz ( 1¥91) There are n
"-2
minimal length factorizations of the

long cycle of Sn in transpositions : Hotz . - - - ota
,
= ( 12 - - - n)

}}
Symmetric group long cycle transpositionst

uReflection
groups Coxeter element Reflections

[ Deligne - Arnold- Chapo ton - Bessis] There are h";w minimal

length reflection factorizations t , ooo th -- C of a Coxeter

element CEW (of order h) for any rank n reflection group W

HhTw ,
a- nm ]]



The non crossing partition lattice NC (w)

reflections
• The absolute reflection length dncw) is the min

.

# he s.th.FI
.
. . . 'Ir=w

• Define Ip : Ukr V es discus xdrluivb -- tr cu)
r> Cox .@ It .

• Define NC CWS : = [1
,
c)
er

ummm

Numerology :
• The number M ( NC Cws) of maxsl chains in NC Cw) equals

Iwl

• The Zeta polynomial of Num is 2- (NC Iwl, K) -- IT¥
'

di
[[ di 's : the invariant degrees of WD



The noncrossing lattice for S4

2344
Do 21 TY IT to % To

chains correspond( 124 ) ( 123) 1234) ( 134 ) ( 1411235 1125134)

""### t.ien.si?.::::i::e
g. : %. :b 7. I :S 134112451141=4234)
( 141 ( 131 123) ( 34) ( 24) ( 12)

T
'

. .

( 14) o o

( I



Recursions for M ( NC (WI )
Ls # of max'd chains

•

Deligne fate?:{ Foggier
'

74 :MCNccwD=hz¥sMlNccw.
tahr(W

')
• Wiss might be reducible → MCNCCW 'S ) = it

,

hi (W 's

where {{ hi (w 't}} is the multi set of Coxeter #s of W '

:

Fi
,
→ { { hi ( full }={{ 12,12, 12,12 's} AMBS -> {{ hi LAMBS}}={{3,36, 6,6}}

• Implication : Prove that h
""

. 7- = w : Wess ] . hi ( Wess )

door No case- free proof or



"

Recursion on Simples
"
- to -

"

Recursion on flats"
•The Deligne - Reading recursion can be rewritten :

MCNCLWSJ.tw/--h.EMCNClwdlolWLlLELw,dimCLS=l
Important ingredient [ Armstrong- Rhoades - Reiner)
There are ÷:wj noncrossing lines in the W- orbit of L

• Implication : Prove that tin
- '

on = E FI's hi Cwc)
LELW ,

dim 45=1

' In fact Cchapuy , D. '
la) : Ch+t5=¥IjIihiYw×s.tdi



The A - Laplacian matrix
• For

any (real ) hyperplane arrangement it , in some VHR
"

,

Guv) 3- Lt : = E ( In - SH )
HEA ↳ orth

. refIn across It↳
hxn id

. matrix

÷÷÷÷÷÷÷÷÷÷÷c:÷÷÷÷÷t. ÷ :

• Lemma [ Cha
puy

- D
.
+ Burman] ( char

. polyn . of LA)

det Clutts --E pdet ( Lax) . tdimcxs
X C-Let



The proof (briefly

Needed to show .
. Ch+t5=E÷ihiYw×s.tdimXELW

wide:?!:c.in?detCLa+tS=EgapdetcLadotdimT
FACT : pdetllawf-E.it?cwLngy Matrix - Treetheorem



The Fomin - Reading recursion
• The cluster complex A CWS is a not - so - distant cousin of NCCWS
orgy . Its facets are indexed by elts of NC CWS

• Its h - vector is the rank- vector of News .

• Fomin - Reading
'

05 : A rotation on the vertices of A Cws

Forces : =L ( NC (WI
,
half = o§

,

2- ( NC (Wess)
,
Rtl)

Q : Is there an analog here of the formula

( htt5-- E iii.Y'was . tdimlxs 2
i - I O

XE Lw



"

Recursion on Simples
"
- to -

"

Recursion on flats"

The Fomin - Reading recursion is equivalent to 8
-2 ( Nc Cws

,
hello Iwl = -I Z ( NC cuh

,

rtl) . IWil
LELW ,

dimCLS -- I

• Implication : Prove that

IIlrhxdiS=ogw⇐ma÷÷lrhilwd+dilw
• Fact (Bi ane

,

Sosaat -Verges. D .]

(7) II. lrh-idit.IE?..ma.sEgiiiihtl+oiY) .
"'

lkhicwxsxdicwxs))



Relation w/ free arrangements
• Solomon -Terai introduced a g - version of the characteristic

polynomial of an arrangement it, with L-dimht)
and Abe -Tera o - Wave field it extended it to multi - arrangements

e q
> Deriv . module

UCA
,m.t.at#oHlDht,mDltCq - b - l )↳malt

. function↳
Hilbert series

° ) "

a - version
"

: Y(A. 1. t ,D= C- IT . XCA, t)

Also
,
If ( it

,
m) is free w/ exponents e .

.

- -

i.en then

UCA
,m.t.gs - C-blot (qeiot - Lei]g )



Recursion for characteristic polynomials
o) Standard case : XCA , TS = TZ.gg?tbotjxhtx.tS.tdimt"
a) Multi - arrangements case implies for reflection arrangements :

a.it:71#ii
• Any hope then for the Fomin- Reading recursion?



Thank You UMass ?

( and friends)


