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Some enumeration formulas :

. Thm [ Hurwitz
,

1892
]

|{,yy(
231=423 )

# { shortest factorization s of an n . cycle ( 12) = ( 123 )

C=ti . . . .tn . ,
wl ti transpositions

} = "
" "

( 23 ) ( 13k ( 123J
t -

( 123 . . . n )

Now
, given a coxeter element c in an irreducible

,
well - generated

complex reflection group W of ranwn
,

with ord (c) =h :•Thm[ Bess is 2006-2016 ]

# { shortest reflection factorization , c=t ,
" .tn } =  

Ltd
IWI



Some enumeration formulas :

1

. Thm[ D
.

2016 ] Given an intersection flat X
,

# { short.tt#eytIEetiYxinoEtjotewittofdyx3=hdEd*H
[ Nx : Wx ]

X=V # e.

L
W=An - I

[ Basis :  ¥4 ]=>[ Hurwitz : NY



. . .
Some Invariant Theory

• ) It was already wnown to Gauss that

any symmetric polynomial can be written

In terms of the elementary symmetric
polynomials .

53 : C , =XtX' X }
,

CEX , X ,
+ XIX }tXrX ]

,
C 5-XXRX }

. ) Also known : The elementary symmetric
polynomials are algebraically independent .

= s in other words : ¢[ x.
, . .

,Xu§" = E[e , ,
. .

, en ]

,
-

- L - , , / - ,



7

When
we define the action abstractly :

for TESN and red
,

(To f) ( v )=f( a- 1. ✓ )

. ) . . .
it makes sense to study ,

for any groupGEGLNCV)
,

the G - invariant polynomials :

¢[ x , , .
.
,Xn]G :={FEECX

,
... XD : fcgtvkflv ) f ✓

EV
}

F g E G



. . .
let's consider two simple examples :

G={ id.cn )

]71R2
via

G={ id ,44]~ IN via

( X. y ) - > C. x. y )
( KY ) - ' C- x. - y )

I

-
.

1 ( 3,1 )

t.is#.i3i" -#¥ix÷- , fixed C- 3
,

- 1)
Invariant polynomials : Invariant polynomials :

f ,=X
'

, fz=y f=X2,fiy_?F-Xy
*
degcfil.de#=1G1/f.fz=fI



Theorem [ Shephard . Todd - Chevalley ,

'
54 -

'

55 ]
For a finite group GEGLN ( Ci)

,
the ring ofinvariantsEcxi

,
. . ,Xn]G is a policyring

( i.e. can be gen 'd by algebraically independent
polynomials ) if and only if

G is a complex reflection group .

where " complex reflection group
"

means a GEGLN (e)

generated by pseudo reflections
.

i. e. elements GEGLNCE) sth . Fix (g)
has

codimlcisahyperpagenfggqda 9 " µ:P]



. . .
some ( easy ) Geometric Invariant Theory ( GIT )

. ) The values cicxi
, . . ,xn ) it

, ,n completelydeterminethe set { x , , . . An } .

Indeed
,

the Xi 's are the roots of

fcts = th - e. WE
'

+ eicxptmt ...  + C- Menu
,
)

.

. ) In fact the tuple 1 a ( 1) ,

. .

; Cn (1) ) completely
determines the orbit of the tuple ( Xi

,
n ;Xn)Ee

"

under the action of Sn
.



GIT mantra : If a group G acts on the space X
,

the best candidates for coordinates of the

quotient GLX are the invariants e[ × ] ?

5 #
cartoon :

Fiddlyc%#;g¥pYlF'¥n¥i¥analgebraic
✓ morph ism !

e3=s§3Milani; end )

10
, 0,01 C , ( 1

, 2,31=6
a 42,31=11

- C } ( 1. 2,35=6



GIT mantra : If GEGLN ( El is a cx reflection

group and E[ Xi
,

... ,Xn]G=E[f,
,

. ;fn]
,

then the polynomial

map : I
,
:C x , ;

. ;Xn ) n > 1 f. ( ±
,
) ;

. ;fn(x→)) realizes 6
"

as the topological quotient Glen .

. ) The fact

that
Glen = e

"

is very difficult to

see topologically (already non . trivial for Sz) :

aE*¥oaI÷¥I¥E¥F⇒
'



. . .
Discriminant Hyper surfaces

Q : How does the GIT map I ,= ( f
,

...

,
fn ) act on the

reflecting hyperplanes ?

A : It "glues" them together in a hyper surface ,

called the discriminant
.

In particular, if lit is a linear form that cuts It and

CH the order of the associated reflection
,

then

D: =Ilµe"
is G- invt

. f.e. it is a polynomial in the fits )



. . .

Discriminant hyper surfaces (example)
.

DCIZCD) =fz
'

. 4f3 DCIzC4D=fz
'

. 4f4



. . .
Discriminant Hyper surfaces : The Swallow's Tail

( 13) ( 14) ( 34 )

sina.EE?IIiiiiii#H
"(B)



"

The most beautiful aesthetic theory in the World
"

Salvador Dali
,

For Rene ' Thom's Catastrophe Theory

.



. . .
the Russian school might have a different opinion

about Rene
'  

Thom 's style ! :

"

Neither in 1965 nor later was I ever able to understand

a word of Thom 's own talks on catastrophes
.

He once

described them to me Cin French ?) as
' ' blah . blah - blah "

,

when I asked him
,
in the early seventies

.

whether he had

proved his announcements
, ,

. V. 1
.

Arnold

. . .
but Arnold also loved the swallow . tail .



. . .

( oxeter elements
...

and their eigenvalues
. For the symmetric group Sn

,
az } . . .nj*( 51,5

,
? . . ,3,l )

c= ( 123 . in )
= ( 1,3

" '

,3Y . ;] )
=3 . ( 5h

,
... ,l )

. For a finite real reflection group , for 5=1
c is the product Guang order )

of the reflections across walls ( Xi # Xj above )
of a chamber

rotation has order m

ftp.#jrEtEtEgforIicms.s

.

eigenvalues 5,5
'

for 5 =/



. . .

Pictorial intimidation
. . .

Time Coxeterelts are characterized by having
an eigenvector T

' which lies on no refl . hyperplane
,

with eigenvodue
"

J = EHN
,

In = degcfn)
.

"

Proof
"

:

E 6 E 7 E8



...
towards a geometric

construction of the

coxeter element
. . .



W - V=f
"

µhH. -2-+47*4+1
e. Steinberg: Wactsfreefmv .uH

p Hhyp .

✓

- ⇒ the map Its ECXD isu covering

map at V - UH
Hhyp .

**÷⇐¥**⇒v|
aa. The covering map V;+yyH,±>wW

- Tt

=

induces maps :

{ p
C '

'

Ijxph 1- ' that
, ;UHHth(WW . HJE's>W→1

CFK
, ) ; .fncx→D PBCW) bdcw,|#¥|eat Saito 's thm : The discriminant equation is

= monicinfn .

It can be written as :

=\ fcws=fn" taifn
" 't . . - tan w/aiEC[ fi ; .€n . , ]
.#

quasi . homogeneous
,
degdiih

WW If
" /

W\UH=:H ex : Aix 'tbx+cn>L=b'

-4€HHTP.

A ;X3 .io/i+cx+dmL=b2i-4c3-4b3d" discriminant hypersurfacen
- 2712 -1186cal

a

a

a.



Wn >✓=f
"

µh¥=Z
(

ftp.hle.i
Consider a loops in WW given by :

$
✓ .ci#

* F= . "=fn - FO
,
Fn=@i° Oqqzn ]

*t€*×÷*.§ It lifts to a path re "9h
,
Oeco ,2n]

for some ✓ s . th . f ,CvJ= . . .=fn . ,Cb=O
.

| p
' '' '

'

Exp
"

soitosthm⇒r¢µy¥.(pp)@( filed ; .fn( ⇒

|⇒ i.e. SEBIW )
. Therefore

,
FCEW ( e- Tics ))

=€f ( via HPBCW )→Bcws¥W→1 )←
If

" /

www.jfs.th.c.v-eimh.v

Hhsp.

⇐e; c is our coxeter element !" discriminant hypersurface, ,



. . .
and now

, For something
completely different

. . .



Geometric Factorization , of the Coxeter element

W~V=C=
1 eee Consider a slice yxcl in WW given by

v.ee#*v⇐¥#
. 9=45 . ifn . D=fixed and -h=tEC arbitrary .

*  *

( Xilhio . ,Xn)lPIPsee. The complex line (yxel intersects the
- lfiiifnsfn )xp It discriminant hypersurface Hat n . many pts|j§l€€{cy.tst.cmxeCwlmuHtjcallthemsniCy.xD.ooo.nr.cy.xrBp@gIntngtWWwlnitmuK0fCY.x

't
.

order E- lexicographic

u * .

fnntazFiI.ootau-Ob@causeofSaitotBessicyFDy.X4aiECCfii.ofn.D

.... These are exactly the roots of the

moniclYkdlfsvq.gfn.D.fix@dP0lyn0midlthtQzCyIth2tuo.t

ancyj

-1
yxe

6

:

•
•

•



WAR en
⇐oo Consider small loops

unit
by,×i ,

EBCWHMCMVAI that
* *

*

*€x¥tl×*
. :* ,

deoltnfeaireroutnhdessc"i¥rIEr%!
1 pTPonly the point Cy,XD

.

°o°
✓ Him,fn . sfn )

- →%×±""¥x*← 9 +
e¥ Each such loop gives an element€fle€#E"¥9

'T

ayxaewviaaakis

action :↳
1→PB(Wj→B(WHW→1

ki
* ⇐ee. Their product  "

completely surrounds
,,

H
.

In fact
,

by ,xj" by,×rF5

FIELD
.EE?xixxfYiEi*ixedeeeemnxw:aTyeIkx

:

:
00

0



"

Geometry is the art of reasoning well

from badly drawn figures , ,

H
.

Poincare - Analysis
situs

bi



. . .
Discriminant Hyper surfaces : The Swallow's Tail

( 13) ( 14) ( 34 )

sina.EE?IIiiiiii#H
"(B)



W~Va.ci
"

÷
Q : What happens when

*€x¥⇐/
weather.ee

yplxsxniipx" A [ Bess ;D : All block

bjw#=Hi¥nsHfactorization are¢pkp€f€↳µattained " exactly once "e¥#gvnb
Ppp

u
fnhtazfn

" '

't .oo+an=O

OLIEECF , "ofn . it

FiF#÷E¥HP¥s¥*
.

:
o

. .

0



Waken
Trivialization Theorem [ Bess ;D

#**
For every block factorization

l**¥€l
no;¥rEn;D:%soi¥ra↳

big;jb↳× . ,TP
" '

'
"

'

EF
"

with the multiplicities satisfying
-

Tqlfiifnsfn
) Ni=lR(wD

,

¥€÷prµ,⇐↳*n there's a unique y=Cf; ;fn.ly#g(yEEnYs.th.:Gy.xiFWiandxi=zi:FiF€¥H*¥w¥s¥*
.

o

:
O

00



Important points in the proof :

W~V==

as. Ltmorphism : The assignment
* -

*

*

LL

€#€/
His.fm#kiontfeEegtniggpts}

| p
( xi ,x±;xn )

is an algebraic finite movphism .

bcjxjbcxrs v tp- -

Hiifnsfn ) Indeed yrls{
roots of

5
F

tntadystntitancyj }

¥pBp€y(€|my*n becomes yesCadys ,

" ;anG ')z¥tEvnb( LL :c
" ' '

- in
' ' )

u
* fritazfi

'

'tootan=0 Remark : This comes down to
ai EECF,

,
" ofn . it

fixed

.li#xefH:m=fixedktgYotEFiahbihmennetefi.taepe

.
Y×¢

on the fact that degfnsxdegfi

*

: 0

*



Woken Important points in the proof :

****Mp#t**
• Transitivity of the Hurwitz

action :

#
,

The braid group Bn acts naturally

%EEyg.gg#qy-y?ItI?In
,

on reflection factorization . of a :

. →
←

( ttiiititti
,

.tt !
...  

iti.
. .

a€wwaen I I!!! .X!!!!
zoo.mn/ ↳t

given by
Hi

. " titittitti
,

... .tn)

- * - fitazfnttnotaro The action is transitive on

qq.ch#0ickfiuifnit

reduced reflection factorization
.

4y.nl?oxDbb.#.jdfnLtfixed

[ Bessis
,

uniform in the real case ]
by,×d



Important points in the proof :

W~V==

see. The following numerological
* -

*

*

¥
coincidence : - Gnfqthtltqm's

€x**|
degLL=¥whf=Redru, Stergios

| p
( Xilin ;,XD Th # of shortestbigixjbcyxrs v TP ! ! ! (

reft fact . ofc )- -

Hiofnsfn )
SF

4EtkH.EE/ww*nafiEtl:oEotn5eta:::p%afiIz#/kgvenbg='

Then numerology & transit '
'

.

v
* fnntazfi

'

't .oo+au=O vity of Hurwitz action on

aicccfi , "fn . ,] Redrk) would come as natural

Fih€#h¥ly¥%j!I*i
'd

⇒TIY°fiY:S.tt#ria.rortspeA

atamans

: °



PR

⇐×V±E
"

But we are overcounting

in

"#¥*s
:t÷¥¥it¥

I - which is exactly [ Nwcwz) :Wz]

iµ¥tI#¥h¥t¥¥€Iw*"

" I
(

-

1 H ; ;fnFn ) -

A
-

,¥.it#*JEYrirIfT



. . .
it Works for the " primitive , ,

case :
R
E LL

D lfioofnky - { tntroloctystnof . .+an↳ ,} or equivalently
U LL
C ( fin ,fn)=yT( Ohlyboosanly ))
E

n

D

c
Now
degLL.it#0K=_hnl

T II
,
degfi

IN
E

P The corresponding ( union oft stratum C-a) will be { Z ,R ; ;R ]
R ↳ the Coneortwd
I Here we can lift LL to a finite morphism LTM strata of reflections
I defined over Z

. C in WW )
T LT roots of
y zscxiiusxet:X - (fnlx !{ [ t.fm#n.eLtib.cxstt'toootbecxD] )
E

E
-

c

or lx 'i°;Xe) - ( fnW,bzW;
. ;be(xD linear relation

A

£ so degk.tn#9Hnjtxtde91=EydmxI

Computacenter



Q : Does the formula Kuna
lN× :W×/

cleneralize ?

A : Reinterpreting

krattenthalenol

Miller 's results :

typeAniofaata, ,
. ;xj,

not "

.IT#xmtFItsPeBn:Fackx...g....xp=l2nnYtQgmxwtljpIT*lk

l ' unique

itjlhlxi:Wx;]
of type Bx ...tusrednifoutex

, :* ..µ]€Tkn .BY#hjxykplT*m
"

uniguetoftypepx ...
itj [ Nx; :Wx ;]renren.ae#gfaeeeEgeaad



. . . for type D it is ( as always) a bit tricky :

Sas

type Dn : Factcx
, ;* ;

.×aj[ Ehn . Ddt  
k¥4

unique! f type , (Nxj:Wx#g
¥f

k¥44 " '

[ Nxiwxi ]
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thanks to :

° The organizers for the invitation
to lovely Boston and the

MIT combinator ics seminar
.

Vic Reiner
,

David Bess is
,

and Vivien Ripoll for sharing
this beautiful math with me

. You all for coming ! !



f-
v±en

The " shadow
" stratification"

⇐¥ a¥The
arrangement oftherefl .

]
ftp.esrppolgener?Ziofwstratifies

IP 1×5 ;'× " )

aathis
induces a stratification of

-

fp
(f, ; . ;fn) the quotient Wwinstratazi

.

¥.¥¥F#€€iww*n*tstiiHE!%.int?tIeiY:edY"

- the domain of the LL .

map .

1 ( fi
,

" ;fnFn) C Y={ fsoogfm ,) }tCm ' ) :
-

T
u Given flats Ziinzrwlefhjcodimkikh

,

¥¥Ef¥¥]"
"

" "
idea

:⇒t¥,¥sEt¥¥wl
.



f-
v±en

The " shadow
, , stratification

H⇐# Why should leave ? ?

↳
es. Understanding the LL .

map on the

fp ( X ,
, ;,x . )

strata { Zii :ZD gives us info

-

fp
on

oloerfactorizationsofcwlE.it#J'IEfEtiiYiaahYIwiI
"±:iii%#*-eea[Ripoll, ZOID : The Hurwitz

I ( fiiiifnsfn ) action on blocrfactorizationsofc#¥
:#

W¥ro¥t¥:t#±'Inteosikatum
{Yjg}tu¥}€{

z , ; . ;z . ] is connected
.



f-
v±en

The " shadow
, , stratification

Why should leave ? ?

"

⇐# Evermore
,

=¥×
,
, ;;Xn)eestviaBessis' Trivialization thud :

-

tp
If {Z;o;ZT is the Ctopological)

¥¥Ji€÷EiE¥*ni:.tw?.Imtiiiiiin
-

I ( f , ; . ;fn . ,fn) # of blocrfactorizationsofc
-

I w/ passport [ Zsoo ;Zr]
¥:¥f¥÷#"

" "
nine:¥aometf¥¥¥itis

-
an affine variety . . .tomahawkedooofaaz¥zin space .


