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Attractions ⑥ the Catalan Zoo

The Catalan numbers Catlins :=¥, /%) count : (123 )
•
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Dyer Paths 10,0J -> In,n) Vertices of the Non crossing Partitions
Éciahedron

Catlin : 1,1
, 2.¥114, 132,429

,
◦ ◦ ◦

↳ AKA : the answer to the ultimate question of Life,
the Universe

,
and Everything



Germain breweries visits the Catalan Zoo p-n

The breweries numbers Krew 45:=É_H count ; 7--4 " ".MY?....nmjsym4S---F:...mH
i
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Dyer Paths whose vertical runs Noncrossing Partitions whose blurs
determine a partition 7 deterine a partition 7
Krew (7) I 4 2 6 I => 14

7 14 ) 13,1) 12,25 12.1.15 4.1.11)



Jean-Louis today visits the Catalan Zoo

f- vector 2-dim>l faces 7
12,21

Fo = 14

/
"" 8175=-62--3

"

type
"
-
_

• ="
13,1)

fr = 9
"

type
"

Fs = I

8175=-4--6

The today numbers 845 :="tʰ count In-rtdimsl faces ofSynod
the associahedron that are indexed by Hi+2b-yous



Aside : Compositional Inverses

Question : Find gcxss.tk . flgCxD=X when Face #s

fC✗J=X -104×2+012×3 -1 - - - +Qnx
""

+ - - . 14 ,

"

"Answer :

gCxS=X, -16,42+62×3-1 - - - - + bn# + - . . 6+3=9

ITb. = -04 62=2042-02

63=-50,3+50402-013 64=14044 -21042012+604013+301,2-014

Theorem [ today] gad = -2 C- 15dm"! -110in
,,

f- face of
Associahedron



Parring @ the Catalan Zoo

A parring function is a word 04
, ..
.,an Sn acts on positions and the

such that its non-decreasing rearrangement orbits are indexed by Dyer paths
b, ≤bz≤ . . _

≤ bn satisfies bi ≤ i
p→→→
I
1 111

111

4-0-0
→

1-0-0112 121 211 7 Sn F. pad
I 112 I 113 Fd 122

113 131 311

122 212 221 PFFp 23
123 132 213 231 312 321

The non-decreasing
representatives prescribe
the vertical runs

corollary : Parrln)≈ ⊕ krewys.IS?trivSn 7th



The algebraic Parring space
Thm ( Hainan] : The character of Parr Lns is given via :

Use as { Sn
≥ g- (n+154<195-1
-definition Trace

parring
(9) = # { Parring functions}fixed under

g

Thm (Hainan -Kraft] :There exists a homogeneous system of parameters
91,92

,
- -

,
On such that

↓ -

des--1 deg=n-11 GIV]/(qq.gg =sn Parr(n)
ambient ]
space

Corollaries : ①Natural g- versions

① Interpretation of Krew (7) as structure coefficients



From Sn to reflection groups
W

iReflection groups are. . -
finite subgroups W≤ GLORY .

-

generated by Euclidean reflections? i

'

Ii (3)= Az II.4) ≈Bz

Reflection groups are .. . %"
classified in four infinite families An, Bn , Du, and Izlms

↓

hyperoctahedral dihedral
and some exceptionals ( Hs,H4, Fei, EG, Et, Es)

Reflection groups have no

• nice presentations W=Lsi
, . . ..sn/si--(SiSjSmii-- I >
-

simple gen's

• Coxeter elements c=s, .si - - Su order Ccs -_ hi
>
"Coxeter
number"



From Sn to reflection groups
W : Partitions

A partition
{ { 13,4 }

,

{ 2.6.78}
,

{5}} many *
%

determines an intersection
of hyperplanes : a "flat"

Xi=X} DX>= ✗4 NXEXGN ✗6--1177×7=118 W- orbits of flats [×]

play the role of cycle types
exceptional numerology :

"

group exponents
"

✗btw
,

ts
"

Lt - e.is in Sn :ei=i
✗- characteristic polynomial i. = I

d-w → reflection arrangement
"Orlin-Solomon exponents"

Ani → restricted arrangement ✗ (Aw×,tS=×
'

Lt - bi) insn : bi=i
i.= ,



From Sn to reflection groups
W : Dyer paths

Dyer paths Order ideals in
Root Posets

•

q→→↑%
"

G-eco

÷ • O

Eres Cicco

Pears become • • •

;¥%
'
"
"

top elements e.-en Eres es-es

?⃝ • • • •

10,0 ) even eve} G-E, Gies G-Co

Ord.Id
.krewyt-h-k-hr-Im-ykrewwuxy-T-E-b.itSynod [Nlxb :W×][Sommers

,

'03]
#of Dyar paths of

"

type
"

} # of order ideals of "type
"#



From Sn to reflection groups
W : Noncrossing Partitions

Arts} B3
(123 )

•
The W - noncrossing partitions 23 'T Coxeter element

• .
are defined as the interval ¢1M

9- 3225 'T 2 'T }

}B2¢zII] AYA• . .

NCLWJ := [1. c)
≤r
under A2 / % %Éi

,
"}

• . • . •
-
. the order ≤R induced

723ii. 5 2- IT Isi } }B '(b) 12) 4) 123) 42113) by reflection length 321/525A ' { 132 155 125
9

"
123
"

•
' '

•

(1) (2) (3)
[Athanasiadis-Reiner]

NLkrewkt-h-n-l-m-skrewwaxy-T-E-b.itSigmas (NCH :Wx]
# ofnoncrossingofcgg.pe 7

A- of W - noncrossing partitions
partitions of "type

" [×]



From Sn to reflection groups
W : AssociateIra

As - Associahedron B.3-AssociateIron
"

cyclohedron
"

Chapoton-Fomin - Zelevinswy
- construct a simple -

÷. ÷::÷÷÷
.

O_0

clusters of the

cluster algebra ofW

The today numbers Thm [D.iosuat-Verges] Bi. → -28=4817s-_€É =>sym GS gw ([xD =
Exit
( Nas :W×] Az : → -28=4

=# of faces of
"

type
"

} =# of faces of
"

type
" [X] A. ✗A , : us -82=4



From Sn to reflection groups
W : Parring spaces

Parrln) ≈ GIV]/(⊖, Armstrong-Rhoades-Reiner Parr%w ≈ EW]/( gw)and Etingov construct
9h> (n-115949>-1 h.s.o.p.is of suitable gr>(h-11µmWH

⊖ : homog. degrees =L,n. . ,n degrees that generalize ⊖ : homog. degrees =L,n. . ,n
carries standard Sn -rep

those of Sn carries W- reflection repn .

Ord
.
Id

.

Theorem [Sommers] ⊕ Krewwax])•↑w wwithin ≈wP◦yjᵈ9[XJGLWIW"

type- independent"

Question : What about KrewNew Lexx ?



Goal : A type- independent proof of Party ≈wBwF'w
NC

Parrncw :=⊕ Krewwax]) •↑ww×ᵗriv
☒ C-Lwlw

↳ W-noncrossing PartitionsPlayers : II ? ? I

g
> Order ideals in Root Posets
Ord

. Id
.

Parikh : = Ecu]/( ≈⊕ Kreww (1×3) •↑ww×triv
a) C-Lwlw

[ g-sch+ 1)
dim (V9 ]

Consequence :
NC Ord

. Id
.A type- independent proof that krewwcx] = kreww axis



The m-W-Fuss version : Dyar paths & parr%9c.ms
Dyer paths 10,0)-> Cnn) Paths 10,01->Cnn-ibn)

µF¥
"

→ *→¥"
.IE#---------

¥0,0) 10,0)

Krew (7) =tHm-rrewyj-m-n.mil#m-r+DSymC7SSym 4)

☆☆☆ ☆☆☆ ☆☆☆ ☆☆☆ ☆☆☆ ☆☆☆ ☆☆☆ ☆☆☆
algParr%9:=GCv]/( ow, Parrwlmb :=£%⊖w.mg

gr> (h+lµim(V95
~>

g(mh+ /jdimlv 'S
→

0-w-h.s.o.fr . degrees -_ hit 0-w.m-sh.s.co.p. degrees __mh -11
Structure

structure algcoefficients trew%%xD=b coefficients m- KrewwGxD=[Ncxs:W×] [NHS:W×]



The m-W-Fuss version : Non crossing Partitions
( 1234)m=l case arbitrary in case

(134%5%3) drug 11345 # of chains in NCCWS
# of starting d- an element
in NCCWS of

"

type
" [×]

of
"

type
" CX] ¥

krewN↓axD=T mus Nc

(Next :W×J -y
m- Krewwccx]j=T+-bINCH :W×]
[ Rhoades][Athanasiadis -Reiner]

NC
Define ParrN↓(m) :=⊕m-Krewwax])°↑ww×triv(x]ELw /w



The m-W-Fuss version : W - associatedra
m=1 case arbitrary m case

• No polytope

¥. t.co " ""algebra
• Yes complex
(simplicial)

W - associiahedron W- cluster complex
Than [D.isosuat-Verges]Thin [D.isosuat-Verges]

m- 8w4x]S= ¥+4b
;D

gw([xD = ¥+11M mfr> ( Ncxs :W×J
( Ncis :Wx]

=# of faces of
"

type
" [×]

=# of faces of
"

type
" [×] in m- cluster complex



Goal : A type- independent proof of Party (m) new Parit
'
(m)

W

NC nw
Parr% (m) : =⊕ m-Krewwax]) . /wxtriv

☒ C-Lwlw
↳ chains of W-noncrossing PartitionsPlayers :

Paraffin) : = Ecu]/( ≈⊕ m-Krew% 6×35 •↑wwxtriv
MELwlw [

,;=Tht-
9ns (m h+ 1)

dim (V9
(NH) :Wx]

Consequence :
NCA type- independent proof that m- krewwcx]=ÉÉY

(Nas :Wx]



Idea of the Proof
Whitney #s Face #s

( 1234) A
14aÉ% liras 4is 134s 6=4+2

→ "

(sus Ñ Iii, cos ¥ ¥ 6 ←
6+3=01

#
u r

h- f p ;
transform

Recursion Recursion
On chains

on faces
① Find combinatorial recursions that determine

the chain numbers?

② Prove the same recursions for structure coeffs
€ʰ+t¥
INCH :Wx]

P? Must go through cluster complex ??



Structure of the proof : Recursion on chains
A natural recursion Count chains of length

112341 for Zeta polynomials
:
m W.ro to their tr- th
element lm=r+H(134%34%2) liras 4is 1345

I Nc NC Nc
bus Ñ Iii, cos ciis ¥ m-krewwkxlf-EK-knewwykxy.ir- beww([y])#

" [ "X"
,
c)

≤• (" X "
,

"

Y
"]≤
r

[" Y "
,
c)

≤p.

In terms of algebraic
Parring space paraffin,

( 1-+ Kh )ᵈim""=¥ytᵈim"! "É¥h;(×,, [D. '2h]in

↑ via

↑ W-Laplacian
(recall g→lmh+Dʰ'm"" ] p◦wjᵈ°↓(my Parrot:(H



Where is this coming from ?

Matrix Forest Theorem ( For complete graph kn , unweighted
(t + njh- ' = É c.rot

"

=\ ↳ # of rooted forests on In] WI tr trees

Example : It -145=43 + (4.5+312.25) . t + 6. 2. t
'
+ 1. t

'

w - ¥. ÷HE
.

A.
•

;•;•
( f /generalizesto :

Laplacian Recursion Lemma [ Chapuy - D. '20 & Burman]
For every hyperplane arrangement A there is a Laplacian LA and

deftly + t) =-2 pdet (Las . thinks
✗ ELA ↳pro×duct of non-zero eigenvalues



Structure of the proof : Recursion on chains Problem?
Chains may be lazy?

( 1234)
NC NCaÉÉ alias isisas m-krewwkxk-EK-knewwykxD.ir-Kratky])i

↳us ciii, iiis us ¥ ¥ [ "X"
,
c)

≤a c)
≤p.#

"

RHS contains the interval [ " X"
, c)≤r

twice !

NC NC NC

krewwkxtml-krew%ad.H-krewwlad.rs = -2 krewwyaxl.rtkrewfucey.rs
☆ Linear term is not determined? ¥ÉÉyidÉ



Structure of the proof : Relate with m-cluster complex

Whitney #s Face #s11234) p h- f
14(134%34%2) liras 4isisas 6=4+2 transform

'
•

→
"

134s Ñ Iii, cos ¥ ¥
#

←
9=6+3

" ' Ehrt? -2 frlt-15 a i

NC
Combinator ially : fw ( (Xfm) = -2 4. y

• KrewWHY]) ffosuat- Verge;D.]a) ≤1×3 ↓

t=mh+ / ↓ ↑ refines (7) f)
Algebraically : Tkttbi)=EcCA4 ◦ Tilt -bi") ( Kung's identity)YCX



Stricture of the proof : Face Recursion on cluster cx

Face #s
• Faces are smaller associatedra

14
(m-cluster cx's)

:*
.

• Faces are simplices?
01=6+3 '

i

Combinatorially ( difdd.tw ( (Xfm) = -2 8W (( Y) , m ) • fwy 6×3, m)a) ≤1×3
dCYS=r

Algebraically (ᵈi%×(mh+l+bi) = -2 ☒(mh-il-biYD.IT/mhilx.yS+l+bY)]
y≤ ×
does:b



Structure of the proof : Technical part
⑥ no Ñlmhtdi)=(mh+2) . -2 IT (mhicwy-dicw.gg

"""_

Readingin LELIA i='

① not .TT/mh+diS--ET(mhilXb-2) induction on@
in ✗complete

flags
extracting② ni.h.tw/.&-d;--2n-:-zhilX linear term

i =\ . _ n

counting③ nf.h.tw/.Edi=EcodimCxS..CdimCxs-lH.cLAx).IclAYohl7,X) chains
it ✗ 6-La 2- C-AX

✗1=0

④ b. Edt
,

= -2
HEA

lots of simplicial geometry

⑤ A- { H : Sais full support] =# . T¥_ enumerate H Wrt support
of SH



Thank You
◦ Counting nearest faraway
flats for Coxeter chambers

: 2209.06201

• The generalized cluster complex:
refined enumeration of spaces

2209.12540

(w/ M . 3-V)
• Reflection Laplacian, parring spaces,
and multiderivations in Coxeter - Catalan

soonP

• Recursions and Proofs in Catalano
(w/ M

. 3-V5 in preparation



The Algebraic Parring Space Recursion

Theorem (Do]

alg 019 alg
Parrwlms = ④ krewwkxs.ms.TW Parr t.rs

1×36-1/w Wx Wx

Questions : ⑤ Interpretation via shift functors in
Cherednir algebras ?

⑤ g- version
?

⑥ Combinatorial interpretation in Order Ideals ?


