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Parring functions and Parring Spaces
Classical Dyer path

words 04,0h
.
. . ;Qn such that Dyer paths 10,0) -> (h-il.us

non-decreasing rearrangement with labels i on columns ai

increasing on vertical runsdikbz± - - - ton has bike

④ [ Ss :S,] ← ① ¥¥--
112 121 211 ③

r¥÷113 131 311 (Sz :Sz×S,]{ ③
122 ④ 221 ③

123 132④ 231 312 321 ⑥ → IS, :[d) EYE
# =5=Lat(3) Sum -16=13+15 '



Parring functions and Parring Spaces
Kreweras numbers :

There are Krew (µ :-.
-1 ( n -11

ya , ) Dyer paths w/ vertical runs 1=41 , ;Dh-11
w

part-mutt's

7=135 1=12,15 7=11,1 , 1)

¥→→÷ µF
"

g-
F-
-

foot
"

µ→F→
Krew ( ii.H= -414,1=-4 . 1=3

Sn - action : The symmetric group Sn acts on positions with orbit

representatives the non-decreasing parring functions



Parring functions and Parring Spaces
Definition : Parr 1ns :-. { Parking functions} with natural Sn action
- on In]
Sn- module

#cyclist -1
( Dim = In -115" )character calculation : ✗

parring
( Ti) = (n + 1)

Orbit decomposition : Parras = ④ Krew 4) • Tsh
s
,

triv
7th

↳ Possible labeling#of Dyer paths
of each Dyer path .10,05 -> lni-l.us w/ vertical

runs given by 7=171, - its)



Rational Parring functions and Parring Spaces
Classical m - Fuss Dyer path

words 04,0h
,
. . ;Qn such that Dyer paths 10,0) -> 1mn -11,h)

non-decreasing rearrangement with labels i on columns ai

increasing on vertical runsdikbzt-r.com has bit /+mli - 1)
111 -> I

→→→→

112 113 313 { EH?
114 115

122 ⑤ } 603=18
,

214 { t.tt#---123

④ 134/506=30
25 , { %¥¥÷°⑤ 135

Sum = 49=12.3+15 '



Rational Parring functions and Parring Spaces
Kreweras numbers :

em>
There are Kraut}b:=

-1 (myhijs ) Dyer paths from 10,0s to lm.n-ii.usMh"
w

w/ vertical runs 1--41 , --ispart-mutt's
m=2

,
h=3

7=135 1=12,15 7=11,11)

¥-0
-0--0--0-0

g-
-0--0--0

p-o-o-o-o-oy-p-o-o-o-o-o-o.toF-
"

I µ→__!→→
• or 0

10-0-0--507µ→-F°→→→→ q→→→F→→→
,

e 0 0

I
o 6 0

7 !

① kreiiiu.ist-f.li?il----iT.si--⑥ ⑤



Rational Parring functions and Parring Spaces
on> m- Fuss

Definition : Parr 1ns :-. { pouring functions } with natural Sn action
-

on In]
Sn- module

#cyclins -1
Character calculation : ✗paying,

( Ti) = (mn -11) ( Dim --1mn -115" )

2ms <my

Orbit decomposition : Parras = ④ Krew 4) • Tsh
s
,

triv
7th

#of Dyer paths
↳ Possible labeling
of each Dyer path .10,05 -> 1mn-11,n) w/ vertical

runs given by 7=171, - its)



Main Theorem for Symmetric group Sn

2ms

Orbit decomposition : Parras = ④ krew%71.PE
,

triv
7th

} generalizes to }
Lrs LrsFor all m.hr C- Iso parish>(n) = ④ Krew (7) • Ts" Parr (Sg)with m=r+r 7th Guy

Pair" is ☒ - . . ☒Parity
Question 11*3 : Give combinatorial interpretation.
Question 2 : Give a,t- version .



Interpretation via non crossing Partitions

(Armstrong-Williams- o..)
b-divisible b- chains

b-Fuss Parring non - crossing of non- crossingfunctions partitions of Irn] partitions offs]

5¥¥⇒##n2¥±¥±±± i;¥¥¥¥¥¥¥*;¥¥; " s

§→ ! f Refinement
7- 6

1=42,15 1=42,15×2
5€17 ?
4 3 12.2.15



Towards a combinatorial proof of Main -1hm in Sn

Lrs LrsFor all m.hr Eko Partin>(n) = ④ Krew (7) • TS"
s
,
Parr (g)with m=r+r 7th
my

Pair" is ☒ - . . ☒Parity
FI

'

Ii R
Ed :-X IT

.
i. % I.

corresponds to enumerating
length -m chains Wrt

their b- th element

• O

O ⑥



The Noncrossing partition lattice and famous names

Catalan #s Narayana #s Kreweras #s
FI 1 I

¥:ÉÉ- 6 4+2
0-0

I

14 7=13.11
↳
t.ws

6 6

• • 1 I
0 ⑥

→ Not me? Ism crossing? ¥11) F. (1) • (v1) ¥ (Yj,)
records d

multiplicity of parts



The noncrossing lattice as an interval in Sn

* cycle notation

FI 11234)
Air
¥ HE i. 1

.

-

usÉ alasisins0-0

*""¥,,iÉ
-. : : : : : :\: ÷

*t
• •

1)

Theorem [Biane
'
96] Maximal chains correspond to minimum length

transposition factorizations of the long cycle.There are h""
many?

134) . (145.1125--4234)



Coxeter Combinatorics
Motto : If you live it in the symmetric group, you will love it in . . .

Finite Coxeter
groups:

These are the finite subgroups of Gln GRS generated
by Euclidean reflections

Sz

Sze Az : ☒s
. Bz :

Is
,szlsi-si-ls.si?- Is 45,515--4--155,54=15

• The product si.sn of the simple generators and any conjugate element
are called Coxeter elements

.
Their common order is h l the Coxeter #

• The set of all reflections determines a length function drugs
and an order UERV <⇒ lrlub-idrlu-i.vb-lp.ws



Coxeter - Catalan combinatorics
T>Fixed

Wa Coxeter group.
Then NCCWS :=(e. c)±

,
f- { gc-ws.th.gkp.es ↳× .

- ett
.

"

noncrossing partition lattice ofw"

* one-line notation B
,
- Catalan #s Bs Narayana #s B- Kreweras #s

23 'T f f
Hit

25T 21=3 732 one •=• •
•

. sit 9 3+3+3% it}ii%"215 20
2%5 I -2/3 / ft 23321/525 153 9 6 -13
132 155 125

"125 I I



Finite Coxeter groups : Numerology
^

= .,•;¥,
✗ ttss.tt -2µW,xttdimlxl

XEV
i. To . ↳
!

=P -13.1-11.1-+2
\ I ✓

•

•

.

= It-1111--21

• Group exponents: The ( integer) roots of ✗ btw.tl → = Ttt- ei)

• Orlin-Solomon exponents : The (integer) roots of the characteristic
polynomials of restricted arrangements ✗ (Agt) = IT (t -bit

• In the symmetric group : { ei]={1,2, . . ;h - I }

{ bit __ {1,2. . . .. dim 1×1 }



Coxeter - Catalan combinatorics

symmetric group Sn case Finite Coxeter group W

Catlins __ ¥114
catcws=É1

Narln,H= -1.111.1¥
,) Narlwirs-IKrewlw.is

✗ c- Kw

dimly
brewas (Fids) krewcw,×s=

INCH :Wx]

The (a) Coxeter-Catalan problem : U-ndwstw.cl these formulas
without relying on the Coxeter classification



m -Fuss - Catalan combinatorics

Fuss- versions of famous names?

( 1234)
t.ms

Cat CW ) := # { Hrw , Er - - - Erwin Eric}

usÉ ah
, %usw, catmiwl-T-E-e.tn

IWI
"

Chains of length m in
*""

the nonwossing lattice
"

*☒if
krew%w,x1 :-. # { Hrw , Erk -

- - Eres -th
. v%x}

↳ "

of type X"

chains of length -m . . .

2ms

Krew 14×1=1%-1--6.¥
starting at

"

cycle type" X . { lncxs :w×]



m -Fuss - Catalan combinatorics

symmetric group Sn case Finite Coxeter group W

Cat
'm>
cus --¥, HI

") catches = Is

Lin>

Narln,H=÷( II. ( FT) noiiiw.rs -- I rreiitw.si
✗ c- Kw

dimly

trrewijj-m-n.fm
""

<m>

441 ) Krewcw,xs=
1

INCH :Wx]

The (a) Coxeter-Catalan problem : U-ndwstw.cl these formulas
without relying on the Coxeter classification



Combinatorial Recursions : Zeta Polynomials
A natural recursion

for Zeta polynomials
: KreÑ%w,H=EKreÑ%Wy,x) • Wrew%w,yj

m=r+r [ "X"
,
c)

±,
(" X "

,

"

Y
"]±
,

[" Y "
,
c)

±,

Lm> Lms
In terms of Parr (w ) :=④ Krew (WH) .TWwxtriv
Fuss - W - parring space Wttw /W
this becomes . .o Main theorem via combinatorics

for a"mrrE%o§arimyw=☒kreiiYw,¢TWw×Par%W×htfgw.tkm=r+r lHtLwlw
my

pair"W☒ - - - ☒ Partisans



Parabolic Recursions : Numerology

parirmyws-0-kreiilw.xgtwwxparihw.is
thwlw

For the character dimh-l-diw.lk
calculation

this becomes lrh-itbd.in#--ExlAYtl1TlrhiLyzj+1 )
thy YCZ i= ,

or equivalently :

⑧
l Mobius trial µ lh-itjdin.lt?-zdim-iiihYYyzg.tdimlH]

Ycz
it

> Theorem [D. '21]



Recursions and Proofs
2ms Lrs Lrs

krewlw.xt-EKrewlwy.H.krewlw.it)
[ "X"

,
c)
↳ (" X "

,

"

Y
"]±
,

[" Y ",c]±pRewrite :

krewlw.X.mb-krewlw.xil-krewlw.gr) = I brewlwy.X.rlokrewlw.gr/-Y=i.nEFid?☒ Linear term is not determined?

HelpPP

Still : All m- Fuss formulas reduced to m= / case
. Ro

L D
.Also : Sufficient to recover formulas for "coincidental

"

types } ?A-

R
'
21where { bi.o.o.ba?mw, } form arithmetic progression E



Where is this coming from ?

Matrix Forest Theorem ( For complete graph kn , unweighted
(t + njh- ' = É c.rot

"

=\ ↳ # of rooted forests on In] WI tr trees

Example : It -145=43 + (4.5+312.25) . t + 6. 2. t
'
+ 1. t

'

w - ¥. ÷HE
.

A.
•

;•;•
( f /generalizesto :

Laplacian Recursion Lemma [ Chapuy - D. '20 & Burman]
For every hyperplane arrangement A there is a Laplacian LA and

deftly + t) =-2 pdet (Las . thinks
✗ ELA ↳pro×duct of non-zero eigenvalues



The W - Laplacian and its determinant

W is a Coxeter group acting on ✓=D" . It has set of reflections R , root

system 10, and reflection representation pv .
Its W- Laplacian Lw is :

Defn 1 : Guv> 3- Lw : = -2 ( In - puts) Defn2 : Lw Lv) :-. -2 Lu, I > • 6

"R ↳ the nxn identity matrix
6£01

'TP
•

y
l graph

P TaÉ;÷÷÷t¥¥÷=El:÷÷:1=÷HiH÷i://mnmjh-I.EU
by construction and W- invariance : def (Lw ) =L

"
this the Coxeter # ofw)

detclwj-i.iq?iiiYwxs



Recursions and Proofs in Coxeter- Catalan Combinatorics

Thank You
"

The CAGE Seminar"

Part 1 : arxiv : 2109.04341 → joint w/ Guillaume
Lhapuy

Part 2 : In preparation
.



Real coincidental reflection groups

corollary ① ¥
,

lmhtei -its
= ¥,

. Coital'"'Lwdwas -

(for x-4035 I W 1

If we set

⇒ Tki4i = cosmos"Tws;¥¥
.

geniuscat
" 'Tins

we have

* This is easily equivalent w/ Fomin - Reading recursion

Corollary 3 : For real coincidental W Catalan>Cws = (atwmdimscwg

Additional combinatorics of
Pnjwl Biome

,

Sosaat -Verges should further give Pow}''
-"

Cws new
Partin"
"

Cws
( for real coincidental Woo .S


