AN OVERVIEW OF A THEOREM OF FLACH
TOM WESTON

In recent years, the study of the deformation theory of Galois representations has
become of central importance in arithmetic algebraic geometry. The most fundamental question in this field is the explicit determination of universal deformation
rings associated to given residual representations. It was observed by Mazur in
his first paper [Maz90, Section 1.6] on the subject that the solution of this problem is immediate if a certain Galois cohomology group associated to the residual
representation vanishes.
The goal of this paper is to provide an overview of a theorem of Flach which
yields the vanishing of this cohomology group for many mod l representations coming from rational elliptic curves. We do not seek to give a complete proof; we hope
only to make clear the main ideas. In the process we will touch on many facets
of arithmetic algebraic geometry, including Tate’s duality theorems in Galois cohomology, generalized Selmer groups, Kolyvagin’s theory of Euler systems and the
geometry of modular curves.
The work we will describe actually has another, more direct, application: it can
be used in many cases to prove the Taylor-Wiles isomorphism between a certain
universal deformation ring and a certain Hecke algebra. We will not touch on this
aspect; for details, see [Maz94] or [Wes00].
We have tried to keep the prerequisites to a minimum. The main requirement
is a good familiarity with Galois cohomology. The algebraic geometry we use is
mostly at the level of [Sil86, Chapters 1 and 2], which the exception of Appendix
B, which is significantly more advanced. Some familiarity with elliptic curves is
helpful, although with the exception of Appendix A we will use little more than
the Tate module and the existence of the Weil pairing.
I would like to thank Brian Conrad, Matthew Emerton and Karl Rubin for teaching me much of the material presented here. I would also like to thank Fernando
Gouvea for encouraging the writing of this paper. Above all, I would like to thank
Barry Mazur for his constant help and insights; I can only hope that his point of
view is visible in the mathematics below.

1. Unobstructed deformation problems
Let GQ,S be the maximal quotient of the absolute Galois group of Q unramified
away from a finite set of places S. Let l be a prime number and let ρ̄ : GQ,S →
GL2 (Fl ) be a Galois representation. Under certain additional hypotheses (for example, if ρ̄ is irreducible) we can associate a universal deformation ring R(ρ̄) to
such a residual representation; see [Gou], [Maz90] or [Maz97] for details.
In general the determination of the structure of the ring R(ρ̄) is quite difficult.
However, in at least one case the determination is easy: let ad(ρ̄) be the GQ,S module of 2 × 2 matrices over Fl on which γ ∈ GQ,S acts via conjugation by ρ̄(γ).
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If
H 2 (GQ,S , ad(ρ̄)) = 0,
then R(ρ̄) is isomorphic to a power series ring in dimFl H 1 (GQ,S , ad(ρ̄)) variables
over Zl ; see [Maz90, Section 1.6, Proposition 2]. If this is the case, we say that the
deformation problem for ρ̄ is unobstructed.
Our goal in this paper is to explain the main ideas of the proof of the following
theorem of Flach.
Theorem 1. ( [Fla92, Theorem 2]) Let E be an elliptic curve over Q, let l ≥ 5 be a
prime and let S be the set of places of Q at which E has bad reduction, together with
l and ∞. Let ρ : GQ,S → GL2 (Zl ) be the representation of GQ,S on the l-adic Tate
module of E and let ρ̄ : GQ,S → GL2 (Fl ) be the residual representation. Assume
further that:
• E has good reduction at l;
• ρ is surjective;
• For all p ∈ S − {∞}, E[l] ⊗ E[l] has no GQp -invariants;
• l does not divide the rational number L(Sym2 Tl E, 0)/Ω, where Sym2 Tl E
is the symmetric square of the l-adic Tate module of E and Ω is a certain
period.
Then the deformation problem for ρ̄ is unobstructed.
In Appendix A we discuss precisely how stringent these hypotheses are; the main
result is that for fixed E which does not have complex multiplication, then they are
satisfied for a set of primes l of density 1. We will explain the fourth hypothesis in
Section 5.
We should note that this theorem uses in a crucial way the fact that E is modular,
and thus stating it in the form above relies heavily on the recent proof of the
Taniyama-Shimura conjecture.
2. Galois modules and the calculus of Tate twists
We begin with some formalities on Galois actions and certain commutative algebra operations. Let S be a finite set of places of Q including the prime l. Let M
and N be Zl -modules with GQ,S -actions. We make the tensor product M ⊗Zl N a
GQ,S -module via the diagonal action: γ(m⊗n) = γm⊗γn. We make HomZl (M, N )
a GQ,S -module via the adjoint action: γf (m) = γ · f (γ −1 m) for f ∈ HomZl (M, N ).
Note that the GQ,S -invariants of HomZl (M, N ) are precisely the GQ,S -equivariant
homomorphisms HomZl [GQ,S ] (M, N ). Throughout this paper we assume that the
base ring for any of these constructions is Zl ; we will usually omit it from the
notation.
Now assume that M is free over Zl of rank 2. We define the symmetric square
Sym2 M of M to be the submodule of M ⊗ M which is invariant under the automorphism of M ⊗ M interchanging the two factors. If x, y is a basis for M , then
x⊗x, x⊗y +y ⊗x, y ⊗y is a basis for Sym2 M , so that Sym2 M is free over Zl of rank
3. In fact, if l 6= 2, then Sym2 M is a direct summand of M ⊗M ; the complimentary
summand is the alternating square ∧2 M , which has basis x ⊗ y − y ⊗ x:
(1)

M ⊗ M = ∧2 M ⊕ Sym2 M.

One checks easily that Sym2 M is stable under the action of GQ,S , so that it can
also be considered as a GQ,S -module. We also have an induced action of GQ,S on
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∧2 M , and with these actions the decomposition (1) is a decomposition of GQ,S modules.
The module of endomorphisms End(M ) admits a similar decomposition. (As
always we let GQ,S act on End(M ) via the adjoint action.) The scalar matrices in
End(M ) are a free Zl -module of rank 1 with trivial Galois action, since conjugation
is trivial on scalars. Thus we have a canonical decomposition
End(M ) = Zl ⊕ End0 (M )
where End0 (M ) denotes the trace zero matrices in End(M ) and the first summand
corresponds to the scalar matrices. (We always take Zl itself to have trivial GQ,S action.)
Now let E be a rational elliptic curve and let l be an odd prime. Recall that the
l-adic Tate module of E is the free Zl -module of rank 2 defined by
Tl E = lim E[ln ].
←−
If S is any set of places of Q including l and the places where E has bad reduction,
then Tl E carries a natural action of GQ,S . Upon choosing a basis for Tl E we can
view this as a representation
ρ : GQ → GL2 (Zl ).
The Galois module which will actually prove most relevant to the proof of Theorem 1 is the symmetric square of Tl E.
We can perform a similar construction with the l-power roots of unity: this Tate
module, lim µln , is written as Zl (1). Thus Zl (1) is a free Zl -module of rank 1 on
←−
which GQ,S acts via the cyclotomic character
ε : GQ,S → Z∗l ;
here S is any set of places of Q containing l. For any n > 0, define Zl (n) to be
the tensor product (over Zl ) of Zl (1) with itself n times. Define Zl (−1) to be the
integral Pontrjagin dual Hom(Zl (1), Zl ) of Zl (1), and define Zl (−n) as the tensor
product of Zl (−1) with itself n times. Thus Zl (n) is a free Zl -module of rank one
on which GQ,S acts via εn . If M is any Zl -module with an action of GQ , we define
its nth Tate twist by
M (n) = M ⊗Zl Zl (n).
M (n) is isomorphic to M as a Zl -module, but they usually have different GQ actions.
A key property of the Tate module of an elliptic curve is that the Weil pairings
E[ln ] ⊗ E[ln ] → µln
compile to yield a perfect, skew-symmetric, Galois equivariant pairing
e : Tl E ⊗ Tl E → Zl (1).
See [Sil86, Proposition III.8.3]. Since e is skew-symmetric, this implies that ∧2 Tl E ∼
=
Zl (1). We record some additional consequences below.
Lemma 2. The Weil pairing induces a Galois equivariant isomorphism
End(Tl E)(1) ∼
= Tl E ⊗ Tl E.
This isomorphism restricts to an isomorphism
End0 (Tl E)(1) ∼
= Sym2 Tl E
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of direct summands.
Proof. The Weil pairing yields a duality isomorphism
Tl E ∼
= Hom(Tl E, Zl (1)),
essentially by the definition of a perfect pairing. Galois equivariance of the Weil
pairing implies precisely that this identification respects Galois action, thanks to the
definition of the adjoint Galois action. Tensoring with Tl E now yields the first statement of the lemma, since Hom(Tl E, Tl E(1)) is visibly isomorphic to End(Tl E)(1).
Explicitly, the above isomorphism sends t ⊗ t0 ∈ Tl E ⊗ Tl E to the function
0
t ⊗ e(t, ·) ∈ Hom(Tl E, Tl E ⊗ Zl (1)). To check the second statement, we can ignore
Galois actions and we simply have to check that symmetric elements of Tl E ⊗ Tl E
correspond to trace zero matrices in End(Tl E). This follows immediately from the
fact that the Weil pairing is alternating; we leave it as an exercise.

If M is any free Zl -module with an action of GQ,S , we define its integral Cartier
dual M ∗ to be the GQ,S -module Hom(M, Zl (1)). (Often the term Cartier dual is
used for the module Hom(M, Ql /Zl (1)).)
Lemma 3. The Weil pairing induces an isomorphism
(Tl E ⊗ Tl E)∗ ∼
= Tl E ⊗ Tl E(−1).
This isomorphism restricts to an isomorphism
(Sym2 Tl E)∗ ∼
= (Sym2 Tl E)(−1).
Proof. In general, if A and B are any free Zl -modules with GQ,S -actions, then
(A ⊗ B)∗ ∼
= A∗ ⊗ B ∗ (−1), as one checks easily from the definition. In our case, the
Weil pairing shows that (Tl E)∗ ∼
= Tl E, and the first statement follows. The second
statement is immediate once the first isomorphism has been made explicit; we omit
the details.

3. First reductions
In this section we will use various global duality theorems of Tate to reduce
our calculation of H 2 (GQ,S , ad(ρ̄)) to the vanishing of a certain Shafarevich-Tate
group. For the remainder of the paper we fix a rational elliptic curve E and a prime
l satisfying the hypotheses of Theorem 1. Let S be the corresponding set of places
of Q. Note that as Galois modules ad(ρ̄) ∼
= End(E[l]); we will use the notation
End(E[l]) from now on.
We begin with the following small piece of the Poitou-Tate exact sequence (see
[Was97b, Section 8] for statements and [Mil86, Chapter 1, Section 4] for a proof;
here we are using the fact that l 6= 2 to eliminate the terms at infinity):
Y

H 0 (Qp , E[l] ⊗ E[l]) → Hom H 2 (GQ,S , (E[l] ⊗ E[l])∗ ), Z/lZ →
p∈S−{∞}

H 1 (GQ,S , E[l] ⊗ E[l]) →

Y

H 1 (Qp , E[l] ⊗ E[l]).

p∈S

Tensoring the first isomorphism of Lemma 2 with Z/lZ yields an isomorphism
E[l] ⊗ E[l] ∼
= End(E[l])(1).
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Together with Lemma 3, this implies that
(E[l] ⊗ E[l])∗ ∼
= End(E[l]).
Thus the above exact sequence contains a term which is (only non-canonically)
isomorphic to H 2 (GQ,S , End(E[l])); since to prove Theorem 1 we need to show
that this group vanishes, we see that it will suffice to show that the two groups
Y
H 0 (Qp , E[l] ⊗ E[l])
p∈S−{∞}



X1 (GQ,S , E[l] ⊗ E[l])) = ker H 1 (GQ,S , E[l] ⊗ E[l]) →

Y

p∈S



H 1 (Qp , E[l] ⊗ E[l])

both vanish.
The vanishing of the first of these groups is the third hypothesis in the statement
of Theorem 1. For the second, we first write
E[l] ⊗ E[l] = ∧2 E[l] ⊕ Sym2 E[l] ∼
= µl ⊕ Sym2 E[l].
(The isomorphism of ∧2 E[l] and µl comes from the Weil pairing.) One sees immediately from this that there is a corresponding decomposition
X1 (GQ,S , E[l] ⊗ E[l]) ∼
= X1 (GQ,S , µl ) ⊕ X1 (GQ,S , Sym2 E[l]).
The first term is easily dealt with. We will need the following results, which will
also be useful later when dealing with Selmer groups.
Lemma 4. Let A be a GQ -module which is unramified away from a finite set of
primes S. Then


Y
H 1 (GQ,S , A) ∼
H 1 (Ip , A) .
= ker H 1 (Q, A) →
p∈S
/

Here Ip ⊆ GQ is the inertia group at p.
Proof. See [Was97b, Proposition 6] for a proof. The idea is simply that cohomology
classes for GQ,S are automatically unramified away from S and therefore are trivial
when restricted to the corresponding inertia groups.

Lemma 5. Let p be a prime different from l. Then the maximal pro-l quotient of
the inertia group Ip is isomorphic to Zl as an abelian group. If GQp is made to act
on Ip by conjugation, then the maximal pro-l quotient of Ip is isomorphic to Zl (1)
as a GQp -module.
Proof. Recall that Ip = Gal(Q̄p /Qur
p ). It is shown in [Frö67, Section 8, Corollary
1/l∞
3] that the maximal pro-l quotient of this group is Gal(Qur
)/Qur
p (p
p ). This is
seen to be isomorphic to Zl using the isomorphisms
1/l∞
1/ln
∼
∼
Gal(Qur
)/Qur
Gal(Qur
)/Qur
Z/ln Z ∼
= Zl .
p (p
p ) = lim
p (p
p ) = lim
←−
←−
We leave the verification that the conjugation action is cyclotomic as an exercise.


Lemma 6. X1 (GQ,S , µl ) = 0.
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Proof. By definition,


X1 (GQ,S , µl ) = ker H 1 (GQ,S , µl ) →

Y

p∈S



H 1 (Qp , µl ) .

Lemma 4 shows that we can rewrite this as


Y
Y
H 1 (Ip , µl ) ×
H 1 (Qp , µl ) .
X1 (GQ,S , µl ) = ker H 1 (Q, µl ) →
p∈S
/

p∈S

We will compute these groups.
We begin by working in some generality. Let K be any perfect field of characteristic different from l, and consider the exact sequence
l

0 → µl → K̄ ∗ → K̄ ∗ → 0
of GK -modules. Hilbert’s theorem 90 (see [Ser97, Chapter II.1, Proposition 1]) says
that H 1 (K, K̄ ∗ ) = 0, so the long exact sequence in GK -cohomology coming from
the short exact sequence above yields an isomorphism
∼ H 1 (K, µl ).
K ∗ ⊗Z Z/lZ =
This applies in particular to the fields Qp :
Q∗ ⊗Z Z/lZ ∼
= H 1 (Qp , µl ).
p

For p ∈
/ S we also need to compute H 1 (Ip , µl ). Since p ∈
/ S, we know that p 6= l; thus
Ip acts trivially on µl . Thus H 1 (Ip , µl ) ∼
Hom(I
,
µ
=
p
l ). Any such homomorphism
must factor through the maximal pro-l quotient of Ip , and now Lemma 5 shows
that this group is just Z/lZ. It is easily checked that the restriction map
H 1 (Qp , µl ) → H 1 (Ip , µl ) ∼
= Z/lZ
is just the natural map
×
∼
Q×
p ⊗Z Z/lZ = (Z × Zp ) ⊗Z Z/lZ → Z/lZ

which is trivial on Z×
p ; that is, it is the p-adic valuation map modulo l.
The group X1 (GQ,S , µl ) is therefore the kernel of the map
Y
Y
Q× ⊗Z Z/lZ →
Z/lZ ×
Q×
p ⊗Z Z/lZ.
p∈S
/

p∈S−{∞}

(Since l 6= 2 the term at ∞ vanishes.) Over calculations above show that this kernel
consists only of elements of Q× ⊗Z Z/lZ which have p-adic valuation divisible by l
for all primes p. (In fact, at p ∈ S the conditions are even stronger, but we won’t
need that.) Unique factorization in Z implies that any such rational number is an
lth -power in Q× , and therefore is zero in Q× ⊗ Z/lZ. (Here we also need to use the
fact that the units Z× are just ±1 and disappear on tensoring with Z/lZ.) Thus
X1 (GQ,S , µl ) = 0, as claimed. Note that the fact that Z has unit rank 0 and class
number 1 was essential to this argument.

We have now reduced the proof of Theorem 1 to showing that the ShafarevichTate group X1 (GQ,S , Sym2 E[l]) is trivial. We will first show that it embeds into
an a priori larger group. Before we can do this, however, we need to define the
Selmer groups of our Galois modules.
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4. Selmer groups
Recall that the Selmer group of an elliptic curve over Q is defined to be the
subgroup of H 1 (Q, Tl E ⊗ Ql /Zl ) of cohomology classes which for all p are locally
in the image of E(Qp ) under the Kummer map. (See [Gre].) We will be working
with Sym2 Tl E ⊗ Ql /Zl , but here we no longer have any natural geometric object
on which to base our local conditions in the definition of the Selmer group. The key
to the general definition of a Selmer group is the fact that the image of the local
Kummer map consists precisely of those cohomology classes which are unramified,
in a sense which we shall make precise below.
Let us fix some notation for the remainder of the paper: set T = Sym2 Tl E
(a free Zl -module of rank 3), V = T ⊗Zl Ql (a 3 dimensional Ql -vector space)
and A = V /T = Sym2 Tl E ⊗Zl Ql /Zl (which is isomorphic as an abelian group to
(Ql /Zl )3 ). T , V and A are to be regarded as three different incarnations of the
same Galois module. We will also need to consider A∗ = HomZl (T, µl∞ ), which is
also isomorphic as an abelian group to (Ql /Zl )3 . Lastly, for technical reasons we
will later need to consider the finite modules Tn = T /ln T and A∗n = A∗ [ln ] (both
of which are isomorphic to (Z/ln Z)3 as abelian groups).
To formalize the notion of a Selmer group, we wish to define “unramified subgroups” (the usual term is finite subgroups) Hf1 (Qp , A) of H 1 (Qp , A) for every prime
p. We will then define the Selmer group Hf1 (Q, A) of A by
!
Y
1
1
1
1
Hf (Q, A) = ker H (Q, A) →
H (Qp , A)/Hf (Qp , A)
p

1

= {c ∈ H (Q, A) | resp c ∈ Hf1 (Qp , A) for all p}.
Here resp is the restriction map from H 1 (Q, A) to H 1 (Qp , A).
The definition of Hf1 (Qp , A) is fairly straightforward for primes p which do not
lie in S. Indeed, the most obvious notion of an unramified cocycle is one which
becomes trivial when restricted to inertia; that is, it should lie in the kernel of the
restriction map
H 1 (Qp , A) → H 1 (Ip , A)
where Ip is the inertia subgroup of GQp . The inflation-restriction sequence (see
[Was97b, Proposition 2 and the discussion following]) identifies this kernel with
H 1 (GQp /Ip , A) = H 1 (Fp , A).
(Here we are using that Ip acts trivially on A to see that A is a GQp /Ip -module.)
We take this as our definition of the finite subgroup, at least for p ∈
/ S:
Hf1 (Qp , A) = H 1 (Fp , A),
or more honestly its image in H 1 (Qp , A) under inflation.
Note that the inflation-restriction exact sequence now takes the form
0 → Hf1 (Qp , A) → H 1 (Qp , A) → H 1 (Ip , A)GFp → H 2 (Fp , A).
In fact, H 2 (Fp , A) vanishes for reasons relating to the cohomology of GFp ; see
[Ser97, Chapter II.3]. We will call H 1 (Ip , A)GFp the singular quotient of H 1 (Qp , A)
and write it as Hs1 (Qp , A), so that we have an exact sequence
0 → Hf1 (Qp , A) → H 1 (Qp , A) → Hs1 (Qp , A) → 0.
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In analogy with this definition, for p ∈ S it might seem most reasonable to
define the finite part of H 1 (Qp , A) also as the kernel of H 1 (Qp , A) → H 1 (Ip , A),
which equals H 1 (Fp , AIp ). However, for reasons which will not become apparent in
this paper this definition turns out to be inadequate. It turns out that the correct
definition is as follows: first assume p 6= l. Let π : V → A be the natural quotient
map. We define
Hf1 (Qp , V ) = H 1 (Fp , V Ip )
and
Hf1 (Qp , A) = π∗ Hf1 (Qp , V ).
Here π∗ : H 1 (Qp , V ) → H 1 (Qp , A) is the induced map on cohomology. Despite
appearances, π∗ Hf1 (Qp , V ) need not be the same as H 1 (Fp , V Ip ), at least for p ∈ S.
For later use, let us also set Hf1 (Qp , V ) = H 1 (Fp , V ) for p ∈
/ S. One checks easily
that in this case π∗ Hf1 (Qp , V ) does agree with our previous definition of Hf1 (Qp , A).
The definition of Hf1 (Ql , A) is much more subtle. The generally accepted definition (which recovers the usual definition in the case of the Tate module of an
elliptic curve) is

Hf1 (Qp , V ) = ker H 1 (Qp , V ) → H 1 (Qp , V ⊗ Bcrys )
and Hf1 (Qp , A) = π∗ Hf1 (Qp , V ). Here Bcrys is one of Fontaine’s “big rings”. We
will not concern ourselves very much with this definition in this paper, although
in many ways it is one of the most important topics. It is possible to make this
definition much more concrete, but even that does not really make this condition
any easier to deal with.
In passing, we should note that H 1 (R, A) = 0 (since l 6= 2), so we need not
concern ourselves with any definitions at infinity. We have now defined Hf1 (Qp , A)
for all primes p, and with it the Selmer group Hf1 (Q, A). Of course, we can mimic
the identical construction with A∗ instead of A, and thus we also have a Selmer
group Hf1 (Q, A∗ ).
We can also redo the construction for the Galois module T . Note that T is fundamentally quite different from A, in that it is free over Zl rather than isomorphic
to several copies of Ql /Zl . The definitions are nevertheless quite analogous. Let
i : T → V be the natural inclusion, and for all p define
1
Hf1 (Qp , T ) = i−1
∗ Hf (Qp , V ).

We also define singular quotients Hs1 (Qp , T ) = H 1 (Qp , T )/Hf1 (Qp , T ). In this case,
it will turn out that the singular part of the local cohomology is that which we can
most easily work with. One can also define a Selmer group for T , although we will
have no need to consider it.
We will also need corresponding subgroups for the finite modules Tn and A∗ [ln ].
For any prime p, we simply take Hf1 (Qp , A∗n ) to be the inverse image of Hf1 (Qp , A∗ )
under the natural map H 1 (Qp , A∗n ) → H 1 (Qp , A∗ ). Similarly, we define Hf1 (Qp , Tn )
to be the image of Hf1 (Qp , T ) under the natural map H 1 (Qp , T ) → H 1 (Qp , Tn ).
One can now define singular quotients and Selmer groups in the usual way.
It is worth noting the general philosophy: we took the natural definition of
unramified cocycles in H 1 (Qp , V ) (with the exception of the case p = l, which
was more complicated) and we then let these choices propagate down to all of the
related Galois modules.
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Returning to the case of Tl E, recall that one defines the Shafarevich-Tate group
X(E/Q) as the cokernel of the Kummer map
E(Q) ⊗Z Ql /Zl → Hf1 (Q, Tl E).
As before we have no obvious analogue of E(Q) in our situation. The work of Bloch
and Kato suggests that the correct analogue is the following: let
!
Y
1
1
1
1
Hf (Q, V ) = ker H (Q, V ) →
H (Qp , V )/Hf (Qp , V )
p

be the Selmer group for V , and define the “rational points of A” to be
A(Q) = π∗ Hf1 (Q, V ) ⊆ H 1 (Q, A).
Note that it follows immediately from the definition of the Hf1 (Qp , A) that A(Q)
actually lies in Hf1 (Q, A), although it could conceivably be smaller. We define the
Shafarevich-Tate group X(A/Q) to be the quotient Hf1 (Q, A)/A(Q), so that there
is an exact sequence
0 → A(Q) → Hf1 (Q, A) → X(A/Q) → 0.
X(A/Q) is to be thought of as elements of the Selmer group which appear over A
but not over V . Note also that despite the similar notation, X(A/Q) is not the
same as any of the Shafarevich-Tate groups we considered earlier.
Again, we can make analogous definitions for A∗ (Q), yielding an exact sequence
0 → A∗ (Q) → Hf1 (Q, A∗ ) → X(A∗ /Q) → 0.
We are now in a position to finish our reductions of the previous section.
Lemma 7. X1 (GQ,S , Sym2 E[l]) injects into Hf1 (Q, A).
Proof. As an abelian group A is isomorphic to (Ql /Zl )3 , so multiplication by l is
surjective on A. Furthermore, the kernel of multiplication by l on A,
1
Sym2 Tl E ⊗ Zl /Zl ,
l
naturally identifies with Sym2 E[l], so there is an exact sequence
(2)

l

0 → Sym2 E[l] → A → A → 0.

The fact that E[l] ⊗ E[l] is assumed to have no GQp -invariants for any p ∈ S − {∞}
insures that the direct summand Sym2 E[l] has no GQ,S -invariants; indeed, knowing
that it had no invariants at any one place would suffice. It follows easily from this
that A itself has no GQ,S -invariants, as if there were any, then they could be realized
in Sym2 E[l] by multiplication by an appropriate power of l. Thus the long exact
sequence in GQ,S -cohomology associated to (2) yields an injection
H 1 (GQ,S , Sym2 E[l]) ,→ H 1 (GQ,S , A).
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Furthermore, under this injection X1 (GQ,S , Sym2 E[l]) maps into X1 (GQ,S , A).
Indeed, there is a commutative diagram
(3)

/ H 1 (GQ,S , A)

H 1 (GQ,S , Sym2 E[l])

Q


2
1
H
(Q
p , Sym E[l])
p∈S
/

Q


1
H
(Qp , A)
p∈S

This shows that any element of X1 (GQ,S , Sym2 E[l]), which is by definition trivial
in each H 1 (Qp , Sym2 E[l]), is automatically trivial in each H 1 (Qp , A), and thus lies
in X1 (GQ,S , A). In other words, the induced map on the kernels of the vertical
maps in (3) is the desired injection
X1 (GQ,S , Sym2 E[l]) ,→ X1 (GQ,S , A).
To prove the lemma it will therefore suffice to show that X1 (GQ,S , A) injects into
Hf1 (Q, A).
It follows from Lemma 4 that there is an injection
H 1 (GQ,S , A) ,→ H 1 (Q, A)
and that the composite maps
(4)

H 1 (GQ,S , A) → H 1 (Q, A) → H 1 (Ip , A) ∼
= H 1 (Qp , A)/Hf1 (Qp , A)

are zero for all p ∈
/ S. We must show that the image of X1 (GQ,S , A) in H 1 (Q, A)
1
lies in Hf (Q, A). By (4), this image is automatically locally unramified for all
p∈
/ S. Furthermore, an argument using a diagram analogous to (3) above shows
that the maps
X1 (GQ,S , A) → H 1 (Q, A) → H 1 (Qp , A)
are zero for p ∈ S. Thus the image of X1 (GQ,S , A) trivially lands in Hf1 (Qp , A)
for such p. Thus now X1 (GQ,S , A) maps to Hf1 (Qp , A) for every prime p, so its
image in H 1 (Q, A) lies in Hf1 (Q, A). Thus X1 (GQ,S , A) injects into Hf1 (Q, A),
which proves the lemma.

At this point, we have reduced the proof of Theorem 1 to the vanishing of the
Selmer group Hf1 (Q, A).
5. The L-function of Sym2 Tl E
Before we complete our final reformulation of Theorem 1, we should give the long
promised explanation of the term L(Sym2 Tl E, 0)/Ω. Recall that the L-function of
the Tate module of an elliptic curve (also known as the L-function of the elliptic
curve) is defined using the characteristic polynomials of Frobenius elements acting
on Tl E. We use an analogous method to define L(Sym2 Tl E, s). Specifically, the
action of GQp on T is unramified for every p ∈
/ S, so it makes sense to talk about the
action of a Frobenius element Frp on T . Let Pp (t) be the characteristic polynomial
of Fr−1
p acting on T :
Pp (t) = det(1 − Fr−1
p |T t).
For p ∈ S − {l}, Frp is only well-defined acting on the inertia invariants T Ip , so we
define
Pp (t) = det(1 − Fr−1
p |T Ip t|).
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These are all initially polynomials with coefficients in Zl , but it turns out that
Pp (t) actually has coefficients in Z and the polynomial Pp (t) does not depend on
the distinguished prime l, so long as l 6= p. (Again, this is all completely analogous
to the Tl E case.)
This suggests that to define the factor Pl (t) itself, we should not work directly
with T , but rather switch to Sym2 Tp E for some p 6= l. Sym2 Tp E is unramified at
l (since E is assumed to have good reduction at l), so Frl is well-defined here and
we define
Pl (t) = det(1 − Fr−1
l |Sym2 Tp E t).
As before this is independent of the choice of auxiliary p 6= l.
We now define
Y
L(T, s) =
Pp (p−s )−1 .
p

It is shown in [CS87] that L(T, s) is an entire function of s.
Since E is modular, one can use the work of Shimura [Shi76] to compute special values of this L-function. Let N be the conductor of E and fix a modular
parameterization
φ : X0 (N ) → E
of E. We assume that φ is minimal in the sense that deg φ is as small as possible for
our fixed E and N . Let f (z) be the newform corresponding to φ; this means that
for all p not dividing N , the pth Fourier coefficient of f (z) equals p + 1 − #E(Fp ).
Let ω be the Néron differential on E. (If E is given in the form y 2 = x3 + ax + b,
ω is just dx/2y.) Since φ is defined over Q, one can show that the pullback of ω
under φ must be a rational multiple of the differential 2πif (z)dz on X0 (N ). We
define the Manin constant c ∈ Q× by the equality
φ∗ ω = c2πif (z)dz.
Work of Mazur shows that c is divisible only by 2 and primes of bad reduction for
E; see [Maz78, Corollary 4.1].
We also use ω to define the period Ω by
Z
Ω = πi
ω ∧ ω̄.
E(C)

Shimura’s formula is
L(T, 0)
deg φ Y
=
Pp (1).
Ω
N c2
0

(5)

p∈S

0

Here S is the subset of S of places where E has potentially good reduction. Note
in particular that L(T, 0)/Ω is rational.
We now state the theorem which we will prove in the remainder of this paper
and explain how it implies Theorem 1.
Theorem 8. Let E be a rational elliptic curve and let φ : X0 (N ) → E be a modular
parameterization. Let l be a prime such that
• E has good reduction at l;
• l ≥ 5;
• The Tate module representation ρ : GQ,S → GL2 (Zl ) is surjective.
Then deg φ · Hf1 (Q, A∗ ) = 0.
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To see that this implies Theorem 1, recall that we had already reduced the proof
to showing that Hf1 (Q, A) vanishes. We had also assumed that l does not divide
L(T, 0)/Ω. We first must show that l does not divide deg φ either. To see this, by
(5) we need to show that the rational number
1 Y
Pp (1)
N c2
0
p∈S

has no factors of l in the denominator. N and c2 are divisible only by 2 and primes
of bad reduction for E, and each Pp (1) is an integer, so this is clear. Thus l does
not divide deg φ.
Now, by Theorem 8, Hf1 (Q, A∗ ) is annihilated by the l-adic unit deg φ. But
Hf1 (Q, A∗ ) is an l-power torsion group since A∗ is, and it follows that it must be 0.
This in turn implies that both A∗ (Q) and X(A∗ /Q) vanish, as they are a subgroup
and a quotient of Hf1 (Q, A∗ ), respectively. Flach has shown (see [Fla90b]) that the
vanishing of A∗ (Q) implies that of A(Q). Furthermore, he constructs (generalizing
ideas of Cassels and Tate; see [Fla90a]) a perfect pairing
X(A/Q) ⊗ X(A∗ /Q) → Ql /Zl ;
thus the vanishing of X(A∗ /Q) implies that of X(A/Q). Since both A(Q) and
X(A/Q) vanish, this implies that the Selmer group Hf1 (Q, A) vanishes, which
completes the proof of Theorem 1.
6. Kolyvagin’s theory of Euler systems
Until the mid-eighties the problem of bounding Selmer groups was nearly hopeless; there were no methods which worked in any generality. This changed dramatically with the work of Thaine and Rubin and finally Kolyvagin’s theory of Euler
systems. Since we only seek to annihilate Hf1 (Q, A∗ ), rather than actually bound
its order, we will need only the rudiments of the theory. There are several good
sources for more extensive treatments: see [Was97a, Chapter 15] for a nice introduction, [Gro91] and [Rub89] for applications to the arithmetic of elliptic curves,
and [Rub99] for a general theory. In fact, all of these sources deal with a slightly
different type of Euler system than we will use. We will have more to say about
this later.
We only sketch the main ideas. For a proof of the result we will need, see [Fla92,
Proposition 1.1] or [Wes98].
Fix a power ln of l and set Tn = T /ln T , A∗n = A∗ [ln ]. We must work with these
finite modules for technical reasons; passing from them to the full modules will be
easy. The basic idea is the following: recall that since A∗n = Hom(Tn , µln ) there is
a Tate local duality
H 1 (Qp , Tn ) ⊗ H 1 (Qp , A∗n ) → Ql /Zl ;
see [Was97b, Theorem 1]. One can show easily that Hf1 (Qp , Tn ) and Hf1 (Qp , A∗n ) are
exact annihilators of each other (see [Wes98, Lectures 5 and 6]), so that restricting
the right-hand factor to Hf1 (Qp , A∗n ) gives a perfect pairing
(6)

Hs1 (Qp , Tn ) ⊗ Hf1 (Qp , A∗n ) → Ql /Zl .
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These local pairings sum to a global pairing


(7)
⊕Hs1 (Qp , Tn ) ⊗ Hf1 (Q, A∗n ) → Ql /Zl ;
p

the pairing of an element (cp ) ∈ ⊕Hs1 (Qp , Tn ) and d ∈ Hf1 (Q, A∗n ) is simply the
sum of the local pairings (6) of cp and resp d; since cp = 0 for almost all p, this is
well-defined. This pairing is not perfect, but it does have the following key property,
which is a consequence of global class field theory: the image of H 1 (Q, Tn ) under
the natural map
Y
Y
H 1 (Q, Tn ) →
H 1 (Qp , Tn ) →
Hs1 (Qp , Tn )
p

p

actually lands in ⊕p Hs1 (Qp , Tn ) (see [Wes98, Lecture 7, Section 2.1]; this is one place
where it is critical that we dropped to a finite quotient of T ) and it is orthogonal
to all of Hf1 (Q, A∗n ) under the global pairing (7); see [Wes98, Lecture 8].
The significance of this to our problem is the following: suppose that for lots of
primes r we can exhibit elements cr ∈ H 1 (Q, Tn ) with the property that they restrict to 0 in Hs1 (Qp , Tn ) for all p except for r itself, where they restrict to something
non-zero. Under the global pairing, the image of cr in ⊕Hs1 (Qp , Tn ) is orthogonal to
all of Hf1 (Q, A∗n ). But the definition of the global pairing together with the fact that
cr restricts to 0 in Hs1 (Qp , Tn ) away from r now shows that resr cr ∈ Hs1 (Qr , Tn ) is
orthogonal to the image of Hf1 (Q, A∗n ) in Hf1 (Qr , A∗n ) under the Tate local pairing
at r. If resr cr generates a submodule of Hs1 (Qr , Tn ) of small index, then this orthogonality and the fact that the Tate local pairing is perfect will force Hf1 (Q, A∗n )
to map into a small subgroup of Hf1 (Qr , A∗n ). Since we can do this for lots of r, we
obtain conditions on the local behavior of Hf1 (Q, A∗n ) at many primes r. Hopefully
if we could do this for enough primes r we could somehow show that the local
conditions are so stringent that the group Hf1 (Q, A∗n ) itself must be small.
Before we state all of this somewhat more formally, we prove the following fundamental lemma. We will call a prime p good if it is not in S and if a Frobenius
element at p acts on E[l] as complex conjugation. This is equivalent to Frp being
a complex conjugation element on the splitting field Q(E[l]) of E[l]. This field is
a finite extension of Q since E[l] is finite, so by the Tchebatorev density theorem
there are infinitely many good primes.
Lemma 9. Assume p ∈
/ S. Then
Hs1 (Qp , T ) ∼
= T (−1)GFp .
If p is good, then this group is a free Zl -module of rank 1. In particular, each
Hs1 (Qp , Tn ) is a free Z/ln Z-module of rank 1.
Proof. For the first isomorphism, recall that
Hs1 (Qp , T ) ∼
= H 0 (Fp , H 1 (Ip , T )).
Since Ip acts trivially on T , H 1 (Ip , T ) is nothing more than Hom(Ip , T ). Now, T is
a pro-l group, so only the pro-l part of Ip can map to it non-trivially. By Lemma 5,
this quotient is isomorphic to Zl (1) as a GFp -module. We conclude that
H 0 (Fp , H 1 (Ip , T )) ∼
= H 0 (Fp , Hom(Zl (1), T )).
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But Hom(Zl (1), T ) is canonically isomorphic to Hom(Zl , T (−1)), which in turn is
just T (−1). This proves the first statement.
Now assume that p is good. This means that Frp acts on E[l] as complex conjugation. In particular, it is a non-scalar involution, which one easily shows implies
that it acts diagonally on E[l] with eigenvalues 1 and −1. A Nakayama’s lemma
argument together with Hensel’s lemma and a dimension count allows one to conclude that there is a basis x, y of Tl E over Zl with respect to Frp acts diagonally;
that is, Frp (x) = ux and Frp (y) = vy, and we must have
u ≡ −v ≡ 1

(mod l).

Note that uv is the determinant of Frp acting on Tl E, which is just ε(Frp ) = p
since Tl E has cyclotomic determinant by the Weil pairing. In particular, p ≡ −1
(mod l).
A basis for T = Sym2 Tl E is given by x ⊗ x, x ⊗ y + y ⊗ x, y ⊗ y. Frp acts on the
first by multiplication by u2 ; on the second by multiplication by uv = p; and on
the third by multiplication by v 2 . Note that u2 ≡ v 2 ≡ 1 (mod l), which implies
that neither u2 nor v 2 equals p.
Now consider T (−1). Frp acts on Zl (1) by multiplication by ε(Frp ) = p, so it
acts on Zl (−1) by multiplication by p−1 . Thus Frp acts on our basis of T (−1)
by multiplication by u2 p−1 , 1 and v 2 p−1 respectively. As we saw above, the first
and last terms are different from 1. It follows that only the rank one subspace
of multiples of x ⊗ y + y ⊗ x is invariant under the GFp -action, so Hs1 (Qp , T ) =
T (−1)GFp is free of rank one over Zl , as claimed.
The result for Tn follows exactly the same argument.

We are now in a position to give a precise definition of the sort of set of cohomology classes we seek: let η be an integer. We define a Flach system of depth η
for Tn to be a collection of cohomology classes cr ∈ H 1 (Q, Tn ), one for each good
prime r, such that:
• resp cr lies in Hf1 (Qp , Tn ) for p 6= r;
• Zl · resr cr contains ηHs1 (Qr , Tn ).
The second condition is equivalent to the quotient Hs1 (Qr , Tn )/Zl · resr cr being
annihilated by η. By Lemma 9, Hs1 (Qr , Tn ) is a free Z/ln Z-module of rank 1,
so this condition is reasonable. Note that to check both of the conditions in the
definition above, we simply need a good understanding of the singular restriction
maps
H 1 (Q, Tn ) → H 1 (Qp , Tn ) → Hs1 (Qp , Tn )
for all primes p.
Of course, it is trivial and not very useful to write down a Flach system of depth
ln for Tn ; to make this a useful notion, we will want η to be independent of n.
Recall that we have assumed that the Tate module representation ρ : GQ →
GL2 (Zl ) is surjective. This implies immediately that E[l] is an absolutely irreducible GQ -representation, which in turn one can check implies that A∗ [l] ∼
=
(Sym2 E[l])∗ is absolutely irreducible. Even though we are assuming all of these
hypotheses, we will include the relevant ones in the hypotheses of each result below.
Given what we have said so far, the following lemma is fairly straightforward.
Lemma 10. Assume that Tn admits a Flach system of depth η. Then for every
d ∈ Hf1 (Q, A∗n ) and every good prime r, resr d lies in Hf1 (Qp , A∗n )[η].
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More difficult is the next result, which goes from this local annihilation result
to a global annihilation result. Let K be the fixed field of the kernel of GQ,S
acting on E[ln ]; it is a finite extension of Q since E[ln ]∗ is finite. Note that this
field also lies in the kernel of the GQ,S action on A∗ [ln ] (since its Galois action
is entirely derived from E[ln ] and the cyclotomic character) and that there is a
natural inflation injection
H 1 (K/Q, A∗n ) ,→ H 1 (Q, A∗n ).
Lemma 11. Assume that l 6= 2 and that A∗ [l] is absolutely irreducible as a GQ,S module. Let d ∈ H 1 (Q, A∗n ) be such that resr d = 0 for every good prime r. Then d
lies in the image of H 1 (K/Q, A∗n ).
Proof. See [Wes98, Lecture 15, Section 1.3].



Lemma 10 and Lemma 11 combine to show that
ηHf1 (Q, A∗n ) ⊆ H 1 (K/Q, A∗n ).
Since the ln -torsion representation ρn : GQ,S → GL2 (Z/ln Z) is surjective, we
will have Gal(K/Q) ∼
= GL2 (Z/ln Z). Furthermore, Lemma 2 and Lemma 3 show
0
∗ ∼
that An = ad (ρn ). The next result, which is purely a statement about group
cohomology, now finishes our proof, at least at the level of ln -torsion.
Lemma 12. Let GL2 (Z/ln Z) act on End0 (Z/ln Z) via the adjoint action. Then
H 1 (GL2 (Z/ln Z), End0 (Z/ln Z)) = 0.
Proof. See [DDT97, Lemma 2.48] and [Fla92].



Combining all of this, we have the following theorem.
Theorem 13. Let E be a rational elliptic curve and let l be a prime. Let ρ : GQ →
GL2 (Zl ) be the associated Tate module representation. Assume that ρ is surjective.
Further assume that for every good prime r there is a class cr ∈ H 1 (Q, T ) such
that
• resp cr lies in Hf1 (Qp , T ) for r 6= p;
• Zl · resr cr contains ηHs1 (Qr , Tn ).
Then η annihilates Hf1 (Q, A∗ ).
Proof. The given Flach system for T induces one for each Tn . The results to
this point have thus shown that ηHf1 (Q, A∗n ) = 0 for each n. But any class d ∈
Hf1 (Q, A∗ ) must be annihilated by some power of l, so it lies in the image of some
Hf1 (Q, A∗n ). (Note that Hf1 (Q, A∗n ) maps into Hf1 (Q, A∗ ) since we defined the finite
subgroups for A∗n using those for A∗ .) Thus ηd = 0, which completes the proof. 
The proof of Theorem 13 is purely a Galois cohomology argument, and therefore
there is no actual need to assume that the representation ρ comes from an elliptic
curve. For example, in [Fla95] Galois representations coming from more general
modular forms are considered.
The machinery we have given is sufficient for annihilation and finiteness results.
To actually obtain a bound on the order of Hf1 (Q, A∗ ), one has to exhibit classes
not only for prime levels (like the cr ) but also for composite levels. Kolyvagin’s
derivative construction is then used to turn these classes into better and better
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annihilators. We should note, however, that with most Euler systems which have
been studied the classes cn are defined over larger and larger fields, depending on
n. In our case, the classes would all be defined over Q. Such an Euler system is
often called a geometric Euler system, and there is not yet a general theory of such
objects. For one example, see [Rub91]. In fact, no one has succeeded in extending
the Flach system above to a full geometric Euler system; this was the “gap” in
the original proof of semistable Taniyama-Shimura by Wiles, which was eventually
filled in by Taylor-Wiles using different methods.
7. The Flach map
We continue to let E be an elliptic curve over Q and φ : X0 (N ) → E a modular
parameterization. It remains to construct a Flach system for T of depth deg φ. This
construction lies at the heart of Flach’s proof. These classes will come from certain
well-chosen geometric objects on the surface E × E, although in order to actually
exhibit them we will need to work on the surface X0 (N ) × X0 (N ), which has a
much richer intrinsic geometry. These objects are then transformed into classes
in H 1 (Q, T ) via a certain Chern class map. The key to Flach’s construction is
that it is possible to read off local properties of these classes in Hs1 (Qp , T ) from
corresponding local properties of the associated geometric objects. That is, we will
begin with a map σ : C(E × E) → H 1 (Q, T ), where C(E × E) will be defined in
a moment purely geometrically. We can not describe the image of σ directly (we
can’t even really describe H 1 (Q, T ) effectively), but there is (for p not lying in S)
a commutative diagram
(8)

/·

C(E × E)
σ


H 1 (Q, T )

/ H 1 (Qp , T )


/ H 1 (Qp , T )
s

to be filled in later. Since all we care about for the production of our Flach system
is the restriction of classes to Hs1 (Qp , T ), to check that classes cr really form a
Flach system we will be able to bypass the complicated H 1 (Q, T ) entirely and
work instead with much more concrete geometric objects.
We begin by defining C(E × E), which will involve working with curves lying
in the surface E × E. Let C be any projective algebraic curve over Q; we do not
assume that C is non-singular. We will be interested in rational functions on C
which have trivial Weil divisor. (Recall that the Weil divisor of the function f on
C is the formal sum of the points at which it has zeros minus the formal sum of the
points at which it has poles, all counted with multiplicity. Often Weil divisors are
only defined for nonsingular curves, but it is possible to define them more generally.
One possible definition will become clear below.) If C is nonsingular, then it is a
standard fact that the only such functions are constant. However, if C is singular,
it is possible to exhibit non-constant rational functions with trivial Weil divisor.
For an example, consider a curve C with a nodal singularity P . Let C 0 be
its normalization, with P1 and P2 the points lying above P . Let f be a rational
function on C 0 with divisor nP1 − nP2 for some n. (Such a function may or may
not exist for a general C 0 ; it will certainly exist if C 0 has genus 0, for example.) C 0
and C are birational, so f can also be interpreted as a rational function on C, and
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both P1 and P2 map to P . Thus f has trivial Weil divisor on C, even though it is
a non-constant rational function.
Now consider the non-singular projective surface E × E. We define C(E × E)
as follows: elements are pairs (C, f ) of (possibly singular) curves C contained in
E × E together with a rational function f on C with trivial Weil divisor. We also
require that both C and f are defined over Q. Flach defines a map
σ : C(E × E) → H 1 (Q, T )
which is what we will use to generate our Flach system. For the definition of σ,
which involves étale cohomology and algebraic K-theory, see Appendix B.
Let us try briefly to explain the underlying philosophy by analogy with algebraic
topology. Begin with the genus one complex curve E(C), which we can regard as
C/Λ for an appropriate lattice Λ. One way to obtain Λ is as the integral homology
group H1 (E(C), Z) (just thing about the standard homology generators on a torus),
which is a lattice of maximal rank in H1 (E(C), R) ∼
= C. From this point of view
the ln -torsion on E is l1n Λ, so that the l-adic Tate module of E is Λ ⊗Z Zl ; thus
we can regard the l-adic Tate module of E as H1 (E(C), Zl ). Of course, we have
lost any trace of Galois actions, but let us not concern ourselves with this at the
moment.
Now consider the complex surface E(C) × E(C) and its second homology group
H2 (E(C) × E(C), Z). The Künneth theorem shows that this group surjects onto
H1 (E(C), Z) ⊗Z H1 (E(C), Z).
Tensoring this with Zl yields
H1 (E(C), Zl ) ⊗Zl H1 (E(C), Zl )
which by the above discussion contains Sym2 Tl E = T as a direct summand. Combining all of this we see that we have a map
H2 (E(C) × E(C), Zl ) → T.
By Poincaré duality, we can also regard this as a map
(9)

H 2 (E(C) × E(C), Zl )∨ → T

where the ∨ denotes the Poincaré dual. We will return to this map later.
Now consider a pair (C, f ). The curve C has real dimension 2, and therefore
determines in a natural way an element of the homology group
H2 (E(C) × E(C), Z).
If f has non-trivial divisor on C, then we could also use this divisor (which has real
dimension 0) to determine an element of
H0 (E(C) × E(C), Z).
In our case, however, f has trivial divisor. In this situation, the pair (C, f ) does not
determine anything of dimension 0, but still somehow contains more information
than just C itself. This extra information has the effect of cutting down the relevant
dimension by 1, so that (C, f ) determines an element of
H1 (E(C) × E(C), Z).
(This is where the algebraic K-theory comes in; K-theory is very good at keeping track of dimensions like this which may not make all that much sense purely
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geometrically.) Applying Poincaré duality we can regard this as an element of
H 3 (E(C) × E(C), Z)∨ . So far, then, we have a map
(10)

C(E × E) → H 3 (E(C) × E(C), Z)∨ .

(At this point we should confess that this map turns out to just be the zero map.
It will nevertheless serve our motivational purposes.)
Étale cohomology is the algebraic analogue of singular cohomology, and the
first miracle of étale cohomology is that the preceding construction can be carried
out over Q̄ rather than C, so long as we always use l-adic coefficients. Thus the
3
pair (C, f ) should give rise to an element of the dual Hét
(EQ̄ × EQ̄ , Zl )∨ of the
3
étale cohomology group Hét (EQ̄ ×EQ̄ , Zl ); this last cohomology group is isomorphic
to H 3 (E(C) × E(C), Zl ) as an abelian group, but has the advantage of having a
Galois action.
In fact, since (C, f ) is defined over Q, this element should be Galois invariant,
yielding a map
GQ
3
C(E × E) → Hét
(EQ̄ × EQ̄ , Zl )∨

3
analogous to (10). Unfortunately, Hét
(EQ̄ × EQ̄ , Zl )∨ can be shown to have no
Galois invariants, so at the moment all of this work has produced 0.
The second miracle of étale cohomology is that we can carry our construction
3
out over Q, rather than Q̄. Thus (C, f ) yields an element of Hét
(E × E, Zl )∨ . This
group is no longer isomorphic to any singular cohomology group, but rather is a
complicated combination of various Galois cohomology groups of étale cohomology
groups of EQ̄ × EQ̄ . It admits a natural map via a spectral sequence to

3
H 0 Q, Hét
(EQ̄ × EQ̄ , Zl )∨ .

However, as we said above, this group vanishes, and from this one shows that the
spectral sequence yields a map

3
2
Hét
(E × E, Zl )∨ → H 1 Q, Hét
(EQ̄ × EQ̄ , Zl )∨ .
Thus we finally have a map

2
C(E × E) → H 1 Q, Hét
(EQ̄ × EQ̄ , Zl )∨ .
Combining this with the étale analogue of (9), we finally obtain our desired Flach
map
σ : C(E × E) → H 1 (Q, T ).
We now discuss the local behavior of σ. Let p be a prime not lying in S. We
will define a map
dp : C(E × E) → Div(EFp × EFp )
where Div(EFp × EFp ) is the group of Weil divisors (defined over Fp ) on the nonsingular surface EFp × EFp . (Recall that a Weil divisor on a surface is a formal
sum of curves on the surface.) dp is the map which will go on the top of (8) above.
To define dp (C, f ), first consider the reduction of C modulo p. This may well have
several components C1 , . . . , Cn , even if in characteristic 0 it did not. We claim that
if the function f has a zero or pole at any point of a component Ci , then it has
a zero or pole of the same order along the entire component Ci . (Actually, poles
and zeros can combine at the points where the Ci intersect, but this doesn’t matter
much.) The idea is that if f had a zero or pole at an isolated point of Ci , then we
could lift this to a zero or pole of f over Q, which is not possible by the definition
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of C(E × E). Given this, for any component Ci we can let mi be the order of the
zero or pole of f on Ci : of course, we could have mi = 0. We define
X
dp (C, f ) =
mi Ci .
The last thing we will need to connect the geometry to the behavior of cohomology classes is a map from Div(EFp × EFp ) to Hs1 (Qp , T ). Recall that by Lemma 9
we have Hs1 (Qp , T ) ∼
= T (−1)GFp . This in turn is isomorphic to End0GFp (Tl E),
by Lemma 2. That is, the singular quotient at p corresponds precisely to trace
zero GFp -equivariant maps of the l-adic Tate module of E. The map we seek is a
standard one in algebraic geometry, called a cycle class map:
s : Div(EFp × EFp ) → EndGFp (Tl E) → End0GFp (Tl E)
(the second map is simply projection onto a direct summand). We will not give
a general description of the map Div(EFp × EFp ) → EndGFp (Tl E), except in the
special case we will need. (In fact, if EndGFp (Tl E) is given an appropriate cohomological interpretation, then the cycle class map is really just an algebraic version of
part of the algebraic topology construction discussed above.) Let g : EFp → EFp
be some map. Let Γg be the graph of g, by which we mean the image of the product
map
id ×g : EFp → EFp × EFp .
Then Γg has codimension 1 in EFp ×EFp , and thus is an element of Div(EFp ×EFp ).
The image of Γg under s is nothing other than the endomorphism of Tl E induced
by the map g (or more honestly its projection onto the trace zero direct summand).
This endomorphism is GFp -equivariant since g is defined over Fp .
We are finally in a position to state the fundamental local description of the map
σ: for every prime p not in S, there is a commutative diagram
(11)

dp

C(E × E)

/ Div(EFp × EFp )

σ


H 1 (Q, T )

/ H 1 (Qp , T )

/ H 1 (Qp , T )
s

∼
=



s

/ End0G (Tl E)
Fp

“All” we have to do to generate our Flach system, then, is to exhibit appropriate
elements of C(E × E) and compute their image in End0GFp (Tl E) via the clockwise
maps. Unfortunately, in general this would be extremely difficult. That is, given
an arbitrary surface S, it is a very difficult problem in algebraic geometry to write
down many particularly useful curves on S. In order to do this in our case we will
have to take full advantage of the fact that E is modular.
8. The geometry of modular curves
In this section we review the facts we will need about the geometry of modular
curves. For a more thorough treatment and references to the standard sources, see
[DI95, Part II].
Let N be a positive integer and let Γ0 (N ) be the usual congruence subgroup
of SL2 (Z). Recall that orbits for the Γ0 (N )-action on the upper half plane H
correspond to isomorphism classes of pairs of complex elliptic curves E and cyclic
subgroups of E(C) of order N . Furthermore, the orbit space Γ0 (N )\H can be given
the structure of a non-compact Riemann surface. We will write Y0 (N )an for this
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Riemann surface. (The “an” is for analytic.) We can also compactify Y0 (N )an
by adding a finite number of points called the cusps; we write X0 (N )an for the
resulting compact Riemann surface.
It is a classical fact of algebraic geometry that every compact Riemann surface
can be realized as a nonsingular projective complex algebraic curve; that is, there
is an algebraic curve X0 (N )C over the complex numbers such that the C-valued
points of X0 (N )C recover X0 (N )an . A fundamental fact in the arithmetic theory of
modular curves is that this curve can actually be defined over the rational numbers
Q. That is, the polynomial equations which define X0 (N )C can be written in
such a way that all of the coefficients are rational. We will write X0 (N )Q for this
nonsingular projective rational algebraic curve. All of the cusps of X0 (N )Q are
actually defined over Q, so Y0 (N )an can also be realized as the complex points of
a nonsingular algebraic curve Y0 (N )Q ; of course, Y0 (N )Q is only quasi-projective.
Now that we have a model for our modular curve over Q, we can ask how
the equations for X0 (N )Q reduce modulo primes p. The fundamental result is
that X0 (N )Q reduces to a nonsingular projective algebraic curve over Fp for every
prime p which does not divide N . (Perhaps the most compact way to say this is that
X0 (N )Q is the generic fiber of a smooth proper Z[1/N ]-scheme. This description
allows one to work with X0 (N )Q and all of its reductions simultaneously, which is
often convenient; nevertheless, we will content ourselves below with working one
prime at a time.) From now on we will just write X0 (N ) when it does not matter
what field (of characteristic 0 or p not dividing N ) we are working over; the behavior
of the modular curves over the various fields is virtually identical.
If p is a prime which divides N , then X0 (N ) will pick up singularities over
Fp , but at least in the case that p divides N exactly once it is possible to very
explicitly describe X0 (N )Fp : it has two irreducible components, each isomorphic
to X0 (N/p)Fp (which is nonsingular by what we said above), and they intersect
transversally at a finite number of points.
The other question one might ask about our models Y0 (N ) is whether or not
they still classify pairs of elliptic curves and cyclic subgroups of order N . Let us
say that a pair of an elliptic curve E and a cyclic subgroup C of order N is defined
over a field K (of characteristic 0 or p not dividing N ) if E is defined over K and
if C is mapped to itself under the action of every element of the absolute Galois
group of K. (Note that we do not require that C is fixed pointwise by the Galois
group, which is equivalent to C actually lying in E(K).) We could hope that the Krational points of Y0 (N ) correspond to the pairs (E, C) as above which are defined
over K. If this were the case, we would call these modular curves fine moduli spaces
for classifying such pairs. Unfortunately, this is simply not true. This is well-known
in the case N = 1: Y0 (1)Q is isomorphic to the affine line A1Q via the j-invariant,
but the j-invariant is not enough to determine the isomorphism class of elliptic
curves over fields which are not algebraically closed. The problem in the general
case is similar, although somewhat less severe.
However, these modular curves are at least coarse moduli spaces. We will not
give the technical definition of this, except to say that it means that the modular
curves are as close to fine moduli spaces for classifying pairs as it is possible for
them to be. In particular, every pair of an elliptic curve E and a cyclic subgroup
C of order N , defined over a field K, does give rise to a point of Y0 (N )(K).
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In passing, we should note that it is also possible to give a modular interpretation
to the cusps of X0 (N ) in terms of generalized elliptic curves. We will not give a
description of this here; it is, however, extremely useful for computations involving
the cusps.
We can use our moduli interpretations to define various maps between modular
curves. (Actually, the description we gave above is not enough to actually make
rigorous the upcoming definitions. However, we assure the reader that these constructions can be made entirely rigorous with a more thorough understanding of
the moduli interpretation of X0 (N ).) Let K be a field as above, and let r be a
prime not dividing N . A pair of an elliptic curve E and a cyclic subgroup C of
order N r, defined over K, gives rise in a natural way to a corresponding pair with
respect to N : take the same elliptic curve E and take the unique cyclic subgroup
of C of order N ; call it CN . We define
jr : X0 (N r) → X0 (N )
to be the corresponding map; that is, it sends the point corresponding to the pair
(E, C) to the point corresponding to the pair (E, CN ). (As we said above, this
doesn’t actually make sense, but it is possible to give it a better interpretation.)
The fact that we can make this definition on the level of points for any field K (of
the appropriate characteristics) insures that jr can actually be defined over any of
the fields Q or Fp for p not dividing N . Note that there is a slight subtlety (which
we will ignore) for the field Fr , as there we have not said anything about the moduli
interpretation of X0 (N r).
There is a second way to obtain a map between these modular curves: let Cr
be the unique subgroup of C of order r, and now send the pair (E, C) to the pair
(E/Cr , C/Cr ). This gives rise to a second map
jr0 : X0 (N r) → X0 (N ).
We define the rth Hecke correspondence Tr on X0 (N ) to be the image of the product
map
jr × jr0 : X0 (N r) → X0 (N ) × X0 (N ).
It can be shown that Tr is a singular curve which is birational to X0 (N r).
Furthermore, it is possible to give a very precise description of Tr in characteristic
r. Recall that a curve (or more generally any scheme) over Fr has a Frobenius
endomorphism induced by the r-power map on the function field. Define Γ ⊆
X0 (N )Fr × X0 (N )Fr as the graph of the Frobenius map Fr : X0 (N )Fr → X0 (N )Fr ;
that is, Γ is the image of the product map
id × Fr : X0 (N )Fr → X0 (N )Fr × X0 (N )Fr .
We define the Verschiebung Γ0 ⊆ X0 (N )Fr × X0 (N )Fr to be the image of the
transpose map
Fr × id : X0 (N )Fr → X0 (N )Fr × X0 (N )Fr .
Note that Tr,Fr , Γ and Γ0 are all of codimension one in the surface X0 (N )Fr ×
X0 (N )Fr , and thus are divisors. The Eichler-Shimura relation states that there is
an equality
Tr,Fr = Γ + Γ0 .
of divisors on X0 (N )Fr ×X0 (N )Fr . In fact, each of Γ and Γ0 is the isomorphic image
of one of the irreducible components of X0 (N r)Fr (both isomorphic to X0 (N )Fr )
which we discussed above. This relation will be the key to our computations below.
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9. Some modular units
Modular curves will be of use to us since the surface X0 (N ) × X0 (N ) has
all of the fairly explicit divisors Tr . Our basic plan at this point is to find an
appropriate rational function fr on Tr,Q (for each r not dividing N ) such that
(Tr,Q , fr ) ∈ C(X0 (N )Q × X0 (N )Q ). We will then map the pair (Tr,Q , fr ) via φ × φ
into C(EQ × EQ ), and then by σ into H 1 (Q, T ). If we can also arrange for fr to
have trivial divisor away from characteristic r, then our geometric description of the
local behavior of σ will show that fr maps to 0 in each Hs1 (Qp , T ) for p not dividing
rlN (recall that our geometric description of the Flach map broke at the primes in
S) and we will be well on our way to constructing the desired Flach system.
Since Tr,Q is birational to X0 (N r)Q , to exhibit rational functions on Tr,Q we can
work instead on X0 (N r)Q . Recall that rational functions on X0 (N r)Q are precisely
modular forms of level N r and weight 0, with coefficients in Q. We will define such
a function as the ratio of two modular forms of the same weight.
We want fr to have trivial divisor over Q, so we should start with modular forms
with especially simple divisors. Perhaps the best known is ∆(z), the unique cusp
form of level 1 and weight 12. ∆ is initially defined on X0 (1)Q , and has a simple
zero at the unique cusp ∞ and no other zeros or poles. (∆ is a differential form, not
a function, so it can have more zeros than poles.) Pulling back ∆ via the natural
map π : X0 (N )Q → X0 (1)Q yields a form π ∗ ∆ on X0 (N )Q (this is really nothing
more than reinterpreting ∆ as having level N ) which will have zeros of various
orders at the cusps and no other zeros or poles:
X
ni ci
divX0 (N )Q ∆ =
cusps ci

for some integers ni .
We will pull back ∆ to X0 (N r)Q via the two maps jr and jr0 . In order to
understand the divisors of these forms, we need to know how the cusps behave
under these maps. The basic fact is that the preimage of a cusp ci of X0 (N )Q
under jr consists of two cusps ci,1 and ci,2 of X0 (N r)Q ; jr is unramified at ci,1 and
ramified of degree r at ci,2 . Under jr0 we have the opposite behavior: ci,1 and ci,2
are again the only two points in the preimage of ci , but now ci,2 is unramified and
ci,1 is ramified of degree r. Combining all of this, we find that
X
divX0 (N r)Q jr∗ ∆ =
ni ci,1 + rni ci,2
X
divX0 (N r)Q jr0 ∗ ∆ =
rni ci,1 + ni ci,2 .
Both of these forms have weight 12, since ∆ does, so their ratio is a rational function
fr on X0 (N r)Q with divisor
X
divX0 (N r)Q fr =
(1 − r)ni (ci,1 − ci,2 ).
We now think of fr as a rational function on the singular curve Tr,Q , which is
birational to X0 (N r)Q . As we said above, both ci,1 and ci,2 map to ci under jr
and jr0 . Since Tr,Q is the image of X0 (N r)Q under the map jr × jr0 , the divisor of
fr on Tr,Q is
X

divTr,Q fr =
(1 − r)ni (jr (ci,1 ), jr0 (ci,1 )) − (jr (ci,2 ), jr0 (ci,2 )) = 0.
Thus (Tr,Q , fr ) ∈ C(X0 (N )Q × X0 (N )Q ), as desired.
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We can now define the Flach classes cr ∈ H 1 (Q, T ): we first map (Tr,Q , fr ) to
0
C(EQ × EQ ) via (φ × φ)∗ . That is, let Tr,Q
be the image of Tr,Q under φ × φ and
0
let fr be the rational function on Tr,Q induced by fr . (fr0 is really the norm of fr in
the finite extension of function fields k(X0 (N )Q )/k(EQ ) induced by φ.) One easily
checks that
0
divTr,Q
fr0 = (φ × φ)∗ divTr,Q fr = 0,

0
so (Tr,Q
, fr0 ) ∈ C(EQ × EQ ). We now map this pair to H 1 (Q, T ) via the Flach map
σ. This is the class cr . Note that we defined these classes for all r not dividing N ,
even though we only need them for good r. (In fact, one can even define classes for
r dividing N with some care.)

10. Local behavior of the cr
To complete the construction of our Flach system, we need to analyze the local
behavior of the classes cr in Hs1 (Qp , T ) for all p. Specifically, we need to show that
they map to 0 for all p 6= r and we need to compute them explicitly for p = r. We
do this using our description in terms of divisors and cycle classes. We distinguish
several cases; for simplicity, we assume that r is good, although this is not critical
to these computations.
0
10.1. p does not divide N lr. This is the easiest case. dp (Tr,Q
, fr0 ) is just the
0
0
divisor of fr on Tr,Fp , and the analysis of the preceding section of the divisor of fr
over Q goes through in exactly the same way over Fp . Thus
0
divTr,F
fr0 = (φ × φ)∗ divTr,Fp fr = 0,
p

0
so dp (Tr,Q
, fr0 ) = 0. Commutativity of the diagram (11) now shows that cr maps to
0
1
, fr0 ) which already maps to 0
0 in Hs (Qp , T ), since it is the image of the pair (Tr,Q

in Div(EFp × EFp ). In particular, there is no need to know anything at all about
the map s in this case.
10.2. p divides N . This is the case of bad reduction of E and the local diagram
we used in the first case does not hold in this setting. Flach uses two different
arguments to handle this case. If E has potentially multiplicative reduction at p,
then one can give a very explicit description of the GQp -action on V , and one can
compute that Hf1 (Qp , V ) = H 1 (Qp , V ). It follows that Hs1 (Qp , T ) = 0, so that
there is no local condition to check! If E has potentially good reduction at p, Flach
mimics the argument above in the case of good reduction, using the Néron model
of E; see [Fla92, pp. 324–325] and [Fla95, Section 5.5.2 and Section 6].
10.3. p = l. In this case we again do not have the local diagram to fall back on.
Flach uses results of Faltings to conclude that resl cr lies in Hf1 (Ql , T ); see [Fla92,
pp. 322-324].
10.4. p = r. This is the key computation. Recall that the Eichler-Shimura relation
says that Tr,Fr can be written as a sum Γ + Γ0 of the graph of Frobenius and the
Verschiebung. We will work with each piece separately.
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We begin with Γ:

X0 (N r)Fr

X0 (N )Fr
O
iio4 o7
i
i
i
o
jr iiii
o
o
i
o
i
iiii oooo id
iiii
oo
/
_ _ _/ Γ oO
OO X0 (N )Fr × X0 (N )Fr
VVVV
VVVV OOOO Fr
VVVV OOO
VVVV OO
jr0
VV* O'

X0 (N )Fr

(Only one of the irreducible components of X0 (N r)Fr maps to Γ, which is why we
have used a dotted line there.) The function on Γ corresponding to jr∗ ∆ is just the
pull back of ∆ under the identity map; thus divΓ jr∗ ∆ will just be the usual linear
combination of points of Γ corresponding to cusps. The function on Γ corresponding
to jr0 ∗ ∆ is the pull back of ∆ under Fr. Fr is purely inseparable, and purely
inseparable maps are trivial on differentials; see [Sil86, Chapter 2, Proposition 4.2].
Thus Fr∗ ∆ = jr0 ∗ ∆ will pick up a zero on Γ in addition to the usual cuspidal
divisor. One can check that this zero has order 6 (essentially because ∆ has weight
12 = 2 · 6). As always, the cuspidal parts of the divisor cancel, and we conclude
that
divΓ fr = divΓ jr∗ ∆ − divΓ jr0 ∆ = −6Γ.
The computation for Γ0 is virtually identical, except that id and Fr are interchanged. Thus
divΓ0 fr = 6Γ0 .
We conclude that
divTr,Fr fr = 6(Γ0 − Γ).
The next step is to push our whole construction forward to E × E. If we let ΓE
and Γ0E be the image of
id × Fr : EFr → EFr × EFr
Fr × id : EFr → EFr × EFr
respectively, then it is clear that φ × φ maps Γ onto ΓE and Γ0 onto Γ0E . Since each
point of ΓE and Γ0E is the image of deg φ points of Γ and Γ0 , we have the equalities
(φ × φ)∗ Γ = (deg φ)ΓE
(φ × φ)∗ Γ0 = (deg φ)Γ0E
as divisors. We conclude finally that
dp (φ × φ)∗ (Tr,Q , fr ) = 6(deg φ)(Γ0E − ΓE ) ∈ Div(EFr × EFr ).
We now need to compute the image of this under the cycle class map s. Our
description of s shows that ΓE , being the graph of Frobenius at r maps to precisely
the endomorphism of Tl E given by Frr . (This is well defined since Tl E is unramified
at r.) r is assumed to be good, so the proof of Lemma 9 shows that we can choose
a basis x, y for Tl E with respect to which Frr has matrix


u 0
0 v
with u ≡ −v ≡ 1 (mod l) and uv = r. This matrix is the image of ΓE in
EndGFp (Tl E).
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To make the corresponding calculation for Γ0E we will need to reinterpret it as
a graph. Since Fr has degree r, there is a map V : EFr → EFr with the property
that V ◦ Fr = Fr ◦V is the multiplication by r map on EFr ; see [Sil86, Chapter 3,
Section 6]. Γ0E is the image of the map
Fr × id : EFr → EFr × EFr .
If we precompose with the map V : EFr → EFr , which is a surjective map of degree
r, the literal image will not change, but each point will pick up a multiplicity of r.
Thus the image of the map Fr ◦V × V = r × V is rΓ0E . We claim that we can cancel
the two r’s, which leaves us with the fact that Γ0E is the graph of V . The easiest
way to do this is to pretend for the moment that multiplication by r has an inverse
r−1 on E. (Of course, this is absurd, but it is somewhat less absurd when one
does the entire computation in the range End(Tl E), where r is invertible.) Then an
argument similar to the one above for precomposing with V shows that the image
of r × V is r2 times the image of id ×V r−1 . This means that s(rΓ0E ) = rs(Γ0E )
is the same as r2 V r−1 , where now V is regarded as an endomorphism of Tl E. In
other words, s(Γ0E ) is just the endomorphism induced by V .
Since V ◦ Fr = r, this implies that the cycle class of Γ0E has matrix
−1 


v 0
u 0
=
.
r
0 v
0 u
We conclude that 6(deg φ)(Γ0E − ΓE ) maps to


(v − u)
0
6(deg φ)
0
(u − v)
in EndGFr (Tl E), and even in End0GFr (Tl E) since this matrix already has trace 0.
This, then, is the image of cr in Hs1 (Qr , T ).
Recall that Hs1 (Qr , T ) ∼
= End0GFr (Tl E) is a free Zl -module of rank 1. One easily
checks that the matrix


1 0
0 −1
is a generator of this module. Combined with our computation above, we find that
6(deg φ)(v − u) annihilates
Hs1 (Qr , T )/Zl · resr cr .
But 6 is an l-adic unit, and v − u ≡ −2 (mod l), so it is as well. We conclude
that deg φ annihilates this module, and thus that the cr form a Flach system of
depth deg φ for T . This concludes the proof of Theorem 13, and with it the proof
of Theorem 1.
Appendix A. On the local Galois invariants of E[l] ⊗ E[l]
The purpose of this appendix is to prove the following result.
Theorem 14. Let E be an elliptic curve over Q without complex multiplication.
Let φ : X0 (N ) → E be a modular parameterization of E and let S0 be the set of
places of Q at which E has bad reduction. Then the set of primes such that
• E has good reduction at l;
• The l-adic representation ρ : GQ,S0 ∪{l} → GL2 (Zl ) is surjective;
• For all p ∈ S0 , E[l] ⊗ E[l] has no GQp -invariants;
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• E[l] ⊗ E[l] has no GQl -invariants;
• l does not divide the degree of φ;
has density 1 in the set of all primes.
Of course, the first and fifth conditions are obviously satisfied for almost all l.
That the second condition is satisfied for almost all l is a result of Serre; see [Ser72].
The new content is in the third and fourth conditions. We will show that the third
condition is also satisfied for almost all l, and that the fourth condition is satisfied
for a set of primes of density 1.
Recall that by the Weil pairing we can write
E[l] ⊗ E[l] ∼
= µl ⊕ Sym2 E[l].
The analysis of Qp -rational points on the first of these factors is immediate from
the fact that (for p 6= 2) Qp contains precisely the (p − 1)st roots of unity: it has
Qp -rational points if and only if p ≡ 1 (mod l).
We begin the analysis of Sym2 E[l] with a modification of the argument of [CS97,
Lemma 2.3(i)].
Lemma 15. Let E be an elliptic curve over Qp and let l be any prime. Then
H 0 (Qp , Sym2 E[l]) 6= 0 if and only if E(K) has non-trivial l-torsion for some quadratic extension K of Qp .
Proof. We first set some notation. Let ε : GQp → Z∗l be the cyclotomic character; its image has finite index in Z∗l . Let ρ : GQp → GL(E[l]) and ϕ : GQp →
GL(Sym2 E[l]) be the Galois representations associated to E. By the Weil pairing
we have det ρ = ε.
If x is a K-rational l-torsion point for some quadratic extension K of Qp , then
one checks immediately that x ⊗ x ∈ E[l] ⊗ E[l] is GQp -invariant, which proves one
direction of the lemma.
Suppose, then, that there exists t ∈ Sym2 E[l] such that ϕ(τ )t = t for all τ ∈
GQp . Thus 1 is an eigenvalue of ϕ(τ ) for every τ ∈ GQp .
Now choose σ0 ∈ GQp such that ε(σ0 ) is not a root of unity; this is certainly
possible since the image of ε has finite index. Let λ and µ be the eigenvalues of
ρ(σ0 ). Then the eigenvalues of ϕ(σ0 ) are λ2 , λµ = ε(σ0 ) and µ2 . Since one of these
is 1 and ε(σ0 ) is not a root of unity, we can assume without loss of generality that
λ2 = 1.
Set σ = σ02 . The eigenvalues of ρ(σ) are λ2 = 1 and µ2 . We have µ2 6= 1 (since
λ2 µ2 = ε(σ0 )2 is not a root of unity), so we can choose a basis x, y for E[l] of
eigenvectors for ρ(σ), with eigenvalues 1 and ε(σ) respectively. ε(σ)2 is still not
1, from which one easily computes (using the basis x ⊗ x, x ⊗ y + y ⊗ x, y ⊗ y of
Sym2 E[l]) that t is a scalar multiple of x ⊗ x. It follows easily that x is rational
over some quadratic extension of Qp .

We now state the general analysis of torsion in elliptic curves over local fields,
coming from an analysis of the formal group and the component group of the
Néron model.
Proposition 16. Let E be an elliptic curve over a finite extension K of Qp and
assume p 6= l. Let k be the residue field of K.
• If E has good reduction over K, then E(K) has non-trivial l-torsion only
if l divides #E(k).
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• If E has non-split multiplicative reduction over K, then E(K) has nontrivial l-torsion only if p ≡ 1 (mod l) or l ≤ 3.
• If E has split multiplicative reduction over K, then E(K) has non-trivial
l-torsion only if p ≡ 1 (mod l) or l ≤ 11.
• If E has additive reduction over K, then E(K) has non-trivial l-torsion
only if l ≤ 3.
Proof. By [Sil86, Proposition VII.2.1] there is an exact sequence
0 → E1 (mK ) → E0 (K) → Ẽns (k) → 0
where E1 is the formal group of E, mK is the maximal ideal of the ring of integers of
K, E0 (K) is the set of points of E(K) with non-singular reduction and Ẽns (k) are
the non-singular points of the reduction. By [Sil86, Proposition IV.3.2(b)], E1 (K)
has no non-trivial l-torsion, so any l-torsion in E(K) must appear in E(K)/E0 (K)
or Ẽns (k). The proposition now follows from the determination of Ẽns (k) in the
various cases (see [Sil86, Proposition VII.5.1]) and the analysis of the component
group of the Néron model of E (see [Sil86, Theorem VII.6.1] and use that the
minimal discriminant has valuation at most 11).

An entirely similar argument yields the following result for the case p = l.
Proposition 17. Let E be an elliptic curve over a quadratic extension K of Ql
and assume l ≥ 5. Let k be the residue field of K.
• If E has good reduction over K, then E(K) has non-trivial l-torsion only
if l divides #E(k).
• If E has non-split multiplicative reduction over K, then E(K) has no nontrivial l-torsion.
• If E has split multiplicative reduction over K, then E(K) has non-trivial
l-torsion only if l ≤ 11.
Proof. The only difference with Proposition 16 is the possibility of torsion in E1 (K),
but this is ruled out by [Sil86, Theorem IV.6.1] and the fact that the valuation of l
in K is at most 2. We can make no statement about the case of additive reduction
since then Ẽns (k) always has l-torsion.

The last ingredient of the proof of Theorem 14 is some additional analysis of
l-torsion in the case of good reduction in characteristic l. Note that if K/Ql is a
quadratic extension, then the residue field k is either Fl or Fl2 .
Consider first the case that k = Fl . Then by the Riemann hypothesis for elliptic
curves over finite fields (see [Sil86, Theorem V.1.1]) we know that
√
√
−2 l ≤ #E(Fl ) − l − 1 ≤ 2 l.
It follows easily that for l ≥ 7 the only way to have l divide #E(Fl ) is to have
#E(Fl ) = l.
Now consider the case k = Fl2 . This time the Riemann hypothesis shows that
the only way to have l divide #E(Fl2 ) is to have
#E(Fl2 ) ∈ {l2 − l, l2 , l2 + l, l2 + 2l}.
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Let α, β be the eigenvalues of Frobenius at l acting on the p-adic Tate module of
E for some p 6= l; we have αβ = l. Then by [Sil86, Section V.2],
#E(Fl ) = 1 + l − α − β
#E(Fl2 ) = 1 + l2 − α2 − β 2 .
Since αβ = l, we have
α2 + 2αβ + β 2 = α2 + 2l + β 2 ,
and we conclude that
|l + 1 − #E(Fl )| =

p

1 + 2l + l2 − #E(Fl2 ).

This equation has several consequences. First, suppose that #E(Fl2 ) = l2 − l.
Then 3l + 1 must be a perfect square, say n2 . Thus 3l = n2 − 1, which implies that
l = 5. Similarly, the case #E(Fl2 ) = l2 can not occur, and if #E(Fl2 ) = l2 + l,
then l = 3. If #E(Fl2 ) = l2 + 2l, then we find that
#E(Fl ) ∈ {l, l + 2}.
We now state and prove a more precise version of the unresolved part of Theorem 14.
Theorem 18. Let E be an elliptic curve over Q and let S0 be the set of places of
Q at which E has bad reduction. Let l be a prime such that
• l ≥ 13;
• l does not divide p − 1 for any p ∈ S0 ;
• l does not divide #E(Fp ) or #E(Fp2 ) for any p ∈ S0 ;
• E has good reduction at l;
• #E(Fl ) is not l or l + 2.
Then H 0 (Qp , E[l] ⊗ E[l]) = 0 for all p ∈ S0 ∪ {l}. In particular, the set of such l
has density 1 in the set of all primes.
Proof. The second condition insures that µl has no Qp -rational points for any
p ∈ S0 . To show that Sym2 E[l] has no Qp -rational points for p ∈ S0 , we must (by
Lemma 15) show that E(K) has no non-trivial l-torsion for any quadratic extension
of Qr . This possibility is ruled out by the first three conditions and Proposition 16.
Note that we do need to consider the case of good reduction here, as even though
E has bad reduction over Qp , it may attain good reduction over K.
To show that H 0 (Ql , E[l]⊗E[l]) = 0, note first that µl has no Ql -rational points,
so we must only consider Sym2 E[l]. By Proposition 17 and the first and fourth
hypotheses, it suffices to show that l does not divide #E(Fl ) or #E(Fl2 ), and this
follows from the preceding discussion and the fifth hypothesis.
It remains to show that the set of such l has density 1. It is clear that the first
four conditions eliminate only finitely many primes l. It is shown as a very special
case of [Ser81, Theorem 20] that the fifth condition is satisfied for a set of primes
of density 1. This completes the proof.

Appendix B. The definition of the Flach map
In this section we give the formal definition of the Flach map. For conceptual
clarity we will work in a more general setting. Let X be a nonsingular projective
variety of dimension n, defined over Q.
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Let X p denote the set of irreducible subschemes of X of codimension p. Quillen
has constructed a spectral sequence from the filtration by codimension of support:
E1pq = ⊕ K−p−q k(x) ⇒ K−p−q (X);
x∈X p

here k(x) is the function field of the scheme x and the Ki k(x) are Quillen’s Kgroups. There is an analogous spectral sequence in étale cohomology:
q−p
(E1pq )0 (F) = ⊕ Hét
(Spec k(x), F(−p)) ⇒ H p+q (X, F)
x∈X p

where F is some Tate twist of the constant étale sheaf Zl . For any integer i, these
spectral sequence are connected by Chern class maps
Erpq → (Erp,q+2i )0 (Zl (i))
constructed by Gillet.
Now fix an integer m between 0 and n and assume
2m+1
• Hét
(XQ̄ , Zl (m + 1)) has no GQ -invariants.
This is implied by the Weil conjectures if this cohomology group is torsion free, as
is the case when X is a curve or a product of curves. We define the Flach map
2m
σm : E2m,−m−1 → H 1 (Q, Hét
(XQ̄ , Zl (m + 1)))

as the composition of three maps. The first is the Chern class map above with
p = m, q = −m − 1 and i = m + 1:
E2m,−m−1 → (E2m,m+1 )0 (Zl (m + 1)).
The second is an edge map in the étale cohomology spectral sequence above:
2m+1
(E2m,m+1 )0 (Zl (m + 1)) → Hét
(X, Zl (m + 1)).

(To see that there really is an edge map from this term, one uses the fact that
terms of this spectral sequence below the diagonal always vanish, as is clear from
the expression above.) This last group appears in the Hochschild-Serre spectral
sequence
q
p+q
H p (Q, Hét
(XQ̄ , Zl (m + 1))) ⇒ Hét
(X, Zl (m + 1)).
2m+1
Our assumption above that H 0 (Q, Hét
(XQ̄ , Zl (m + 1))) = 0 insures that there
is an edge map
2m+1
Hét
(X, Zl (m + 1)) → H 1 (Q, H 2m (XQ̄ , Zl (m + 1)))

and gives the last map in the definition of σm .
The map considered in the text is a slight variant of this. Take X = E × E and
m = 1, so that we have a map
2
σ1 : E21,−2 → H 1 (Q, Hét
(EQ̄ × EQ̄ , Zl (2))).

We now show how to manipulate these terms to obtain the map
σ : C(E × E) → H 1 (Q, Sym2 Tl E)
of the text. Working from the expression above for the Quillen spectral sequence,
we see that E21,−2 is the cohomology of a sequence
K2 k(E × E) →

⊕

x∈(E×E)1

k(x)∗ →

⊕

Z.

y∈(E×E)2

Quillen computes that the second map is just the divisor map sending a term
f ∈ k(x)∗ to ⊕y∈x my , where my is the order of f at y. The kernel of this map is
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precisely the group C(E × E); σ1 is defined on the quotient of this group by the
image of K2 k(E × E), so we can also regard it as defined on C(E × E) itself. This
takes care of the domain.
2
Next, the Kunneth theorem implies that Hét
(EQ̄ × EQ̄ , Zl (2)) is torsion free and
that there is a projection
1
1
2
(EQ̄ , Zl (1)) ⊗Zl Hét
(EQ̄ , Zl (1)).
Hét
(EQ̄ × EQ̄ , Zl (2)) → Hét
1
The Kummer sequence naturally identifies Hét
(EQ̄ , Zl (1)) with the l-adic Tate module Tl E, so projecting onto the symmetric direct summand yields a map
2
Hét
(EQ̄ × EQ̄ , Zl (2)) → Sym2 Tl E

which is easily used to finish the definition of the map σ.
Returning to the general case, let us now investigate the local behavior of σm .
Let p be a prime different from l at which X has good reduction (meaning that XQp
is the generic fiber of a proper smooth Spec Zp -scheme X) and make the additional
assumption:
2m+1
• Hét
(XQ̄p , Zl (m + 1)) has no GQp -invariants;
Let T = H 2m (XQ̄ , Zl (m + 1)). Then there is a commutative diagram
E2m,−m−1
σm

divFp

/ Am XFp
s


H 1 (Q, T )


2m
Hét
(XF̄p , Zl (m))GFp


H 1 (Qp , T )


/ H 1 (Qp , T )
s

∼
=

Here Am XFp is the codimension m Chow group of XFp , which is just the analogue
of the Picard group in higher codimension; divFp sends a pair (x, f ) of a cycle and
a rational function to its divisor in characteristic p; s is the usual cycle class map
in étale cohomology; and the bottom right isomorphism is the natural analogue of
the isomorphism of Lemma 9, using the smooth base change theorem to identify
2m
Hét
(XF̄p , Zl (m)) with T (−1). The diagram of the text follows immediately from
this one.
Flach defines the map σ (in the case X = E × E, m = 1) using a related
method in [Fla92]. There he proves the commutativity of the above local diagram
(in a slightly different form) through explicit computations. In [Fla95] he gives the
construction of σ (this time in the case X = X0 (N ) × X0 (N ), m = 1) we gave
above and writes down the local diagram, although his proof of commutativity is
somewhat incomplete and does not immediately generalize. The general case, which
relies heavily on purity conjectures of Grothendieck (which have been proven in the
relevant cases by Raskind and Thomason), is the subject of [Wes00, Chapters 6
and 7]. The construction of maps similar to σ also appear in the work of Kato; see
[BK90] and [Sch98]. Mazur offers an alternative construction of the Flach map in
[Maz94], without any explicit dependence on K-theory. There he also studies some
algebraic properties of the map which are not immediately apparent and which
permit some Euler system type conclusions even without the existence of an Euler
system.
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Jurg Fröhlich, Local fields, In Cassels and Fröhlich [CF67], pp. 1–41.
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