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Abstract We answer positively a question of B. Teissier on existence of resolution of

singularities inside an equivariant map of toric varieties.

1 Introduction

It is sometimes convenient to study an algebraic variety if it is embedded in a toric variety.
Teissier asks in [6] if it is possible to perform resolution of singularities of an arbitrary
algebraic variety inside an equivariant map of toric varieties. The following theorem provides
an affirmative answer, in fact we show that any embedded resolution of singularities is induced

by an equivariant map of toric varieties.

Theorem 1.1 Consider an embedded resolution of singularities of X, or more generally any

commutative diagram of irreducible projective algebraic varieties

Y - W
\: 7
X—S

where

o W and S are smooth;

e 1 is birational and D := Exc (i) is a divisor with simple normal crossings;

e Y is smooth and intersects D transversally.
Then we can extend this diagram to a commutative diagram

Y > W = Z
| 7 |

XS <PV

J. Tevelev (<)
Amberst, USA
e-mail: tevelev@math.umass.edu

(1.1)
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where

e Z is smooth toric variety of an algebraic torus GZ = PN\ \U; Hi for some choice of
hyperplanes H, ..., Hy C PN;

o Z — PN isa toric morphism;

e Y and W intersect the toric boundary of Z transversally.

Moreover, we can assume that the embedding S < PV is given by a complete linear system
associated with a sufficiently high multiple of any ample divisor on S.

The proof is not original: it is a souped-up version of the proof by Luxton and Qu of
[5, Theorem 1.4.] conjectured by the author. It is based on a criterion of Hacking, Keel, and
Tevelev from [3, sect. 2], which shows that, given a pair (W, G) of a smooth variety W and a
divisor G C W with simple normal crossings, which satisfy certain strong but easily verified
conditions (see the next section), there exists an embedding of W into a smooth toric variety
Z such that G is the scheme-theoretic intersection of W with the toric boundary of Z.

In practice we may want to say more about Z. We can easily make Z proper by adding
toric strata that don’t intersect W. Applying a theorem of De Concini and Procesi [1, Theorem
2.4], it is easy to prove that

Corollary 1.2 Let X be an irreducible subvariety of a smooth projective variety S (over an
algebraically closed field of characteristic 0). Then there exist

e aprojective embedding S C PN (given by a sufficiently high multiple of any ample divisor
on S);

e coordinate hyperplanes Hy, . .., Hy C PN such that X ¢ HoU...U Hy;

e a smooth projective toric variety Z of an algebraic torus Gfx =PN\ U; Hi

such that

e a toric morphism Z — PV is a composition of blow-ups in smooth equivariant centers
of codimension 2;

e a proper transform W of S in Z is smooth, intersects toric boundary of Z transversally,
and in particular D = Exc(W — S) is a divisor with simple normal crossings.

e a proper transform Y of X in Z is smooth and intersects the toric boundary of Z (and in
particular D) transversally.

The trade-off in this corollary is that the resolution of singularities ¥ — X could fail to
be an isomorphism over a smooth locus of X.

2 Proof of Theorem 1.1 and Corollary 1.2

Essentially we would like to prove that (W, D) embeds in a toric variety in such a way that
D is a scheme-theoretic intersection with the toric boundary. This is not true in general, but
the main idea is that this is going to work after we add a lot of random divisors to D.

Let Dy, ..., D,, be irreducible components of D and let Dy := . Choose an invertible
sheaf £ on W such that £(D;) is very ample for any i > 0. Then

m
L>~r*M (— ZaiDi)
i=1
for some line bundle M on S. By tensoring M with an appropriate very ample line bundle

on S, we can arrange that M is very ample and moreover is isomorphic to a tensor power of
any given ample line bundle on S. By Kodaira’s Lemma [4, 2.19], @; > 0 for any i. Let
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o =2dim(W) — 1 4 max WOW, £(D;)) and r=a(m+1) (2.1)
<i<m

Let
Fo,....Fb.iCcW

be divisors obtained by taking o« general divisors from each linear system |£(D;)| for
i=0,...,m.Let

50y s Sr—1 € HY(S, M)

be equations of divisors 7 (Fy), ..., w(F,—1) C S. Since F;’s are general, 7w (F;) ¢ mw(F;)
fori # j, and therefore sections

Zi=80...8i...5-1€ H(S, M® D) i=0,...r—1,

are linearly independent. Add general sections z,, ..., zy so that zg, ..., zy is a basis
of HY(S, M®"=D) Let E,,..., Ey C W be pull-backs of the hypersurfaces (z, = 0),
.., (zy =0) C S. We let

G=Di+-+Dy+Fo+-+F_1+E +---+EyCW.

By Bertini’s theorem, all components of G are irreducible, smooth, and have simple normal
crossings. Also, Y and W intersect G transversally.

Consider the embedding S < PV given by a complete linear system of M®"~D and
homogeneous coordinates z, . . ., zy. Let G be the corresponding torus. Since D = Exc(rr)
and F; is ample, we have 7 (F;) D n(D) forany i = 0,...,r — 1. Therefore, the map =
induces an isomorphism

W\G ~ SNGY.
Let I be the indexing set for irreducible components of G, so we have
G=>Gi=Di+ - +Dy+Fo+ - +F_ +E+ - +Ey.
iel
Let
M C O*(W\G)
be a sublattice generated by z;/z; fori, j =0,..., N.

Lemma 2.1 Let J C I, |J| < 2dim(W) — 1, and let i € I\J. Then there exists a subset
T C I\J suchthati € T and

o U =W\ U G is affine and O(U) is generated by M N O(U).

teT
o There exists m € M such that valg, m = 1, valg; m = 0 forany j € J.

Proof We consider three cases.

Case I (G; is an F-type divisor, i.e. G; € |L(D))| for some p) By definition (2.1) of o, we can
chooseasubset T = {i, ki, ..., kg} C I\J suchthat G;, Gy, . .., Gg, isabasis of |[L(D))|.
Then U is affine as a closed subvariety of an algebraic torus Gy, [(the complement of the
union of coordinate hyperplanes in P! = PH oW, £(D »))V1. Moreover, O(U) is generated
by ratios of coordinate functions in PY. As a rational function on W, such a function f has a
simple zero at G;, a simple pole at some Gy, and is invertible along other components of G.
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Notice that the function fo = s:‘L‘l = 2‘“7’"‘11 has the same property, except that apriori
§—m— i—m—

it may also have some zeros and poles along the exceptional divisor D. But then f/fp has

zeros and poles only along the exceptional divisor D, and so it must be a constant. Thus, any

of these rational functions can be used as m.

Case II (G; is a D-type divisor, i.e. G; = D) for some p) Choose a subset T =
li, jiki,.... kgt C I\J such that G; € |L|, Gg,..., Gk, € |L(Dp)| and G; +
Gj,Gpys ..., Gy, is a basis of |L£(Dp)|. Then U is affine as a closed subvariety of an
algebraic torus Gy, (the complement to the union of coordinate hyperplanes in P4 =
PHOY(W, £(D »)Y). Moreover, O(U) is generated by ratios of coordinate functions in P?.
As arational function on W, such a function has a simple zero at D, and G, a simple pole
at some Gy, and is invertibie along other components of G. As in Case I, it follows that this
j—m—1 Zkg—m—1

function must be equal to 5 T = T (up to a scalar multiple). We can take any of
ks —m— j—m—

them as m.

Case III (G; is an E-type divisor, i.e. Gi = E, for some p) Let n = dim W. By
Riemann—Roch, we can substitute M with its tensor power if necessary to ensure that

N—r > 3n. It follows that we can find a subset T = {io, ..., 14, j1, ..., jar1} C I\J, where
Giy, ..., G;, forms a basis of |[£, Gjy, ..., Gj,,, are E-type divisors, and G j, = Ej,. Let
P? = PHO(W, £)V with coordinates that correspond to G, ..., G; » Since G is a divisor

w1 = V. It follows that S C PV misses the intersection
of the corresponding n+ 1 coordinate hyperplanes. Projecting from this subspace gives a mor-
phism W — P", where P" has coordinate hyperplanes that correspond to G, ..., G
Consider a diagonal embedding

with normal crossings, G;, N...NG
Jnt1-

W — P? x P".

Then U is naturally a closed subvariety of an algebraic torus G, x G, and O(U) is
generated by ratios of coordinate functions in P4 and ratios of coordinate functions in P".
Arguing as in the previous cases, these ratios are equal to some z4/zg, where a, B < r (in
case of P?) and «, B > r (in case of P""). One of the latter ones can be used as m. ]

Lemma 2.2 W can be embedded in a smooth toric variety Z of Gfx in such a way that G
is a scheme-theoretic intersection with the toric boundary. Moreover, intersecting with W
induces a bijection between toric divisors of Z and irreducible components of G. A collection
of toric divisors has a non-empty intersection if and only if the corresponding components
of G have a non-empty intersection.

Proof For any subset S C 1, let

W = ﬂ G; and Ug:= ﬂ(W\G,-).
ies igS
In particular, we have

Wy =W and Uy = W\G.

If Wy is non-empty, we call it a stratum of W (which could be reducible). For any S C 1,
let Mg = M N O(Us). By [3, §2], Lemma 2.2 will follow if we can check the following
three conditions:

1. For any stratum Wy, Ug is affine and Mg generates O(Ug).
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2. For any stratum Wg, and any i € S, there exists m € M with valg, m = 1 and
valg; m = 0 forany j € S\{i}.

3. The collection of cones in MY ®7 Q convexly dual to cones spanned by semi-groups
M forms a smooth fan (as Wy runs over strata).

To check (1), we use J = § in Lemma 2.1, which then shows that S can be written as
an intersection of subsets K, such that Uk, is affine and O(Uky, ) is generated by M, . By
separatedness, Us = (), Uk, is affine as well and O(Us) is generated by restrictions of
O(U k,) for all o, hence by the union of M, for all o, and hence by M. To check (2), take

= S\{i} in Lemma 2.1. Finally, to check (3), it suffices to show that for any two strata Wy, ,
WSZ, there exists a unit m € M such that valg, m = 1 for any i € S1\S> and ValG m=20
foreach j € S>. Foreachi € §1\S2, we apply Lemma 2.1 to J = S1 U $2\{i}, Wthh gives a
unit m; such that valg, m; = 1 and valg; m; = 0 forany j € J. Butthenm = [[;cg 5, mi
satisfies (3). O

It remains to show that a rational equivariant map ¢ : Z --» PV is in fact a morphism.
Let N = MY ®g R. Let C C N be a cone in the fan of Z with rays that correspond to toric
divisors which cut out divisors G;, i € J on W for some subset J C . Then |J| < dim W,
and arguing as in Case III of Lemma 2.1, we can find a prime divisor G of type E such
that k ¢ J. This divisor corresponds to one of the coordinate hyperplanes H C PV. Let
D C N be acone in the fan of PV with rays that correspond to coordinate hyperplanes other
than H. It suffices to show that C C D. Dually, it suffices to show inclusion of semigroups
DY c CV.Letm € DV. Then

meM Ck(S)=k(W).

The principal divisor (m) on S has only one component with negative multiplicity, namely
H N S. Since H is a general hyperplane, 7(G;) ¢ H for any j € J. It follows that
ordg,; m > 0 forany j € J and therefore m € C v

Thls finishes the proof of Theorem 1.1. Now we prove Corollary 1.2. We first apply
Hironaka’s resolution of singularities [2] to construct an embedded resolution of singularities
(1.1). Then we apply Theorem 1.1, and compactify Z to a smooth proper toric variety, which
we also call Z. Now we apply [1, Theorem 2.4], which gives a proper toric morphism 77
such that the morphism Z — PV is a composition of blow-ups with smooth equivariant
centers of codimension 2.

It remains to show that the proper transform Y of X in Z is smooth and intersects the toric
boundary transversally (the proof of the corresponding facts for S is similar). This follows
from [7, Th 1.4 and Prop. 2.5]. More precisely, these results apply as follows: since Z is
smooth and Y is smooth and intersects the toric boundary transversally, the multiplication
map

lD:YxGZ—)Z

is smooth. The multiplication map W : ¥ x GN — Z is then a pull-back of W, and therefore
it is also smooth. Since Z is smooth, this finally implies that ¥ is smooth and intersects the
toric boundary transversally.
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