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• C smooth prey
'

curve g≥2
• N moduli of stable v. b. Eon C the E=2

fixed def E-≈ n of odd degree d
stable⇔ every line subbundle LCE has deglsdlz

• Th ( T .

- Torres) Db (N) has an SOD with blocks
Dblsymi c) ( 2 blocks for 5=0, . . . , g-2 ; Iblock for F-g-1)embedded by explicit Fourier- Mukai functors
and , possibly , an orthogonal

"

phantom " block
( conjecturally Zero)

• g--2 ⇒ N = Q ,
nQzc IP5 ( Newstead)

SOD proved by Bondal- Orlov
• C hyperelliptic⇒N -- Fano 4PM Qin ☒zcpY")

( Desde- Ramayan)
Fouarev- Kuznetsov : Db (N) =( Db(c)t,DMC )) in this case
• Narasimhan : true for all curves
( paper1 : g ≥ 4 ; paper2 : g--s) and introduced a
general conjecture ( independently by

Belman
,
Gatlin

. Mnkhopadyay )
• Lee -Narasimhan : Db/N) contains Dblsymzc) as a
semi-orthogonal block if 9%16 & Chat hyperetleptic
• After our work has appeared, a
different approach was proposed by Hu -Yan



• The shape of the S -O- D . is compatible with
Dnbrovin conjectures due to
Muñoio c. IN) RQH

*

(N ) eigenvalues 87
with A = 1191 , (ly ) i , 139) , . . - (g-2) I , 19-11
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Blocks of the SOD are organized onto
four "megablochs ", one for each side
of this Cruz del Sur with blocks within
each megablock MutuBorthgonal



• Preliminaries on Db(x)
• ✗ smooth prig . variety / a
• ☐4×1 = { bounded complexes of coherent sheaves}
9nasi- isomorphic complexes are isomorphic in Db(x)
• Every object ☐ isomorphic to
a bounded complex of vectorbundles

. Example F /× vector bundle of rank r

Ye ✗ zero locus of SE 1- (✗ , F)

codingY = r ⇒ Uy 5-% . . .
Is is g) in D

"(X)

koszl complex
• Dblx) is not an abelian but a triangulated category :
✗tie uniquely no exact triangle ✗→ᵗYtzʰ→xk]

9via the mapping cone construction shift funder

• Classical function of abelian categories are (often)
not exact but their derived functionare triangulated
• r : heh ✗ → Ved ¢ Rr :D" 1×7- Db treate)

5- v. b. Rr (F) so ⇔ Hi ( × ,F)w ki
⇔ F. is agile



• Preliminaries on SODS ④
• Def A semi-orthogonal decomposition
SOD F- LA ,B) 4) Rlhem / B.A) =p AEAIBEB

⇔ Exti In
, A) -0 Ki

= them ID , Ali))

(2) V-TET 7. exact triangle ☐→1-→ A-→ 1311)

• Triangulated subcategories appearing as
semi -orthogonal blocks are called
admissible fait⇔ G) i is fully_ faithful

a) admits adjoint projection function t →A
(2) is often automatic on geometric

& rep . - theoretic contexts
•
"

Mast
"

funders are not f. f. :{ p}ÉsX skyscraper
Ri
.
:D%p. / =D" (Veda)→DH

,
Cl trop sheaf

Rtloml ,e) = ¢ but Rthom top Np )=n•Tp !
Tangent weibo.pt

}
0×-0}

extension ◦→ Opt→ ↳ → up ,→o
f ↳ Flott 's Ipl)

So the port is rigid on its own but moves in ✗



• F. f. Dblpt )→ Db (x) should send ① to

a
"

rigid
"
v.b. Ior complex)E called exceptional

☒Homie, {1=6
⇒ (E) cDblx) admissible and Db /×)= < Et

, [>
{F. RthenlEiko} "

so

•Ex Rrklx )=e⇔ Ox is an exceptional line bundle
⇔ Dmx) = vii. 0×7

• This holds for rational if Fano varieties
,
also

for example , Enriques , Dolgacher , Barlow turtles
• Relative Case : f. ✗→Y , RfsQ,=Oy
leg. f- is birational or a projective bundle )

⇒DYxt-GDbtef.ph/YD
11 " Lf

* Db (Y)
{ FED"(x) . Rfs F -03 hard to describe unless
✗ =DEZY or f- is a projective Bunde (Orlovtheorems)

• Iterating SOD gives T =Gti
, .
. . .Ar>

• EX Db (A) = ( 6th) , . . . . 61-11,03
'

Dettingen fill exceptional collection



• Ideally , each block Ai is indecomposable ?( warning : no Jordan - Holder property in general)
• Conjecturally , Kxnef & effective ⇒ DMX)

indecomposable
• The strongest known result is a recent theorem

^

Cin) : NDSIW✗④Ll finite ⇒ Dblx ) indecomposableLePrix

• Ex : D" ( Symi C) indecomposable V-i-Q.mg - I
⇒ our decomposition of Db/N) is maximal

i• Abel- Jacobi Sym JC→ PicsL birational⇒
Dbl Symes c) = (Db (PicsC) +

,
Db (Piesc)>

↑
CY⇒ indecomposable

A] ins not an iso ever { I C- Pick : til432
⇔
tilWE④431}This locus is resolved by Syms-2C

Remarkably, D
'
Hick)ᵗ≈Dʰ ( Syms -2c) (Teda)



• Fourier- Mukai transforms :
let { be a v. b. on Y ✗ ✗

f-Me : Db Y → Dbx * ↳ Ritz# IT?#⊕
,
l ) .

• f-Me f. f. ⇒ Db(✗1=4344)
,t

☐
• (Y ) )
via F-ME

• V.b. E /yxx with a f. f. FM functor is a
generalization it an exceptional v. b. (Chee Y=p t)
• Bondat-Orlov criterion

Vy EY Ey = El {g) ✗✗ = FM { (Ug )
.

I
evaluation v.b. on ✗

FM
, fully faithful ⇔

c) Exti I Ey , Ey , ta , Fy -4g ' , Ki
(2) Hom I Ey , (g) = ①
↳) Extil Ey , Ey )=o for i > dim Y

• Ex
. In our case we have

E a Poincare vector bundle on C ✗N :
_

E /Cx{×) = E v.b.one given by ✗c-N
b-pec Cp = Elp ✗N evaluation v. b. on N

indexdetep =⊖ ample generator of Pied =3 (
N"

• Th (Narasimhan) f-Me is fully faithful
2 Fam)

To illustrate our approach let's reprove this
using windows into derived categories & stifle parts



•Moduli of stable pairs ( following Thaddeus)
A- { IF ,

4) : Yeti / C. F) , rhF=2 , detF-n.ly d-
_dega >o

4=10

It line subbundle LCF
, degl ≤ {

- 6 YEH%)

6>0 is a stability parameter % -16 444%)
•No strictly S.s. pairs⇒M is smooth

,
dim M -- dtg -2a universal v -b

. I on [ ✗M
with a universal section ∅ .

• Varying 6 gives a diagram of flops
E cB1dPᵈ+9?Mi -→ Mz -- -→ . . .

- - -→My, ( FielPL to } ↓ Ic% /pd-19-2 N F

• For pam ( F. 4) c-Mi , y c-HotF) has at most i Zeros
.

• we need all degrees , including even
,for inductive purposes but here Iwillassume that d--2g-1=7 } is birational

•DYMI-DYDld.PH -3)=fp*Db/e) I- i ) , Db( PY -3 ))
✓ it

,
. . . .3g-5 (Orlovtheorem)

torsion subcategories supported on Ecs Mi
.

Need to relate to the universal vector bundle F.



• E-_ {◦→up)→F→ntp7→o}={ (Fiel : "has}a Zero

¥ PEC (unique ! )
• The universal section vanishes on
2-14)={(p.F.ie ) :4lp1=o)ÉC×M,

z ,
ʳᵈʰ~

dprz
E cÉ Mi

( koszdcpx)
⇒ js.ve :[N*→→u] ii. Dblcxm , )

N=n⊕Nm ( Ami > defined on anyMi)
ltpee , UEp≈[n%→Fp*→U] intima)

2yp39-54ms
• Rltanl Uep , Uep ,)= {

° P≠p
'

Q⊕Efi) p=p
/⑧

(easy calculation Orlov blow-up theorem
• ⇒ (modulo simple cohoucehegicelcale )

RHom(Fp . Fpi )= ⑧

⇔ FM ,=:Dblc)-Dblma) is f. f. ¥;



• Next : FM
£
: Db /c)↳DblMit V-i-4.gg -I
PGLRX

✗¢
,
PGL ✗1- PGL

(Pwi c vii.,
""

mi
"

spirit
I

µ

""9W 39-3-2i
_ bundleÑi -1

mic

•Theory of windows of Teleman
and Halpern- Leistner gives the

windows inequality : If BEDLAM has
- (39-3-2) ≤ weights(B) ≤ i- i

↓ ↓
RP (Mi

, B)=RrP
" ( × ,D) =Rr(Mi- i , B)

• Weight lfp) = { 0,-1] ⇒ FMF i.DblcksDblmi)
Bandel-8rlov is f.t.lt i=\ , . . , 9-I

• Finally , we can reprove Narasimhan'sTh s

↳
*

:D
↳IN)↳ Db/Mgr ) is f. f.

}
" E = 5- (Z) ⇒ File :Dblc)↳DHN) f. f.

diviner- on Mg -1



• Tensor v.b.
EE sym

'
c s; quotient

↑ ↑ ↑ any scheme
CM equidim smooth ⇒ ≈ is flat

I
• ⇒ every base change ExME syic.im is flat
• Given a v.b. E on Cxm

IT?{⊕
.
. .④IT! E sa- equiv v. b on Ct ✗M

• Tis flat⇒ E☒?=T*%(ñiE@ . . .
④IT! E)

a v. b on SymkxM and construction - is functional inM
• The same construction with ⊕ gives tautological v. b.
• Th IT- Torres) let { be the Poincare v.b. on C-N .

⇒ FM {☒✗ :D
" / Syme )↳Dbln) filly faithful

✗ = 0
,
I
, . . , 9 -I

(N) =@③ Go
,@↑⊕Gz ,

%⊕ Gyi . - . i

• ⊕G
, , ↑⊕G> , ↑⊕ Gs , . . - i

Go
, ⊕ Gz ,

#[④ Gy i -
i - i

G , ⊕ Gs , (E)
'

⊕ Gs , _
_ .

. )
Gogi appears once , Gi for icg -1 twice ,

blocks within each line are orthogonal

•To applythe Bonded- Osher criterion ,
we need

to describe evaluation v. b. {☒✗
☐ on M

for D=Pit . _ _
+Pa C- Sym 2C



• pi-+pi → {
☒! Ep,⊕ . .

-④ Ep, Epi -- Eltrpi} ✗MD

• lemma KD
,
[☒
2

☐
isa canonical lfunctenaltn MY

deformation of Ep,⊕ . .
-④ Eps

• This allows us to use sewn
.

- continuity arguments
to prove cohomology vanishing inventing E☒d
•Working on the moduli space of sFable
pairs and combining windows with

syzygies techniques allows to organize
sophisticated induction which depends
on a few hey cases , including

very non-trivial acycling of lone bundles

(Ñm%*••[ : map } to N

"

Hiiiii :-.:
"

i. • •

maps to singular G ITSN☆ • •

detFp = Am • • E ={( F, 4) : y has zeros}

ii÷ .



• Global sections of @ b. in Eff(Mi ) were computed
to prove Verlirnde formalin for hotN, 0-14 (thaddeus
Tools : Kodaira vanishing & Grothendieck-Riemann- Roch
• To dealwith Symhc , we needed

Rt (Mg _ , ,Ñ=o for 1kt ≤ g- 1
,

k -1-0
Easy for k>◦ ( prove on Mi = 131dm9-'+ windows )
Hard for keo (needs to be checked on M

- K)
• Use "

Thaddeus package'"-1 Heche correspondences
+ geometry of divisorE after flips 8 more general
{E-ie ) : Zero loans of he has degree ≥ r} cmi ,which is a better- behaved locus then he classical loan
{E : E contains a C. b. Lot degree≥ r} c N

•How do "lemon " Sob of Mi and
"Poincarebubble "Jaret N compare?

'

• Applying the windows theorem of
Halpern -Leistner& Billard- tavern-katzarikov⇒
SOD DblMi / = <DblMi- il , Db (symic ) )

↑
3g-2-3 i copies supportedon IPW it



• Combining these SODS gives
torsion subcategories

D4Mg→)=(Dblpt )
,

DMC)
,
D
"

lsymic), . . . ,DbKym%D
↑ ↑ ↑

3g -2 3g-5 3g-8 {%}* numberofcopieszzjjt.lu
☐
"( N ) -_ (Dblpt )

,

DMC)
, Dblsywic), . . . ,DbKym%D

tenser vector bundles
• These SOD 's are incompatible via ↳*
• } : Mg-i→ N .

¥→ codimz Brill-Neither loan
* resolution of srylaities
Mg -212g -3)

• keseki-T.edu : ☐
"In)+≈Db(Mg-zhg.nl


