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Abstract. The paper studies generic commutative and anticommutative algebras
of a fixed dimension, their invariants, covariants and algebraic properties (e.g., the
structure of subalgebras). In the case of 4-dimensional anticommutative algebras
a construction is given that links the associated cubic surface and the 27 lines
on it with the structure of subalgebras of the algebra. The rationality of the
corresponding moduli variety is proved. In the case of 3-dimensional commutative
algebras a new proof of a recent theorem of Katsylo and Mikhailov about the 28
bitangents to the associated plane quartic is given.

Introduction

Let V = €. Consider the vector space V* ® V> ® V of bilinear multipli-
cations in V. We identify points of this vector space with the corresponding
algebras, i.e., A € V*@V*®V simultaneously denotes the underlying vector
space V equipped with the corresponding multiplication.

One has the GL(V)-module decomposition

(0.1) V'eV*@V=A6C= (404 (CaC),

where the modules Ag, .Z, Co, C are irreducible; their highest weights (as
of SL(V)-modules) are wy 4 wn—2, Wn—-1, w1 + 2wn_1, Wn—1, respectively (in
the Bourbaki numbering of the fundamental weights).

The elements of A (resp. C) are anticommutative (resp. commutative)
algebras; the elements of Ay and Cy are algebras with zero trace (algebra A
has zero trace if for any v € A the operator of the left multiplication by v
has zero trace).
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We denote by [-,-] (resp. (-,-)) the multiplication in anticommutative
(resp. commutative) algebras.

Algebras in the summands A and C of the decomposition (0.1) have a
very simple structure, namely

(0.2) [v,w] = fv)w - f(w)v (feV?)
for algebras in A and
(0.3) (v,w) = f)w + fwy (fe V)

for algebras in C. Any subspace of such an algebra is a subalgebra.

We say that a generic algebra in A, C, Ay, or Cy satisfies some property if
there exists a nonempty Zariski open subset in A, C, Ag, or Cg, respectively,
such that all algebras in this subset share this property. Sometimes we do
not specify this property and its meaning becomes clear from the context.
For example, the phrase “Let A € Ag be a generic algebra. Then A has ....”
means “Consider all algebras in Ap that have .... Then this set contains a
nonempty open subset of Ap.” The aim of this paper is to establish some
nice properties of generic algebras.

In Section 1, we describe the structure of subalgebras of a generic algebra.
We find all integers & such that a generic anticommutative (commutative)
algebra contains k-dimensional subalgebras and describes the variety of sub-
algebras in these cases. In particular, we prove that a generic n-dimensional
anticommutative algebra A has no k-dimensional subalgebras for 3 < k < n;
the pumber of 3-dimensional subalgebras is finite and can be precisely com-
puted; the 2-dimensional subalgebras form a smooth irreducible subvariety
in the Grassmannian Gr(2, A). Similar results are obtained in the commu-
tative case.

In Section 2, we consider 3-dimensional anticommutative and 2-dimensi-
onal commutative algebras.

Section 3 is the main section of the paper. Here we consider generic anti-
comrmutative 4-dimensional algebras. We construct in the GL4-module Ay
two natural k-sections (see the definition below) arising from the structure
of subalgebras. As a consequence we find two actions of finite groups with
the field of invariants isomorphic to C(.Ag)®™ and prove that this field is
rational. To each A € Ay we assign a cubic surface K ¢ PA. We show
that if A is generic then K is also generic. This enables us to give a full
description of the variety of 2-dimensional subalgebras. Finally we describe
the 27 lines on K in terms of the algebra A.

In Section 4, we show that n-dimensional commutative algebras can be
identified with some n-dimensional linear systems of quadrics in P™.
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In Section 5, we assign to each commutative 3-dimensional algebra with
zero trace A a plane quartic @ C PV*. We give a new short proof of a
recent theorem of Katsylo and Mikhailov describing the 28 bitangents to @
in terms of the idempotents of A. .

We use the following notation and terminology:

C(X) — the field of rational functions on an irreducible algebraic
variety X,

T, (X) — Zariski tangent space of X at z € X,

S — Zariski closure of a set S C X,

C(X)¢ — the field of G-invariant rational functions on an irreducible
G-variety X,

PL — the projectivization of a vector space L,

{vy,...,v) — the linear span of vectors vy,... ,vx € L,

{e1,... ,en} — the fixed basis in V,

{z1,...,za} — the corresponding coordinates.

We say that a linear operator has at least 2 zero eigenvalues if it has the
eigenvalue zero of algebraic multiplicity at least 2.

Let X be an irreducible G-variety, S an irreducible subvariety. Then S is
called a section of X if G- S = X. The section S is called a x-section if the
following condition holds: there exists a nonempty open subset U C S such
thatif z € U and gz € S then g € H, where H = N(S) = {g € G| ¢S C S}
is the normalizer of S in G (see [PV]). In this case for any f € C(X) the
restriction f|s is well-defined and the map

C(X)® - C(S)H, fw fls,

is an isomorphism. Any k-section defines a G-equivariant rational map
¥: X - G/H: if gz € S, then z — gH. Conversely, any G-equivariant
rational map ¢ : X — G/H with irreducible fibers defines a k-section
P~1(eH).

Let X be a G-variety, S a subvariety, P C G a subgroup such that
P .S C S. Then one has the following easy formula:

(0.4) codimxG - S > codimx S — codimgP.

Therefore if the right hand side of (0.4) is positive, then .S is not a section.
We use this argument (“dimension count”) very often to show that generic
points do not satisfy some property.

The author is grateful to E. Vinberg for attention to this work and to
V. Popov and A. Kuznetsov for useful discussions. The author also thanks
the referee for numerous remarks contributing to the improvement of the

paper.
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1. Subalgebras in generic algebras

Theorem 1.1.

(1) A generic algebra in C or Cy has no k-dimensional subalgebras for 1 <
k<mn;

(2) A generic algebra in A or Ag has no k-dimensional subalgebras for 3 <
k<n.

To prove this theorem we need the following lemma:

Lemma 1.1. Suppose G is a connected reductive group, P C G a para-
bolic subgroup, L the homogeneous vector bundle with base G/P and fiber
U defined by an irreducible representation R : P — GL(U), where dimU >
dim G/P. Suppose H*(G/P, L) # 0. Then the scheme of zeroes of a generic
global section of L is empty.

Proof of Lemma 1.1. Let M = HO(G/P, L). Consider the P—equiva.riant
map '
v:M-U, s s(P).

Since R is irreducible, M # 0, and G/P is a homogeneous space, 1 is
surjective. Let Mp = ker.
We have codimpy Mp = dimU > dim G/P = codimg P. Hence,

codimp,G - Mp > codimp Mp — codimg P > 0.

On the other hand, homogeneity of G/P implies that G - Mp is exactly the
set of global sections that have zeroes. []

Proof of Theorem 1.1. It follows from (0.1)—(0.3) that it suffices to consider
only algebras with zero trace.

The Grassmannian Gr(k, V) is the homogeneous space GL(V)/P, where

P is the group of matrices p = 'g ;), where A € GL and B € GL,_.

To prove (1) and (2) we apply Lemma 1.1 to the vector bundles
c=S%E*QV/E and L,=A’E*Q®V/E

on the Grassmannian Gr(k, V'), where £ is the tautological vector bundle
and V is the homogeneous vector bundle with fiber V. It is easily seen that
for each of the bundles £. and L,, the fiber U is a simple P-module.

For L. we have

~dimU=k—;—lk(n—k)>k(n—k)=dimGr(k,V) as k>1.
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For £, we have

2

dimU = lk(n—k)>k(n-—k)=dimGr(k,V) as k>3

Using the Bott theorem (see [Bo]) one can check that H°(Gr(k, V), £,) ~
Ap and HY(Gr(k, V), L) ~ Co.

Any algebra A and any linear subspace L of V define in a natural way
an element Ay € Hom(L ® L,V/L). For any A € A (resp. A € C) the map
L — AL is a global section s4 of L, (resp., L.).

Thus we obtain the maps of GL(V)-modules A — H°(Gr(k,V), L,) and
C — H%(Gr(k,V),L.) taking A to s4. Note that sq(L) = 0 iff L is a
subalgebra of A. Thus any section of £, (resp. £.) has the form s, for
some A € Ap (resp. A € Cp) and zeroes of this section are identified with
subalgebras of A. O

We shall use the ideas of this proof in the proof of the next theorem.

Theorem 1.2.

(1) The number of 1-dimensional subalgebras of a generic n-dimensional
commutative algebra equals 2™ — 1.

(2) The number of 3-dimensional subalgebras of a generic anticommutative
n-dimensional algebra equals the top Chern class of the vector bundle £ =
A2E* ® V/E on the Grassmannian Gr(3,n). The following table contains
these numbers for small n:

the dimension of the algebra 41 5 6 7 8
the number of 3-dimensional subalgebras | 5 | 22 | 98 | 465 | 2349

(3) The 2-dimensional subalgebras of a generic anticommutative n-dimen-
sional algebra form a smooth irreducible (n — 2)-dimensional subvariety in
Gr(2,n).

Proof. To prove (1) one can use the same ideas as for (2), but we shall give
a more natural argument in §4.

To prove (2) we need to check that generic global sections of the bundle
L intersect the zero section transversally. Then (2) will follow from stan-
dard intersection theory [F]. Unfortunately, I do not know any explicit for-
mula for the number of 3-dimensional subalgebras of a generic n-dimensional
anticommutative algebra. On the other hand, for any n this number can be
algorithmically computed by means of the well-known procedure of calcu-
lating Chern classes of homogeneous vector bundles on the Grassmannian

[F].
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The Grassmannian Gr(3,n) is the homogeneous space G/P, where G =

GL,, and P is the group of matrices p = (61 ;), where A € GL3 and

BeGL,_3.

Suppose M = H%(G/P,L), Mp is the linear subspace of all sections
vanishing at eP, N C M the set of all sections that intersect the zero
section nontransversally, Np C L the set of all sections that intersect the
zero section nontransversally at eP. We should prove that codimp N > 0.

It is clear that N = G - Np. Each section s € Mp defines the linear map

ds : Tp(G/P) — Tp(G/P)& U,

where U is the fiber of £ over eP. It follows from dimG/P = dimU that
s € Np iff the map ¢ = py o ds is not injective, where py is the projection
on U.

We can naturally identify the representation of P in Tp(G/P) with the
isotropy representation of P and, hence, with the representation of P in
Mat(n —3,3) by p- X = BXA™!, for X € Mat(n —3,3). If n > 6, it has 3
nonzero orbits O;, Oy, O3 with the representatives

vy = E11, v2 = En1 + Eg2, and v3 = Eq; + E2z + Eas.

If n =4 or n = 5, it has 1 or 2 nonzero orbits with the representatives v; or
v; and vy, respectively (here E;; are the matrix units).

Denote by P, the stabilizer in P of the line (x) spanned by z. Then
an easy computation shows that the codimensions of Pyy,y, Py,); Plus) in P
are equal to n — 2, 2n — 5, and 3n — 10, respectively.

Consider the linear subspaces N,,,N,,,N,, C Mp of all algebras that
share the following property: if s is the corresponding section of £ then
¢(v;) = 0. To prove (2) it suffices to check that codimpyG - N,, > 0 for
i=1,2,3. Since

codimpG - Ny, > codimy N, — codimg Py,
= codimps, Ny; + codimp Mp — codimp P,y — codimg P

= codimps, Ny; — codimp Py,
this inequality will follow immediately from
(1.1) codimps, Ny, > codimp P,y .

We have already computed the right hand side of (1.1), the left hand side
is computed in the following lemma.
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Lemma 1.2. codimps, Ny, = 3(n — 3) fori=1,2,3.

Proof of Lemma 1.2. Consider the following open immersion
Mat(n — 3,3) C Gr(3,n),

given by the formula X — TgS), where S = (ej,ez,e3), T = I+X,Iisthe
identity operator on V and X is the operator with the matrix

(x 3)

Using this map it is easy to check that the map ¢ : Mat(n — 3,3) —
A%2S8* ® V/S has the form

(12) <p(X)(sl A 82) = ([Xsl ,82] + [Sl ,232] - X[Sl ,32]) + S

for any s1,s, € S.
Let [e;,e;] = chjek. We take X = v;, i = 1,2, 3, write the right hand
k

side of (1.2) in coordinates and set it equal to zero. In the case i = 3 (other
cases are similar) we get the system of 3(n — 3) linear equations

i i i i i .
C15 = Coqy C1g = C34, Cgp = C35, 1> 6,
i i+3 i+3 i i+3 i+3 i i+3 i+3 i= 1’ 2, 3.

(1.3) :
C12=C5 —Cq > C13=Cr6 —C34 » C23 =C6 —C35 »

The condition on the trace of the algebra has the form

n

(1.4) Y di=0, i=1,...,n.

=1

The conditions for the algebra to have S as a subalgebra have the form
(1.5) k=0, 1<4,j<3,k>4.

One can easily check that equations (1.3)—(1.5) are linearly independent.
This completes the proof of Lemma 1.2. [

Let us prove (3). We keep the notation used in proof of (2), substituting
Gr(3,n) for Gr(2,n), etc. First we prove transversality.

This can be obtained as above. Let us point out only the differences. In
this case the transversality of a global section s at eP is equivalent to the
surjectivity of ¢. The action of P on Gr(n — 3,U) is transitive. Fix n €
Gr(n—3,U). Let N, C Np be the linear subspace of all sections s such that
Im(o(Tp(G/P))) C m. A simple computation shows that codimgGy, <
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3(n — 2) — 1. On the other hand, arguing as in the proof of Lemma 1.2,
we get codimp N, = 3(n — 2). Dimension count completes the proof of
transversality.

We proved that the scheme of zeroes Z(s) of a generic global section s
of the vector bundle £ = A2E* ® V/E over Gr(2,n) is a smooth unmixed
(n — 2)-dimensional subvariety. To prove the irreducibility of Z(s), let us
consider the Koszul complex.

In our case it is exact since s is regular (see [F]):

O—»A"_zj‘—g»...iAzj*—s>.,7‘—§+(')—+02(3)——)0,

where J is the sheaf corrésponding to £. An application of the Bott theorem
(the “singular” case) yields H*(Gr(2,n), A?J*) = 0 for 1 < p < n—2. Hence,

H°(Z(s), Oz(s)) = H*(G1(2,n),0) = C.

This completes the proof of Theorem 1.2. O

Corollary 1.1. A generic anticommutative algebra is generated by two el-
ements; a generic commutative algebra is generated by one element. 0

‘Theorem 1.3. Generic algebras in A, C, Ao and Co are simple, i.e., have
no proper ideals (if n > 2 in the anticommutative case).

Proof. The proof is by dimension count. Consider, for example, the case of
Co.

According to Theorem 1.2, a generic algebra contains only 1-dimensional
subalgebras. Let N C Cy be the subset of all algebras having a 1-dimensional
ideal. Since G = GL,, acts transitively on PV, N = G - Ny, where N, is
the linear subspace of all algebras having the ideal (e;). Let P = G|,).
Then codimgP =n—1, P-N; C Ny, codime, N3 = n(n — 1). Now apply
dimension count. [J

2. Generic algebras of small dimensions

Using the classification of irreducible linear actions of connected simple
groups with nontrivial generic stabilizer due to A. Elashvili and A. Popov
(see [PV]), one can easily prove that generic n-dimensional anticommutative
algebras with zero trace have no automorphisms if n > 4; the same is true
for commutative algebras if n > 3.

In this section we consider the cases when generic algebras have a non-
trivial group of automorphisms, i.e., 3-dimensional anticommutative and
2-dimensional commutative algebras with zero trace.
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Generic 3-dimensional anticommutative algebras with zero trace

We have the isomorphism of SL3-modules
Ap ~ S?V.

Therefore each nonzero algebra defines a conic in PV*. If A € A, then the
corresponding quadratic function V* = A2V — C = A3V has the form

A%V 5z z Am(z),

where m is the multiplication in A, hence the corresponding conic can be
identified with the set of 2-dimensional subalgebras.

The isomorphism defined above takes each nonsingular quadratic function
to an algebra isomorphic to slz. Hence, these algebras are generic. Since the
Jacobi identity is polynomial, all algebras in Ag are Lie algebras. Quadratic
functions of rank 2 correspond to algebras with the following multiplication:

[u,v] =v, [u,w] = -w, [v,w]=0.

The conic consists of two lines in PV* that intersect at the point correspond-
ing to the derived algebra (v, w). Quadratic functions of rank 1 correspond
to Heisenberg algebras

[u,v] =0, [u,w] =0, [v,w]=wu.

The conic is the double line corresponding to the derived algebra (u).

Let A € Ap. For any v € A consider the characteristic polynomial of the
induced operator [v, -] of the left multiplication by v. Since A is anticommu-
tative with zero trace, only one coefficient of this polynomial, apart from the
leading one, may be not equal to zero. This coefficient defines a quadratic
covariant Ag — S2V*. Therefore each algebra defines a conic in PV (that
may coincide with PV'). Evidently, this conic is the projectivization of the
set of nilpotents of A.

When our algebra is generic (isomorphic to sl;), we have a natural bijec-
tion between the conic of 2-dimensional subalgebras (i.e. the conic of Borel
subalgebras) and the conic of nilpotents, which assigns to each 2-dimensional
subalgebra its (1-dimensional) derived algebra. This is the canonical bijec-
tion from a conic to its dual conic.

We shall use the following lemma in the proof of Theorem 3.6.

Lemma 2.1. Let A be a 3-dimensional anticommutative algebra (not nec-
essarily with zero trace). Consider in PV the conic Q (that may coincide
with PV): ‘

P(v) € Q iff the operator [v,-] has at least 2 zero eigenvalues.



136 E. A. TEVELEV

Then Q is not a smooth conic if and only if A satisfies one of the following
conditions:

(1) A has a two-dimensional commutative subalgebra;

(2) A has a two-dimensional ideal;

(3) there ezists v € A, v # 0, such that any two-dimensional subspace
containing v is a subalgebra.

Proof. Suppose @ is a singular curve or coincides with PV. Then there
exists a 2-dimensional subspace L C A such that for any z € L the operator
[z,-] has at least 2 zero eigenvalues. If L is a commutative subalgebra, we
have (1).

Let L be a noncommutative subalgebra. Then there exists e € L, e # 0,
such that [e, L] C (e). Take any f € L, f & (e), and h € A, h ¢ L. In the
basis {e, f, h} the operator [f,-] has a matrix of the form

(5

Since [e, f] # 0 and [f,-] should have at least 2 zero eigenvalues, we have
[f,A] C L. Therefore [L,A] C L, i.e. L is an ideal.

Suppose L is not a subalgebra. Then [L, L] = (v), v ¢ L. Take any basis
{e, f} of L. In the basis {e, f,v} the operator [e, ] has a matrix of the form

E23)

Since [e, f] # 0 and [e, -] should have at least 2 zero eigenvalues, we have
[e,v] € (e,v). Therefore we have (3).

Conversely, suppose A D L, where L is a 2-dimensional commutative
subalgebra or a 2-dimensional ideal. Then clearly PL C Q and Q is not a
smooth curve.

Suppose we have (3). Then any 2-dimensional subspace L, L > v, is stable
under [v,-]. Therefore [v,-] induces a scalar operator Al on A/{v). fA =0
then (v) is an ideal (and, therefore, A has a 2-dimensional commutative
subalgebra); in the opposite case A = L & (v), where [v,e] = Xe for any
e € L. Therefore PL C Q and Q is not a smooth curve. O

[ e i e
* ¥ *

O O %

* O O

* * *

Generic 2-dimensional commutative algebras with zero trace

We have the isomorphism of SLy-modules

Co ~ S3 V*
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that takes any algebra to the cubic function
v uA(v,v) €A’V =C.

Zeroes of this cubic function correspond to 1-dimensional subalgebras.

3. Generic 4-dimensional anticommutative algebras

Let Ap be the GLy-module of 4-dimensional anticommutative algebras
with zero trace. . We shall construct in A4y two natural k-sections arising
from the structure of subalgebras.

3-dimensional subalgebras

By Theorem 1.2, a generic 4-dimensional anticommutative algebra A con-
tains exactly five 3-dimensional subalgebras. Their projectivizations form
in PV a configuration of 5 planes.

Lemma 3.1. This configuration consists of 5 planes in general position.

Proof. Let II; be the set of all triples of distinct planes in P3 that inter-
sect at a line; let I, be the set of all quadruples of distinct planes in P2
that intersect at one point and such that any three of them intersect at one
point. It is easily seen that the actions of GL,4 on II; and Il are transitive.
Denote by N; C Ag (i = 1,2) the set of all algebras that contain a configu-
ration of subalgebras whose projectivization lies in I1;. Denote by N, C N;
(i = 1, 2) the linear subspace of all algebras that contain subalgebras whose
projectivizations form some “standard” configuration w; € II;, e.g.

m ={z1=0, 22 =0, z; + x5 =0},

mp={z1=0, 22 =0, 23 =0, 7 + 72 + 73 =0}.

Now we can use dimension count to show that codim,N; > 0, i = 1,2 (see
the proof of Theorem 1.3). [

The action of SL; on the set of configurations of 5 planes in general
position in PV is transitive with a finite stabilizer. Let us fix a standard
configuration (the Sylvester pentahedron) in PV formed by the planes z; =
0, 25=0, 23=0, 24 =0, 1 +x5+x3+14 = 0. It follows from Lemma 3.1
that the set of all algebras, such that the planes of the Sylvester pentahedron
are the projectivizations of their subalgebras, is a 5-dimensional linear k-
section S of the SL4-module Ag.

One can easily show that the multiplication in algebras of S is given
by the formulas [e;,e;] = ajje; + bije; (1 < i < j < 4), where a;; and
b;; satisfy some linear conditions. Consider 6 algebras A,, ..., As with the
following structure constants: :
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Ay Az As Aq As Ag
a2 0 1 1 -1 0 -1
b12 1 0 -1 1 -1 0
a3 1 1 0 -1 -1 0
bis 0 -1 1 0 1 -1
a4 1 0 1 0 -1 -1
b1 -1 1 0 -1 0 1
a3 -1 -1 1 0 0 1
baa 1 0 0 -1 1 -1
az4 0 -1 0 -1 1 1
boa -1 1 1 0 -1 0
aszg -1 1 -1 1 0 0
bas 0 0 1 -1 -1 1

Any A € S can be written as a1 4; +...+agAs, where a; +...+ag = 0.

The stabilizer of the Sylvester pentahedron in the group PSL, is the
group Ss, represented by the permutations of its planes. Its preimage in
SL4 is a group H containing 480 elements. This group is generated by As
and the preimage of a transposition (see [Be] for the details). The latter is
isomorphic to Zs and is generated by

0 ¢ 00
e 000 4
7= lo 0 e of €771
0 0 0 ¢
The action of o on S is given by
oA A, J 00 0 1
: =M| : |, whereM=—¢1|0 J 0]}, J= .
. . 1 0

The group As can be represented as the group of rotations of the dodeca-
hedron. Let I'y,... ,I'¢ be the pairs of opposite faces of the dodecahedron.
Consider the vector space of functions

6
fi{ly,...,Te} = C, > f(I:)=0.
i=1

This vector space has a natural structure of As-module. The corresponding
representation R is irreducible and coincides with the representation of Ag
in S after the identification A; — f;, where f;(I';) =5, fi(T;) = -1, j # 1.

Consider any of two 5-dimensional irreducible representations of Ss that
extend the representation R. It is not difficult to prove that the action of
S5 in the projectivization of S coincides with the projectivization of this
representation. Therefore one has
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Theorem 3.1. The restriction of invariants on the k-section S induces an
isomorphism
C(.Ao)GL“ ~ C(Cs)C' xSs,

where C* acts on C° by scalar multiplications and Ss by an irreducible 5-
dimensional representation (any of two). O

Remark. The Sylvester pentahedron appears also in the theory of cubic
surfaces. The SL,-module of cubic forms S3(C*)* admits a k-section (so-
called “Sylvester section”) that has the same normalizer as our S. It was
proved (see [Be]) that the restriction of invariants induces an isomorphism

C(S3(C4)*)GL4 ~ C(CS)C‘ xSs’

where C* acts by scalar multiplications and S5 by permutations of coordin-
ates.

Commutative subalgebras

Theorem 3.2. A generic 4-dimensional anticommutative algebra A (with
zero trace or without this condition) contains ezactly two commutative 2-
dimensional subalgebras Ly and Ly. The lines PLy and PLs are skew.

Proof. First consider the case of A. The algebra A can be identified with a
linear map A2V — V. Suppose it is generic; then the projectivization of the
kernel of this map is a generic line in PA%2V. Two-dimensional commutative
subalgebras are identified with the intersection of this line with Gr(2,4) C
PA?V, which is the Pliicker quadric.

Now consider the case of Ag. Let II; be the set of all pairs of intersect-
ing lines in P3, II5 the set of all triples of mutually skew lines in P3. It is
easily seen that the actions of GL4 on II; and Il are transitive. Denote
by N; C Ay (i = 1,2) the set of all algebras that contain a configura-
tion of commutative subalgebras such that its projectivization lies in JI;.
Denote by N, C N; (i = 1,2) the linear subspace of all algebras that con-
tain the “standard” configuration of commutative subalgebras formed by
2-dimensional subspaces

7y = {{e1, €2), (e2,€3)},

T2 = {(61, 62)7 <e3,e4), (el +e3,e2 + 64)}.

Now we can use dimension count to show that codim4,N; > 0, ¢ = 1,2 (see
the proof of Theorem 1.3). 0O

Let us fix two 2-dimensional subspaces in C*:

U; = (e1,e2) and Uy = (es, e4).



140 E. A. TEVELEV

Their projectivizations are skew lines in P3. Let S be the linear subspace
of all algebras which contain U; and U; as commutative subalgebras. Since
GL,4 acts transitively on the set of pairs of skew lines in P2, it follows from
Theorem 3.2 that S is a x-section. The normalizer of this x-section is the
subgroup H C GL4, generated by T and H , Where

(@) =0 2)

and H ~ GL2 x GL, is the group of all matrices of the form (‘g g),

where A, B € GL,.
Now we use this k-section to prove the following theorem:

Theorem 3.3. The field of invariants C(Ap)®L4 is rational.

Proof. Consider the linear space
S’ = Hom(Uy, 5(Uz)) ® Hom(U>, s{(Uy)),

where sl(U) denotes the vector space of linear operators on U with zero
trace. Then H acts on ' in a natural way: the first GLy acts on Ui, the
second one acts on Uy; the action of 7 on S’ is defined by the isomorphism
e; — e3, ex — e4 between U; and U,. Therefore the linear action H : S is
well-defined.

Lemma 3.2. The H-modules S and S’ are isomorphic.

Proof of Lemma 3.2. An H-isomorphism between S’ and S is defined as
follows: a pair (F,G) € S’ corresponds to the algebra with the multiplication

[ul ,u2] = F(ul)ug — G’(ug)ul, (u1 e Uy,us € Uz),

U; and U, being commutative subalgebras. The proof is obtained by a direct
calculation. [

Now consider the rational map
¢ : 8 — Gr(2,sl(Us)) x Gr(2,sl(U1)), (F,G)~— (Im(F),Im(G)).

The H-variety
GI'(2,S[(U2)) X GI‘(2,§[(U1))

contains an open orbit, namely, the orbit of the point (T%,7}), where T; C
sl(U;) consists of all matrices of the form

(25)
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Hence, the H-variety S’ admits a k-section
So = Hom(Ul, T2) 33} Hom(Uz, Tl).

Its normalizer is isomorphic to (C*)* X D4, where D is the dihedral group.
It is embedded in GL4 as the group of matrices generated by the diagonal
torus and matrices

_ (0 I _(J 0 (10 (0 1\,
T—(I(J’ P‘(oz)’wmmI‘(01)’J“(1o)’

(notice that Dy = (1,p | 72 = p? = (1p)* = 1)).
We have T; = (£;,n;), where

¢ = 01 o 00
i=\o o) "T\1 0/
So Sg has the basis

71 ® &, 21 ® N2, T2 ® 2,22 ® M2, 23 ® &1, 23 ® 1, Ta @ £1,Z4 @ M1

Let (a3,... ,a4,d),... ,a}) be the corresponding coordinates. In these co-
ordinates the action of (C*)?* is diagonal. One can show that <C(,5‘0)((:“)4 —
C(p1,p2,p3,ps), where

aa aaa a.aa aaa
p_l;? py = 34? 4?% Pa 12;

Q2030 21020 " agaja; " azaqay

The group D4 acts on p1,p2, p3, ps according to the following table

T P
21 2% Py
P2 p{i pii
Dps3 P1~ ) P4_ .
y 2 y 2 D3

The final trick is to write this action in the coordinates

pi—1
pi+1’

g = i=1,...,4.

In these coordinates our action becomes linear! Namely, D4 acts on q;, g2,
g3, g4 according to the following table



142 E. A. TEVELEV

T 4
qQ1 —q3 —q2
q2 —q2 —q1
g3 —q1 —q4
qa —4q4 —q3

A short and straightforward calculation shows that the field of invariants
of this action is rational. [ \

Remark. Combining Theorem 3.1 and Theorem 3.3 we get the rationality
of the field
C ( C5 )C‘ XSs ,

where C* acts on C5 by homotheties and S5 acts by an irreducible 5-
dimensional representation (any of two). Then well-known standard ar-
guments (based on Hilbert’s Theorem 90) show that the field

C(C%)%s
SL,

is rational as well. The same arguments also show that the field C(Ay)
is rational.

Associated cubic surface

Suppose A is a 4-dimensional anticommutative algebra with zero trace. To
each vector v € A assign the characteristic polynomial of the induced oper-
ator [v,-]. Clearly, this polynomial may have only two nonzero coefficients
(apart from the leading one). These coefficients define homogeneous forms
of degrees 2 and 3 on A. The zeroes of these forms in PV are called the
associated quadric and cubic. The main object of the rest of this section
is the associated cubic K and its relation to the corresponding algebra. It
is clear that P(v) € K iff the operator [v,-| has at least two zero eigenval-
ues. Therefore if L C A is a 2-dimensional commutative subalgebra, then
PL C K. The coefficients of the cubic form are homogeneous polynomials
of degree 3 in the structure constants; therefore this construction defines a
cubical GL4-covariant
Ay — SV™.
Notice that
dim Ag = dim S*V* = 20.

Lemma 3.3. This covariant is dominant, i.e., it is a finite rational cover-
ing.

Proof. To prove the lemma, consider the restriction of this covariant to the
k-section S defined in the previous subsection. Recall that S consists of



GENERIC ALGEBRAS 143

all algebras which contain U; = (e;, e;) and U, = (es,e4) as commutative
subalgebras, so

S ~ Hom(Uy, sI(Us)) & Hom(Us, si(Uy)).

The image of S under our covariant lies in the linear subspace of S3V* that
consists of all cubic forms vanishing on U; and U;. This linear subspace is
a section of the GLy-module S3V* (a generic cubic surface contains skew
lines) and can be identified with

S = (Ut @ S*U3) @ (U ® S2UY).

To prove the lemma it suffices to check that the corresponding map S — S
is dominant. Consider the differential of this map at the point of S with the
following multiplication table

[e1,e3] = —e2, [e2,es] =e4, [e1,ea] = €3, [e2,e4] = —en,

and [e;,e;] = 0 in all other cases. A direct calculation shows that this
differential is an isomorphism. Thus the lemma is proved. O

Remark. Note that this covariant is not a birational morphism and does not
induce a birational equivalence of projectivizations. The explicit description
of its generic fibers is an interesting problem.

Corollary 3.1. The associated cubic of a generic j-dimensional anticom-
mutative algebra with zero trace is a generic cubic surface. [

Now we use the concept of the associated cubic surface K to describe the
variety of 2-dimensional subalgebras. Recall that

PL,,PL; C K.

Theorem 3.4. There ezxists a natural isomorphism between the variety of
noncommutative 2-dimensional subalgebras of a generic anticommutative 4-
dimensional algebra with zero trace and the variety

K\ {PL,, PL,}.

Proof. The isomorphism is constructed as follows: we assign to each non-
commutative subalgebra L = (v, w) the line spanned by [v,w]. Clearly, the
corresponding point of PV lies in K. Let us prove that the above commu-
tators do not belong to the commutative subalgebras. We use dimension
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count. Consider the linear subspace N of all algebras that satisfy the fol-
lowing condition:

[e1,e2] =0, [e1,e3] € (e1).

Clearly,
codimy4, N = 7.

The normalizer Ngr,(N) contains the subgroup of upper triangular matri-
ces; therefore its codimension in GL4 does not exceed 6. Thus,

codim4,GLs - N > 1.

But this set contains all algebras such that there exists a noncommutative
subalgebra L = (v, w), where [v,w] lies in a commutative subalgebra.
Now let
P{v) € K\ {PLy, PLs}.

The induced operator [v, -] has at least 2 zero eigenvalues; on the other hand,
it has a unique (up to a scalar multiple) eigenvector with zero eigenvalue,
namely, v. Therefore, there exists a vector w such that [v,w] = v. This
proves the surjectivity of our map.

To prove the injectivity it suffices to note that the vector w defined above
is determined uniquely up to addition of a multiple of v. [J]

Combining Theorem 3.4 with Theorem 1.2, one can easily show that the
variety of 2-dimensional subalgebras of a generic 4-dimensional anticom-
mutative algebra is a Del Pezzo surface of degree 5 (the blow-up of P? at
4 generic points). Therefore the varieties of 2-dimensional subalgebras of
generic 4-dimensional anticommutative algebras are isomorphic.

Seven lines on the associated cubic surface

We have already mentioned that the projectivizations PL; and PL2 of the
2-dimensional commutative subalgebras are two lines lying on the associated
cubic surface K. In this subsection we describe in algebraic terms five lines
on K that are uniquely determined as the lines on K intersecting both PL;
and P L2.

Lemma 3.4. Suppose A is a generic anticommutative 4-dimensional alge-
bra with zero trace, L a two-dimensional commutative subalgebra, C; and
C, distinct 3-dimensional subalgebras. Then PL N (PCy N PCy) is empty.

Proof. Dimension count. [J



GENERIC ALGEBRAS 145

Theorem 3.5. Let C be one of five 3-dimensional subalgebras of a generic
anticommutative 4-dimensional algebra A with zero trace. Consider the sub-
space L spanned by Ly NC and LyNC. Then dim L = 2 and PL lies on K.
This construction gives five distinct lines on K.

Proof. Let
L'={veC|v,A CC}.

Since A is simple (Theorem 1.3), L’ is a proper subspace of C. Since Ly, Ly ¢
C (Lemma 3.4), Ly N C,LyNC C L'; since Ly N Ly = {0} (Theorem 3.2),
dim L = 2; therefore, L = L'. It is clear that for any v € L’ the operator
[v,-] has at least two zero eigenvalues. Thus, L C K. Applying Lemma
3.4 we see that this construction gives five distinct lines on the cubic sur-
face. [

Fans and 10 new lines on the associated cubic surface

Definition. Suppose A is a 4-dimensional anticommutative algebra, p € PA
is a point, P C PA is a plane and p € P. Then the flag {p, P} is called a fan
if any line { such that p € | C P is the projectivization of a 2-dimensional
subalgebra. The point p is called the vertez of the fan.

Dimension count shows that if the algebra A is generic and {p,P} is a
fan, then there are no 2-dimensional commutative subalgebras L satisfying

the condition
pe PLCP.

It follows that if p = P(v), then the operator [v, -] has the Jordan form
diag[0, \, A, —2)], X #0O.

Conversely, it is clear that any vector having the induced operator with
such a Jordan form corresponds to a vertex of some fan. To any fan {p, P}
assign the line F' = [p,P] C P. Clearly, this line is well-defined (for any
fan of a generic algebra). Let us call it the green line of the fan. Obviously,
the green line of any fan of a generic algebra lies on the associated cubic
surface. Arguing as in the proof of Theorem 3.4, one can see that the green
lines of fans do not intersect with the projectivizations of the commutative
subalgebras. By the same argument, distinct fans cannot have the same
green line. By the well-known description of 27 lines on a cubic surface,
there exist exactly 10 lines I, ... ,I;p that do not intersect PL, and PL,.
Namely, consider any three lines of five lines that are determined in Theorem
3.5. Then the cubic contains three lines that intersect all of them: the
projectivizations of the commutative subalgebras and one of I;’s.
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Theorem 3.6. A generic 4-dimensional anticommutative algebra with zero
trace contains exactly 10 fans; their green lines coincide with the lines on
the associated cubic surface that do not intersect the projectivizations of the
commutative subalgebras.

Proof. For a generic algebra A, there exists a line | ¢ PA satisfying the
following conditions:

(HICK;

(2) ! does not intersect the projectivizations of the commutative subalgebras;
(3) ! intersects the projectivizations of some 3-dimensional subalgebras C;
and C, at some points of lines defined by Theorem 3.5. (Recall that points of
these lines are characterized as points such that the images of their induced
operators lie in the 3-dimensional subalgebras, see the previous subsection.)
(4) ! does not lie in the projectivization of any 3-dimensional subalgebra
(Lemma 2.1 and dimension count show that the projectivization of any 3-
dimensional subalgebra of a generic algebra intersects the associated cubic
at a line defined by Theorem 3.5 and a smooth conic).

We shall fix in A a convenient basis {€1,€2,€3,£4} and show that the
conditions (1)—(4) imply that [ is the green line of some fan. Let [N PC, =
(e1) and I N PCy = (e2). Since | does not intersect the projectivizations
of the commutative subalgebras, C; and C, are exactly the images of the
operators [e1,-] and [e2,]. Clearly, P(C; N Cy) is a line that does not
intersect [, otherwise [ would lie in the projectivization of some 3-dimensional
subalgebra. We take €3 and ¢4 in C; NCy; moreover, we define 3 as lex, €a)-

The matrix of the operator {ze; + yez, -] in the basis {e;,e2,€3,64} has
the form

0 0 azx dz
0 0 gy ly
-y br+hy fzx+my |’

(3.1) -
0 0 cx+ky —bxr—hy

where a,b,¢,d, f, g, h are some structure constants. Clearly, [ C K iff

(3.2) { c(l - d) +b(g —a) =0,

k(L — d) + h(g — a) = 0.

It can be proved by a direct calculation that ! is the green line of some fan
iff the system of equations in variables z and w

az +dw =1,
gz+wl=1,
(3.3) ez = bw,

kz = hw
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is consistent.
Write the third order minors of (3.1) that may be not equal to zero:

zy?(al — dg),

z?y(al — dg),
zy(g(bz + hy) + l(cz + ky)),
y*(9(bz + hy) + l(cz + ky)),
zy(a(bz + hy) + d(cx + ky)),
z?(a(bz + hy) + d(cz + ky)).

(3.4)

Suppose that al — dg = 0. Then there exist z and y not equal to zero
simultaneously such that all minors are equal to 0. Indeed, the system of
equations
{ g9(bz + hy) + l(cz + ky) =0,
a(bz + hy) + d(cz + ky) =0

is equivalent to the matrix equation

GDEYE)-

which has a nonzero solution. But this property implies that [ intersects
the commutative subalgebras. Hence al — dg # 0. Since €; and €2 do not
lie in the commutative subalgebras, we get a system of inequalities that is
necessary for [ not to intersect the commutative subalgebras:

{al—dg;éO,

(3.5) ab+de#0,

gh + kL #0.

Go back to the system (3.2). It is a system of linear equations in the
variables | — d and g — a. By (3.5), al — dg # 0; therefore this system has a
nontrivial solution. Hence

(3.6) ch — bk = 0.

Now we can solve (3.3). By (3.5), k and h are not equal to zero simul-
taneously. Suppose that k # 0 (the second case is similar). Put z = hw/k.
Then the two last equations (3.3) are the identities by (3.6). Substituting
z = hw/k in the first two equations, we get the system

(ah + dk)w =1,
(gh +lk)w=1.

This system has a solution because gh + kI # 0 by (3.5) and gh + kl =
ah+dk by the second equation in (3.2). This completes the proof of Theorem
36. O
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Notice that we interpreted only 17 lines on the associated cubic surface
in terms of the corresponding algebra, but these lines uniquely determine
the other lines and the cubic surface itself.

4. “Affinization” of commutative algebras

Consider now GL,,-modules C and Cy. Theorem 1.2 asserts that generic
algebras in these modules have exactly 2" — 1 one-dimensional subalge-
bras. Easy dimension count shows that there are no quadratic nilpotents
(i-e. vectors v # 0, such that (v,v) = 0) in these algebras. Hence the set of
1-dimensional subalgebras is identified with the set of nonzero idempotents.
Thus a generic algebra contains exactly 2" idempotents, including zero. In
this section we shall give an elementary proof of this fact together with a
construction (“affinization”) eliminating the difference between 0 and other
idempotents.

Suppose A is a commutative algebra defined by a multiplication (-,-) on
a vector space V ~ C". It is uniquely determined by the quadratic map

V-V, v Q)= (v,v).

Let us construct a canonical linear isomorphism between V* and some linear
space of affine quadratic functions on V. This isomorphism takes each linear
form f to the function

v f(v —Q(v)).

We can embed V in PC™*! with homogeneous coordinates zi,... ,z,, T
as the complement of the hyperplane T' = 0. Affine quadratic functions
on V can be canonically identified with elements of S*(C**!)*. So our
construction defines a regular map

(4.1) C — Gr (n,S*(C™*)*),

i.e., any algebra defines a n-dimensional linear system of quadrics in PC**1=
P*. It is clear that the idempotents of the algebra coincide with the base
points of this system lying in the finite part of the projective space; lines
spanned by nonzero quadratic nilpotents correspond to the base points at
infinity. Let us show that this construction “almost identifies” commutative
algebras and n-dimensional linear systems of quadrics in P™.

Theorem 4.1. Images of C or Cy under the map (4.1) are sections of
PGL,+1-variety Gr(n, S2(C"+1)*).

Proof. Consider an n-dimensional linear system of quadrics. Suppose that
there exists a point such that n elements of a basis of this system intersect
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transversally at this point (this case is generic). Some projective transfor-
mation takes this point to (0 : ... : 0 : 1). Then the elements of the basis
have the form '

(4-2) Tf1(¢1a '“77;11) - Ql(xla ey x‘n)7 seey T.fn(xla [as} x’n) - Qn(xh -'-axn)a

where f; are linear functions and Q; are quadratic functions. The equations
of the tangent spaces of the quadrics (4.2) at the point (0 : ... : 0 : 1) have
the form f; = 0,...,f, = 0. Since these quadrics intersect transversally,
we see that f;,..., f, are linearly independent. Now we can change the
basis of our linear system in such a way that f; = r;. We get exactly the
affine quadrics that span a linear system corresponding to the commutative
algebra A with the multiplication

Q (thiei) = ZQi(l‘l,--- y Tn)e;.

i=1 i=1

Consider a projective transformation of P" of the form

(43) I; — X;, (1 <1 < n), T T+ Zaia:i.

i=1
This transformation takes our linear system to the system that corresponds
to the algebra A + A, where A is the algebra with the multiplication table

[s F; [0 7] ..
(e,-,ej) = ?Ej + ?]e,-, 1< 1,7 < n.
Denote by F the linear form Tr(v,) on V. Cleatly, F(e;) = 24Ltas.
Therefore, some projective transformation (4.3) takes our system to a system
that lies in the image of Co. O

Corollary 4.1. A generic algebra in C and Cy contains exactly 2™ idempo-
tents, including zero. [0

5. Generic 3-dimensional commutative algebra

Let A be a commutative algebra with zero trace and underlying vector
space V = C2 ¢ P2. Then the construction of the previous section gives a
3-dimensional linear system of quadrics in P?, which is canonically identified
with V*. Consider all singular quadrics in this system. The projectivization
of this set is a quartic in PV*. We call it the associated quartic. This
construction gives a nonzero quadratic SLs-equivariant map

Co — S*V.
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This map is dominant (see [KM]). We shall use “affinization” to prove the
following theorem.

Suppose A is a generic commutative 3-dimensional algebra in V, @ is the
corresponding quartic in PV*. The 28 bitangents of Q can be identified
with 28 points in PV.

Theorem 5.1. ([KM]) These points are
C'Ui, C(v,- — 'Uj, Vi — vj),

where v; are T nonzero idempotents and i # j.

Proof. We shall prove the generalization of this theorem to the case of a

generic linear system of quadrics in P3; The theorem is an easy corollary

of this result. Our quartic and its bitangents lie in the projectivization of
the linear system. Consider 2 distinct points v;,v, € P? that belong to

all quadrics in the linear system. The number of such pairs is equal to 28.

Now consider all quadrics containing a line that connects v; and vy. These

quadrics form a line in the projectivization of the linear system. Let us

prove that this line is a bitangent to the quartic of singular quadrics. Fix a

basis in C* with first two vectors lying in v; and vs. Then the matrices of
quadrics of our line have the form

0 AT
=(4 %)

det G = (det A)2.

and therefore,

Hence this line intersects the quartic of singular quadrics at two double
points, i.e., it is a bitangent.

Now suppose that the linear system corresponds to a generic commuta-
tive algebra. Then its quadrics intersect at the idempotents of the algebra.
Denote by f the covector corresponding to some quadric that contains the
line connecting two idempotents. Consider two cases.

Let the idempotents be 0 and v;. Then we have f(av; — Q(av;)) =
a(l — a) f(v;) = 0 for any a, therefore f(v;) = 0.

Let the idempotents be v; v;. Then we have f((ow; + (1 — a)v;) —
Q(av; + (1 — a)v;)) = a(1 — a) f(v; — 2(vi, v;) +v;) = 0 for any o, therefore
f((vi — vj,v; —v;)) = 0. This completes the proof of Theorem 5.1. O
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