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Classical examples of
reducible deformation spaces :

*"ʳʰᵗᵗʳʰ°"""""ᵗʰⁿʰᵗTfLof surface singularities toute-dem . non-Comm. algebras
Tv= careover RNC on IPY Ñ = ①[✗ifit]/(×, y , Z)-

☒-GorenStein extra

µ
formations

Bns.#E::i-/-EE-*.-EHDetR-
Note : Path algebrasof quivers(and Morita equiv.)
don't deform , so they correspond to open
subsets on irreducible components of DefEt
Theorems G.-Urzua) DefÑ↳ Def RTTBD)
forevery 2D toroidal singularity f- eqs)Ñ.

General deformations ofñ correspond to deformations
ofÑ to path algebras of gurren (orMorita-equivalent
{ irred . coup.. of Detw} Ishmael- comp. DefÑ}
☒G deformations of w- ME semi- simple
deformations of Tz lone direction due to Kawamata]



Technical assumptions : threw projective surface
that satisfies various conditions (on class
group, unobstructedness ofdeformations

,ekj
- list onthe paper but there is a simple choice
eg . Ñ =@ ( lis , b) . Harder choices efñ
are interesting for applications to moduli
leg . of Dndgalkersurfaces on the paper)
Kawamata iterated extensions :

w_•!
£ A- etoile -locally a tone
coordinate at P

, on particular
p it generates a local class group

we define a sequence ofsheaves inductively
D. =Ota )
◦→D◦⊕Ext

' (Do
,
Do)✓→ D

,
→ Do→ o

◦→☐⑤Ext
'

ID, , Do)✓→ Dz→ D
,
→ 0

Apriori this cango on
"

forever but in our
case the sequence stabilizes with
Das = F- Kawamata vector bundle onWpi= End(E) D - dem Radek- karmatyn algebra



Topology of smoothing overa smooth carvers
3D link p.gg/2D link § 2D Milnorfiber

in i
1 I%

=#
Categorifi cation
Th lkarmazyn- Kuznetsov-Shin der)
SOD D.

"(E) = . Dbcñ-mod)
,
Bir )
,
B%sDʳʰ(F)

Car ( Kaleb- karma23h ) D.
sing lñ ) =Dsing (E)

Th 1 IT.

- Urinal The SOD deforms :
Db (w) = < DTR-mod 1,73°)

B- linear SOD

µ
with specializations

over0 : KKS S.o.D. over} : SOD of smoothing
D4ñ)=(Db(Ñ-mad)

,
Bt ) D.BG/--CD4E-mod1iB7

↑ ↑

categorised 2D link categorified Milnerfiber
categovified 3D link



whet are algebras R and & ?
v. b- F- onÑ deforms uniquely to a v.b. Fav
v.b. É = Fly (we call F-, F, É Kawamata bundles)

72 = A-* End (F) v.b.onB of rankD
←

R◦=Ñ = End (E) R}=Ñ=EulfÑ )
Ñ

Note : SOD are expected to deform
Functor Ñ - Mad→ ☒Cah 17 )

Coker ( FE→E')↳ CohereE±→Éˢ )
A A

induces D- (Ñ -mad)④ÉD- leah 71
Thirty : phone boundedness ☐

' (Ñ-med)EÉ Db (T )
Once known, ⊕É filly faithful, infants exist
⇒ Db(4) =LDYE -mod1,137
Note : SOD on smooth pug: varieties are rare

Next : the structure of Ñ and DTÑ - mad)



kdbir-Shepherd-Barron correspondence
(version of Behnke- Christoffersen)

Deflñ) = U Deff E)← smooth components
red
M- resolution✓ deformations that
wt→w

canbe lifted to a
kwtw net ] ☒- borenstein deformation↳ has Wahl sing . ofwᵗ(after a finite bare

change)
Example : If w+=minimal resolution of ñ

⇒ Defwtlw) =Artin component
Th

.
2 (T

.

- Urala)

Y sufficiently general in Defw
+

(E)
⇒ is is Morita- equivalent to a path algebra
of a quiver(which depends on WI

Cor Ñ does not deform ⇒ it : Detw↳ DefÑ

maps each irreducible component Detwii
to a unique irreducible component ofDefÑ
Car there are many quivers that can be
embedded onto derived categories of surfaces
[ Answers several questions tailed by

Belmares- RaedShelden ]



Nate:D%) may contain exceptional collections
but their endomorphism algebras are typically
path algebras of quivers with relations

Note: Orlov proved tht every quivers realized
onavarietyof sufficiently large dimension .
Obstructions for surfaces ,e_g. possible Makai lattices

Example from K-SDYGG.tt/has3M-resotiohs
-3 -4 -2

•

-1

•

-3 -2 f
•

minimal resolution (7) I?) (?)
(self- intersections) (2) =# 4.nail wake'f- =3 -¥; singularity ,Iself- intersections

on the resolution)
Corresponding quivers :

Matz Matz Matz

9+4+6=19 1+4+1+2

dimÑ=dimÑ=1g +6+2+3=19



Crucial I braid group action on allobservation wake resolutions w→Ñ

w
r,#

A
Definition of a Wake ablution :

• P' (1) partial toroidal resolution

1 F. ↑ ! '2) Pi = (nai ) = ¥11 ,niai -1)
Wahl singularity

lhi=L ⇒ smooth point)
ñ a-

Def GW = IAN /unobstructed)
↓ I blow- down detonations)
Detw

(3) For a general came B.→Def GW,
the corresponding 3- fold contraction W→Ñ
is small (⇔ general fibers are isomorphic to7)
Notes The for M- resolutions w+→ñ '

Note : Ghana Wahl resolution w→ñ
,

run MMP for its general ☆G deformation
Terminates with an M-resolution wtrñ



Lemma (based on earlier work Hacking_Thank
on Movies conjecture on extremal nbhdsIA.BA

1- transitive braid {Wahl resolutions
group action

onwww.thesamew-i/Rilw)3A3Aw3ALiCw)
•

←
;
→ :

P . ¥.,j¥"

9i ) ←

= = ;
L L
ÑExample

Rolwt ) wt (
◦
Cw -4

k£ K >0 ¥→

Rott)=[35214113226252] @5) (1) 1352)=w+
- -
Ñ -124252] = ¥411,55)

( numbers are - selfmterseetiens intheresolution)



-s . Special brand
-

{
A

viii. ¥ :*)P ' pi W
-

•
pu

•pi --Po

M- resolution N - resolution

RZO KEO

Rk Typically ,
there are infinitely -1

many K- negative resolution battle
N- resolution is the

"

fist
"

one

Example from K- SD Yg 4,7) has 3 M-resoliohs
minimal resolution

•

-3 -4 -2 •

-1

•

-3
•

-2

G) 1?) (?)
N- resolutions
- I - I - I

•

- l

•

- "

•

_ "

•

•

1%11911 ? )
•

(E) (1) 191 (E)



M- resolutions
G) - C' Th] IT.- Urzua)
Kuni ' Categorifi cation of KSB correspondence

Wahl resolution audits smashing
18,1-41 Dkw)=(Ñ(Rs-med), . ,Db(Ro-mod} BE>

ZB - linear deformation
Xp? W-Y able f.<EIÉ ,

BY >
ii. ;' f "

H Dbly)=(Dblñ-meal,B)
/Ñ Tv
→Y% - linear detonation•

p

Db(ñ)=(Ñ(Ñ-mod)iBñ)
w

there Ei is the Hacking exceptional vector bundle
associated with ☒-Gorenstepi Smoothy of PIEW
It has rank ni if Pi= 1%-1 .
Brant group action on Dbly) big authors
of exceptional collection {Es? -

→
Eow }

correspond to mutations of wake
resolutions lwpb shift)



V6 c-BraidGroup, {Esu, _ , EY} -4 {EiY . . .

,
E!"}

SOD typically deforms but does not specialize .
However

,
in our case mutated SOD s

specialize if we simultaneously
change ( "mutate") the special fiber .
A key corollary isthatevery mutation
of this exceptional collection of vector
bundles is an exceptional collection of vector
bundles land not exceptional sheaves or complexes)
corollaries :
( Est i. . . , Ei) associated with M- resolution W+

has Ext ' only in forward direction
( Ei

, . . . ,
Ei) associated with N- resolutionW

-

B strong Ches them only )
Deformed Kawamata bundle I = ⊕ (Ei) rk Est-i
Defermed kalck- karmasyn algebraÑ =End (E)
is hereditary f- path algebra of a quiver)



Can we write explicit equations for a
deformation Tempi of fink-dim algebras?
%=b .

-¥
.
.

.=:[bi . . - bs] %.si- Cai . _ ae)
Assume * II.rind Gorenstein ⇔ e≥2

Riemenschneider quasi
-determinants :

[¥,z! ziz-eae.ie
• ⑦ - z

Ñ(ñ)=CCCZo:.Ze-
400-00. .-007

kalckkarmatyn algebra

ñ=?⇒
order : ← " tone coordinates "

Example ¥1411 4=14) 4- = [2227

Gli ) = Ella _ . . Zig
a¥¥¥



ñ -_ ±{¥:¥j}→ fat paint on A
'

dimÑ=4

Example this) ¥-12327 9- = V3)

& , & ?;]
ñ =

,

{Zi ,Zizi,
ZiZz , 2-is )

doin Ñ=8

Let's deform along the Artin component

Preparation : equivalent matrix is

1¥:" ¥?_É÷ z.iai-i-zze.iz.ae
- i

Ée Zeit ]
,

e.g. [¥, 2¥,¥,] for ¥11,5)



Now perturb entries into
7° ? #in-ii. i zieqe-i-aze.EE "

- . I↳F-" Zz -tr . . . Zeitey Ze Zen

ziti!zii_Esjz!iiʰ parameters
in
_

ʳʰⁿ "h"

commutative quasideterminants give
venal deformation over the Artin component

Defwmi"≈ A-¥.si, lunobstructed§ 2 blow down debauchery
W Detw the rage is the Ahn

component

Example Ddwʰ"=Ñt
..tt,

wÑt±an1
Ñlw)=GI(ti,zjµ

2×2 miners of

[Zo Zi Zz Z]
Ziti Zitzzz-tr, za ]

-



Non-commutative quasi determinants
deferin the kalck Gravityn algebra :
12=6((ti)) (Z , itzik>/zizj = ti Zi
All isomorphic! Inulin trots = to)
til

, 1-2=1-3--0
2-i 2-* 2- i , E-i 3--0 j =2.3

Zz

Ñ= Path Algebra f-2-, • 7)
73

↓ HH example [{ g) ¥, ?
"

]
12=141si , si, si , si))( 7.2-a7

izzi;→i" zig
4- parameterdeformation of I
General deformations all isomorphic

affine [↑*= PathAlgebra (Dynkin9mWv←• )


