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6.1

The theory of large deviations and applications to statistical mechanics

Introduction

The theory of large deviations studies the exponential decay of probabilities in certain
random systems. It has been applied to a wide range of problems in which detailed information on rare events is required. One is often interested not only in the probability
of rare events but also in the characteristic behavior of the system as the rare event
occurs. For example, in applications to queueing theory and communication systems,
the rare event could represent an overload or breakdown of the system. In this case,
large deviation methodology can lead to an eﬃcient redesign of the system so that the
overload or breakdown does not occur. In applications to statistical mechanics, the
theory of large deviations gives precise, exponential-order estimates that are perfectly
suited for asymptotic analysis.
This paper will present a number of topics in the theory of large deviations and several applications to statistical mechanics, all united by the concept of relative entropy.
This concept entered human culture through the ﬁrst large deviation calculation in science, carried out by Ludwig Boltzmann. Stated in a modern terminology, his discovery
was that the relative entropy expresses the asymptotic behavior of certain multinomial
probabilities. This statistical interpretation of entropy has the following crucial physical implication (Ellis 2006, Section 1.1). Entropy is a bridge between a microscopic
level, on which physical systems are deﬁned in terms of the complicated interactions
among the individual constituent particles, and a macroscopic level, on which the laws
describing the behavior of the system are formulated.
Boltzmann and, later, Gibbs asked a fundamental question. How can one use probability theory to study equilibrium properties of physical systems such as an ideal
gas, a ferromagnet, or a ﬂuid? These properties include such phenomena as phase
transitions, for example, the liquid–gas transition and spontaneous magnetization in
a ferromagnet. Another example arises in the study of freely evolving, inviscid ﬂuids,
for which one wants to describe coherent states. These are steady, stable mean ﬂows
composed of one or more vortices that persist amidst the turbulent ﬂuctuations of the
vorticity ﬁeld. The answer to this fundamental question, which led to the development
of classical equilibrium statistical mechanics, is that one studies equilibrium properties
via probability measures on conﬁguration space known today as the microcanonical
ensemble and the canonical ensemble. For background in statistical mechanics, I recommend Ellis (2006), Lanford (1973), and Wightman (1979), which cover a number
of topics relevant to these notes.
Boltzmann’s calculation of the asymptotic behavior of multinomial probabilities in
terms of relative entropy was carried out in 1877 as a key component of his paper that
gave a probabilistic interpretation of the Second Law of Thermodynamics (Boltzmann
1877). This momentous calculation represents a revolutionary moment in human culture, during which both statistical mechanics and the theory of large deviations were
born. Boltzmann based his work on the hypothesis that atoms exist. Although this
hypothesis is universally accepted today, one might be surprised to learn that it was
highly controversial during Boltzmann’s time (Lindley 2001, pp. vii–x).
Boltzmann’s work is put in historical context by W. R. Everdell in his book
The First Moderns, which traces the development of the modern consciousness in
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nineteenth- and twentieth-century thought (Everdell 1997). Chapter 3 focuses on the
mathematicians of Germany in the 1870’s—namely Cantor, Dedekind, and Frege—
who “would become the ﬁrst creative thinkers in any ﬁeld to look at the world in
a fully twentieth-century manner” (p. 31). Boltzmann is then presented as the man
whose investigations in stochastics and statistics made possible the work of the two
other great founders of twentieth-century theoretical physics, Planck and Einstein. As
Everdell writes, “he was at the center of the change” (p. 48).
Like many areas of mathematics, the theory of large deviations has both a left
hand and a right hand; the left hand provides heuristic insight while the right hand
provides rigorous proofs. Although the theory is applicable in many diverse settings,
the right-hand technicalities can be formidable. Recognizing this, I would like to supplement the rigorous, right-hand formulation of the theory with a number of basic
results presented in a left-hand format useful to the applied researcher. For a review
of the theory emphasizing applications to statistical mechanics, Touchette (2009) is
recommended. The Web document Ellis (2008) is an expanded version of this paper
containing additional technical results and applications.
Here is an overview of this paper. In Section 6.2, a basic probabilistic model for
random variables having a ﬁnite state space is introduced. In Section 6.3, we explain
Boltzmann’s discovery of the asymptotic behavior of multinomial probabilities in terms
of relative entropy. Section 6.4 proves a conditioned limit theorem involving relative
entropy that elucidates a basic issue arising in many areas of application. What is
the most likely way for an unlikely event to happen? In Section 6.5, we introduce the
general concepts of a large deviation principle and a Laplace principle together with
related results. In the last two sections, the theory of large deviations is applied to
several problems in statistical mechanics. In Section 6.6, the theory is used to study
equilibrium properties of a basic model of ferromagnetism known as the Curie–Weiss
model, which is a mean-ﬁeld approximation to the much more complicated Ising model.
We then use the insights gained in treating the Curie–Weiss model to derive the phasetransition structure of two other basic models, the Curie–Weiss–Potts model and the
mean-ﬁeld Blume–Capel model. Our work in the preceding section leads in Section 6.7
to the formulation of a general procedure for applying the theory of large deviations
to the analysis of an extensive class of statistical-mechanical models, an analysis that
allows us to address the fundamental problem of equivalence and nonequivalence of
ensembles.

6.2

A basic probabilistic model

In this section, we introduce a basic probabilistic model for random variables having
a ﬁnite state space. In later sections, a number of questions in the theory of large
deviations will be investigated in the context of this model. Let α ≥ 2 be an integer,
y1 < y2 < . . . < yα a set of α real numbers, and ρ1 , ρ2 , . . . , ρα a set of α positive real
numbers summing to 1. We think of Λ = {y1 , y2 , . . . , yα } as the set of possible outcomes
of a random experiment in which each individual outcome yk has the probability ρk
of occurring. The vector ρ = (ρ1 , ρ2 , . . . , ρα ) is an element of the set of probability
vectors
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Pα =

γ = (γ1 , γ2 , . . . , γα ) ∈ R : γk ≥ 0,
α

α



γk = 1 .

k=1

Any vector γ ∈ P
α also deﬁnes a probability measure on the set of subsets of Λ via
y ∈ Λ, δyk {y} = 1if y = yk and equals 0
the formula γ = α
k=1 γk δyk , where for 
α
otherwise. For B ⊂ Λ, we deﬁne γ{B} = k=1 γk δyk {B} = yk ∈B γk .
For each positive integer n, the conﬁguration space for n independent repetitions of
the experiment is Ωn = Λn , a typical element of which is denoted by ω = (ω1 , ω2 , . . . ,
ωn ). For each ω ∈ Ωn , we deﬁne
Pn {ω} =

n


ρ{ωj } =

j=1

n


ρkj if ωj = ykj .

j=1

We then extend this to a probability measure on the set of subsets of Ωn by deﬁning

Pn {B} =
Pn {ω} for B ⊂ Ωn .
ω∈B

Pn is called the product measure with one-dimensional marginals ρ and is written ρn .
An important special case occurs when each ρk equals 1/α. Then for each ω ∈ Ωn ,
Pn {ω} = 1/αn , and for any subset B of Ωn , Pn {B} = card(B)/αn , where card(B)
denotes the cardinality of B, i.e. the number of elements in B.
We return to the general case. With respect to Pn , the coordinate functions Xj (ω) =
ωj , j = 1, 2, . . . , n, are independent identically distributed (i.i.d.) random variables
with common distribution ρ; that is, for any subsets B1 , B2 , . . . , Bn of Λ,
Pn {ω ∈ Ωn : Xj (ω) ∈ Bj for j = 1, 2, . . . , n}
n
n


=
Pn {ω ∈ Ωn : Xj (ω) ∈ Bj } =
ρ{Bj } .
j=1

j=1

Example 6.1. Random phenomena that can be studied via this basic model include
standard examples such as coin tossing and die tossing and also include a discrete
ideal gas.
(a) Coin tossing. In this case, Λ = {1, 2} and ρ1 = ρ2 = 1/2.
(b) Die tossing. In this case, Λ = {1, 2, . . . , 6} and each ρk = 1/6.
(c) Discrete ideal gas. Consider a discrete ideal gas consisting of n identical, noninteracting particles, each having α equally likely energy levels y1 , y2 , . . . , yα ; in
this case each ρk equals 1/α. The coordinate functions Xj represent the random
energy levels of the molecules of the gas. The statistical independence of these
random variables reﬂects the fact that the molecules of the gas do not interact. 
It is worthwhile to reiterate the basic probabilistic model in the context of the
general framework in probability theory, which involves ﬁve quantities (Ω, F , P, Xj , Λ).
Ω is a conﬁguration space, F is a σ-algebra of subsets of Ω (i.e. a class of subsets of Ω
containing Ω and closed under complements and countable unions), P is a probability
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measure on F (i.e. a countably additive set function satisfying P {Ω} = 1), and Xj
is a sequence of random variables (i.e. measurable functions) taking values in a state
space Λ. The triplet (Ω, F , P ) is called a probability space. In the present section, we
make the following choices for n ∈ IN : (a) Ω = Ωn = Λn , where Λ = {y1 , y2 , . . . , yα };
(b) F
the set of all subsets of Λn 
; and (c) P is the product measure Pn = ρn , where
is
α
ρ = k=1 ρk δyk , each ρk > 0, and α
k=1 ρk = 1; Xj (ω) = ωj for ω ∈ Ωn .
In the next section, we examine Boltzmann’s discovery of a statistical interpretation
of entropy.

6.3

Boltzmann’s discovery and relative entropy

In its original form, Boltzmann’s discovery concerns the asymptotic behavior of certain
multinomial coeﬃcients. For the purpose of applications in this paper, it is advantageous to formulate it in terms of a probabilistic quantity known as the empirical
vector. We use the notation of the preceding section. Thus, let α ≥ 2 be an integer;
let y1 < y2 < . . . < yα be a set of α real numbers; let ρ1 , ρ2 , . . . , ρα be a set of α positive real numbers summing to 1; let Λ be the set {y1 , y2 , . . . , yα }; and
 let Pn be the
product measure on Ωn = Λn with one-dimensional marginals ρ = α
k=1 ρk δyk . For
ω = (ω1 , ω2 , . . . , ωn ) ∈ Ωn , we let {Xj , j = 1, . . . , n} be the coordinate functions deﬁned by Xj (ω) = ωj . The Xj form a sequence of i.i.d. random variables with common
distribution ρ.
We now turn to the object under study in the present section. For ω ∈ Ωn and
y ∈ Λ, deﬁne
n
1
Ln (y) = Ln (ω, y) =
δX (ω) {y} .
n j=1 j
Thus Ln (ω, y) counts the relative frequency with which y appears in the conﬁguration
ω; in symbols, Ln (ω, y) = n−1 · card{j ∈ {1, . . . , n} : ωj = y}. We then deﬁne the
empirical vector
Ln = Ln (ω) = (Ln (ω, y1 ), . . . , Ln (ω, yα ))
n

1 
δXj (ω) {y1 }, . . . , δXj (ω) {yα } .
=
n j=1
Ln equals the sample mean of the i.i.d. random vectors (δXj (ω) {y1 }, . . . , δXj (ω) {yα }).
It takes values in the set of probability vectors


α

α
Pα = γ = (γ1 , γ2 , . . . , γα ) ∈ R : γk ≥ 0,
γk = 1 .
k=1

The limiting behavior of Ln is straightforward to determine. Let  ·  denote the
Euclidean norm on Rα . For any γ ∈ Pα and ε > 0, we deﬁne the open ball
B(γ, ε) = {ν ∈ Pα : γ − ν < ε} .
Since the Xj have the common distribution ρ, for each yk ∈ Λ
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E Pn {Ln (yk )} = E Pn

⎧
n
⎨1 
⎩n

δXj {yk }

j=1

⎫
⎬
⎭

1
Pn {Xj = yk } = ρk ,
n j=1
n

=

where E Pn denotes the expectation with respect to Pn . Hence, by the weak law of
large numbers for the sample means of i.i.d. random variables, for any ε > 0
lim Pn {Ln ∈ B(ρ, ε)} = 1 .

n→∞

(6.1)

It follows that for any γ ∈ Pα not equal to ρ and for any ε > 0 satisfying 0 < ε <
ρ − γ,
(6.2)
lim Pn {Ln ∈ B(γ, ε)} = 0 .
n→∞

As we will see, Boltzmann’s discovery implies that these probabilities converge to 0
exponentially fast in n. The exponential decay rate is given in terms of the relative
entropy, which we now deﬁne.
Definition 6.1. (Relative entropy.) Let ρ = (ρ1 , . . . , ρα ) denote the probability
vector in Pα in terms of which the basic probabilistic model is deﬁned. The relative
entropy of γ ∈ Pα with respect to ρ is deﬁned by
Iρ (γ) =

α

k=1

γk log

γk
.
ρk

Several properties of the relative entropy are given in the next lemma. The proof is
typical of proofs of analogous results involving relative entropy (e.g. Proposition 6.4.3)
in that we use a global, convexity-based inequality rather than calculus to determine
where Iρ attains its inﬁmum over Pα . In the present case the global inequality is that
for x ≥ 0, x log x ≥ x − 1 with equality if and only if x = 1.
Lemma 6.3.1. For γ ∈ Pα , Iρ (γ) measures the discrepancy between γ and ρ in the
sense that Iρ (γ) ≥ 0 and Iρ (γ) = 0 if and only if γ = ρ. Thus Iρ (γ) attains its inﬁmum
of 0 over Pα at the unique measure γ = ρ. In addition, Iρ is strictly convex on Pα ;
that is, for 0 < λ < 1 and any μ = ν in Pα ,
Iρ (λμ + (1 − λ)ν) < λIρ (μ) + (1 − λ)I(ν) .

Proof. For x ≥ 0, the graph of the strictly convex function x log x has the tangent
line y = x − 1 at x = 1. Hence x log x ≥ x − 1, with equality if and only if x = 1. It
follows that for any γ ∈ Pα ,
γk
γk
γk
log
≥
−1,
ρk
ρk
ρk

(6.3)

with equality if and only if γk = ρk . Multiplying this inequality by ρk and summing
over k yields
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Iρ (γ) =

α





γk
≥
(γk − ρk ) = 0 .
ρk
α

γk log

k=1

k=1

We now prove that Iρ (γ) = 0 if and only if γ = ρ. If γ = ρ, then the deﬁnition of
the relative entropy shows that Iρ (γ) = 0. Now assume that Iρ (γ) = 0. Then
0=

α


γk log

k=1
α 


γk
ρk


γk
=
− (γk − ρk )
γk log
ρk
k=1



α

γk
γk
γk
=
ρk
log
−
−1
.
ρk
ρk
ρk
k=1

We now use the facts that ρk > 0 and that for x ≥ 0, x log x ≥ x − 1 with equality
if and only if x = 1. It follows that for each k, γk = ρk and thus that γ = ρ. This
completes the proof that Iρ (γ) ≥ 0 and Iρ (γ) = 0 if and only if γ = ρ, which is the
ﬁrst assertion in the proposition.
Since
α

γk
γk
ρk log
,
Iρ (γ) =
ρk
ρk
k=1

the strict convexity of Iρ is a consequence of the strict convexity of x log x for x ≥ 0. 
We are now ready to give the ﬁrst formulation of Boltzmann’s discovery, which we
state using a heuristic notation and which we label, in recognition of its formal status,
as a pseudo-theorem. However, the formal calculations used to motivate the pseudotheorem can easily be turned into a rigorous proof of an asymptotic theorem. That
theorem is stated in Theorem 6.3.3. From Boltzmann’s momentous discovery, both
the theory of large deviations and the Gibbsian formulation of equilibrium statistical
mechanics grew. The notation Pn {Ln ∈ dγ} represents the probability that Ln is close
to γ.
Pseudo-theorem 6.3.2. (Boltzmann’s discovery—formulation 1.) For any γ ∈
Pα ,
Pn {Ln ∈ dγ} ≈ exp[−nIρ (γ)] as n → ∞ .
α
Heuristic proof. Since γ ∈ Pα , k=1 γk = 1. By elementary combinatorics,


1
Pn {Ln ∈ dγ} = Pn ω ∈ Ωn : Ln (ω) ∼ (nγ1 , nγ2 , . . . , nγα )
n
≈ Pn {card{ωj = y1 } ∼ nγ1 , . . . , card{ωj = yα } ∼ nγα }
n!
2
α
ρnγ1 ρnγ
≈
· · · ρnγ
.
α
2
(nγ1 )!(nγ2 )! · · · (nγα )! 1
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Stirling’s formula in the weak form log(n!) = n log n − n + O(log n) yields
1
log Pn {Ln ∈ dγ}
n

 
α
n!
1
≈ log
γk log ρk
+
n
(nγ1 )!(nγ2 )! · · · (nγα )!
k=1


 

α
nn e−n
log n
1
= log
γk log ρk + O
+
n
(nγ1 )nγ1 e−nγ1 · · · (nγα )nγα e−nγα
n
k=1


 

α
1
log n
1
= log nγ1
γk log ρk + O
+
nγα
n
γ1 · · · γα
n
k=1


α
α


log n
γk log γk +
γk log ρk + O
=−
n
k=1
k=1




α

γk
log n
log n
=−
γk log
+O
= −Iρ (γ) + O
.
ρk
n
n
k=1

The term O(log n/n) converges to 0 as n → ∞. Hence, multiplying both sides of the

last equation by n and exponentiating yields the result.
Pseudo-theorem 6.3.2 has the following interesting consequence. Let γ be any vector
in Pα which diﬀers from ρ. Since Iρ (γ) > 0 (Lemma 6.3.1), it follows that
Pn {Ln ∈ dγ} ≈ exp[−nIρ (γ)] → 0 as n → ∞ ,
a limit which, if rigorous, would imply eqn (6.2).
Let A be a Borel subset of Pα , i.e. A is a member of the Borel σ-algebra of Pα ,
which is the smallest σ-algebra containing the open sets. The class of Borel subsets
includes all open subsets of Pα and all closed subsets of Pα . If ρ is not contained in
the closure of A, then by the weak law of large numbers
lim Pn {Ln ∈ A} = 0 ,

n→∞

and, by analogy with the heuristic asymptotic result given in Pseudo-theorem 6.3.2,
we expect that these probabilities converge to 0 exponentially fast with n. This is in
fact the case. In order to express the exponential decay rate of such probabilities in
terms of the relative entropy, we introduce the notation Iρ (A) = inf γ∈A Iρ (γ). The
range of Ln (ω) for ω ∈ Ωn is the set of probability vectors having the form k/n, where
k ∈ Rα has nonnegative integer coordinates summing to n; hence the cardinality of
the range does not exceed nα . Since


Pn {Ln ∈ A} =
Pn {Ln ∈ dγ} ≈
exp[−nIρ (γ)]
γ∈A

and

γ∈A
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exp[−nIρ (A)] ≤





exp[−nIρ (γ)] ≤ nα exp[−nIρ (A)] ,

γ∈A

one expects that to exponential order,
Pn {Ln ∈ A} ≈ exp[−nIρ (A)] as n → ∞ .

(6.4)

As formulated in Corollary 6.3.4, this asymptotic result is indeed valid. It is a
consequence of the following rigorous reformulation of Boltzmann’s discovery, known
as Sanov’s Theorem, which expresses the large deviation principle for the empirical
vectors Ln . That concept is deﬁned in general in Deﬁnition 6.2, and a general form
of Sanov’s Theorem is stated in Theorem 6.5.6. The special case of Sanov’s Theorem
stated next is proved in (Ellis 2006, Theorem VIII.2).
Theorem 6.3.3. (Boltzmann’s discovery—formulation 2.) The sequence of empirical vectors Ln satisﬁes the large deviation principle on Pα with rate function Iρ in
the following sense.
(a) Large deviation upper bound. For any closed subset F of Pα ,
lim sup
n→∞

1
log Pn {Ln ∈ F } ≤ −Iρ (F ) .
n

(b) Large deviation lower bound. For any open subset G of Pα ,
lim inf
n→∞

1
log Pn {Ln ∈ G} ≥ −Iρ (G) .
n

Comments on the proof. For γ ∈ Pα and ε > 0, B(γ, ε) denotes the open ball
with center γ and radius ε, and B(γ, ε) denotes the corresponding closed ball. Since
Pα is a compact subset of Rα , any closed subset F of Pα is automatically compact. By
a standard covering argument, it is not hard to show that the large deviation upper
bound holds for any closed set F provided that one obtains the large deviation upper
bound for any closed ball B(γ, ε):
lim sup
n→∞

1
log Pn {Ln ∈ B(γ, ε)} ≤ −Iρ ( B(γ, ε)) .
n

Likewise, the large deviation lower bound holds for any open set G provided one
obtains the large deviation lower bound for any open ball B(γ, ε):
lim inf
n→∞

1
log Pn {Ln ∈ B(γ, ε)} ≥ −Iρ (B(γ, ε)) .
n

The bounds in the last two equations can be proved via combinatorics and Stirling’s
formula as in the heuristic proof of Pseudo-theorem 6.3.2; one can easily adapt the
calculations given in (Ellis 2006, Section I.4). The details are omitted in the present

work.
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Given A a Borel subset of Pα , we denote by A◦ the interior of A relative to Pα and
by A the closure of A. For a class of Borel subsets, the next corollary gives a rigorous
version of the asymptotic formula (6.4). This class consists of sets A such that A◦
equals A. Any open ball B(γ, ε) or closed ball B(γ, ε) satisﬁes this condition. For any
Borel subset A, the continuity of Iρ on Pα guarantees that Iρ (A◦ ) = Iρ (A◦ ). Hence
if A◦ = A, then Iρ (A◦ ) = Iρ (A), which is the hypothesis of Theorem 6.5.2. The next
corollary is a consequence of that theorem and the large deviation principle given in
Theorem 6.3.3.
Corollary 6.3.4. Let A be any Borel subset of Pα satisfying A◦ = A. Then
lim

n→∞

1
log Pn {Ln ∈ A} = −Iρ (A) .
n

The next corollary of Theorem 6.3.3 allows one to conclude that a large class of
probabilities involving Ln converge to 0. The general version of this corollary given in
Theorem 6.5.3 is extremely useful in applications. For example, we will use it in Section
6.6 to analyze several lattice spin models and in Section 6.7 to motivate the deﬁnitions
of the sets of equilibrium macrostates for the canonical ensemble and the microcanonical ensemble for a general class of systems (Theorems 6.7.1(c) and 6.7.2(c)).
Corollary 6.3.5. Let A be any Borel subset of Pα such that A does not contain ρ.
Then Iρ (A) > 0, and for some C < ∞
Pn {Ln ∈ A} ≤ C exp[−nIρ (A)/2] → 0 as n → ∞ .

Proof. Since Iρ (γ) > Iρ (ρ) = 0 for any γ = ρ, the positivity of Iρ (A ) follows from
the continuity of Iρ on Pα . The second assertion is an immediate consequence of the

large deviation upper bound applied to A and the positivity of Iρ (A ).
Take any ε > 0. Applying Corollary 6.3.5 to the complement of the open ball
B(ρ, ε) yields Pn {Ln ∈ B(ρ, ε)} → 0 or, equivalently,
lim Pn {Ln ∈ B(ρ, ε)} = 1 .

n→∞

Although this rederives the weak law of large numbers for Ln expressed in eqn (6.1),
this second derivation relates the order-1 limit for Ln to the point ρ ∈ Pα at which the
rate function Iρ attains its inﬁmum. In this context, we call ρ the equilibrium value of
Ln with respect to the measures Pn .
In the next section, we will present a limit theorem for Ln whose proof is based
on the precise, exponential-order estimates given by the large deviation principle in
Theorem 6.3.3.

The most likely way for an unlikely event to happen

6.4



The most likely way for an unlikely event to happen

In this section, we prove a conditioned limit theorem that elucidates a basic issue
arising in many areas of application. What is the most likely way for an unlikely
event to happen? For example, in applications to queueing theory and communication
systems, the unlikely event could represent an overload or breakdown of the system. If
one knows the most likely way that the overload could occur, then one could eﬃciently
redesign the system so that the overload does not happen.
We use the notation of the preceding section. Thus, let α ≥ 2 be an integer; let
y1 < y2 < . . . < yα be a set of α real numbers; let ρ1 , ρ2 , . . . , ρα be a set of α
positive real numbers summing to 1; let Λ be the set {y1 , y2 , . . . , yα }; and
αlet Pn be
the product measure on Ωn = Λn with one-dimensional marginals ρ = k=1 ρk δyk .
For ω = (ω1 , ω2 , . . . , ωn ) ∈ Ωn , we let {Xj , j = 1, . . . , n} be the coordinate functions
deﬁned by Xj (ω) = ωj . The Xj form a sequence of i.i.d. random variables with common
distribution ρ. For ω ∈ Ωn and y ∈ Λ, we also deﬁne
1
δX (ω) {y}
n j=1 j
n

Ln (y) = Ln (ω, y) =
and the empirical vector


1 
δXj (ω) {y1 }, . . . , δXj (ω) {yα } .
n j=1
n

Ln = Ln (ω) = (Ln (ω, y1 ), . . . , Ln (ω, yα )) =

Ln takes values in the set of probability vectors

Pα =

γ = (γ1 , γ2 , . . . , γα ) ∈ R : γk ≥ 0,
α

α



γk = 1 .

k=1

The main result in this section is the conditioned limit theorem for Ln given in
Theorem 6.4.1. This theorem has the bonus of giving insight into a basic construction in statistical mechanics. As we show in Section 5 of Ellis (2008), it motivates
the form of the canonical ensemble for the discrete ideal gas and, by extension, for
any statistical-mechanical system characterized by conservation of energy. These unexpected theorems are the ﬁrst indication of the power of Boltzmann’s discovery, which
gives precise exponential-order estimates for probabilities of the form Pn {Ln ∈ A}.
The conditioned limit theorem that we will consider has the following form. Suppose that one is given a particular set A for which Pn {Ln ∈ A} > 0 for all suﬃciently
large n. One wants to determine a set B belonging to a certain class (e.g. open balls)
such that the conditioned limit
1
=1
lim Pn {Ln ∈ B | Ln ∈ A} = lim Pn {Ln ∈ B ∩ A} ·
n→∞
n→∞
Pn {Ln ∈ A}
is valid. Since, to exponential order,
1
≈ exp[−n(Iρ (B ∩ A) − Iρ (A))] ,
Pn {Ln ∈ B ∩ A} ·
Pn {Ln ∈ A}
one should obtain the conditioned limit if B satisﬁes Iρ (B ∩ A) = Iρ (A). If one can
determine the point in A where the inﬁmum of Iρ is attained, then one picks B to
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contain this point. As we explain in Proposition 6.4.3, such a minimizing point can be
determined for an important class of sets A.
In order to formulate the conditioned limit theorem, we deﬁne
Sn =

n


Xj and ȳ =

j=1

α


yk ρk = E Pn {X1 } .

k=1

By the weak law of large numbers, for any ε > 0
lim Pn {|Sn /n − ȳ| ≥ ε} = 0 .

n→∞

Given a small positive number a, we choose z to satisfy y1 < z − a < z < ȳ. The
conditioned limit theorem involves positive numbers {ρ∗k , k = 1, . . . , α} summing to 1
and satisfying
ρ∗k = lim Pn {X1 = k | Sn /n ∈ [z − a, z]} .
(6.5)
n→∞

By the law of large numbers, the event on which we are conditioning—namely, that
Sn /n ∈ [z − a, z] for all n—is a rare event converging to 0 as n → ∞. A similar result
would hold if we assumed that Sn /n ∈ [z, z + a], where ȳ < z < z + a < yα .
The limit (6.5) will be seen to follow from the following more easily answered
question: conditioned on the event {Sn /n ∈ [z − a, z]}, determine the most likely
conﬁguration ρ∗ = (ρ∗1 , . . . , ρ∗α ) of Ln in the limit n → ∞. In other words, we want
ρ∗ ∈ Pα such that for any ε > 0,
lim Pn {Ln ∈ B(ρ∗ , ε) | Sn /n ∈ [z − a, z]} = 1 .

n→∞

In Theorem 6.4.1 we give the form of ρ∗ , which depends on z through a parameter β.
In order to indicate this dependence, we write ρ(β) in place of ρ∗ . The form of ρ(β) is
independent of a. In the proof of the analogous result given in Ellis (2008), we write
−β instead of β in the deﬁnition of ρ(β) in order to be consistent with conventions in
statistical mechanics.
Theorem 6.4.1. Let z ∈ (y1 , ȳ) be given, and choose a > 0 such that z − a > y1 . The
following conclusions hold.
(a) There exists a unique ρ(β) ∈ Pα such that for every ε > 0,
lim Pn {Ln ∈ B(ρ(β) , ε) | Sn /n ∈ [z − a, z]} = 1 .

(6.6)

n→∞

(β)

(β)

The quantity ρ(β) = (ρ1 , . . . , ρα ) has the form
(β)

ρk

1
· exp[βyk ] ρk ,
exp[βy
j ] ρj
j=1

= α

where β = β(z) < 0 is the unique value of β satisfying
(b) For any continuous function f mapping Pα into R,

α
k=1

lim E Pn {f (Ln ) | Sn /n ∈ [z − a, z]} = f (ρ(β) ) .

n→∞

(β)

y k ρk

= z.
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(c) For each k ∈ {1, . . . , α},
(β)

lim Pn {X1 = yk | Sn /n ∈ [z − a, z]} = ρk .

n→∞

In order to prove the theorem, for t ∈ R we introduce
 α


Pn
tX1
c(t) = log E {e } = log
exp[tyk ] ρk .

(6.7)

k=1

The function c, which equals the logarithm of the moment-generating function of X1 ,
is also known as the cumulant-generating function of X1 . In order to show that ρ(β)
is well deﬁned, we need the following lemma.
Lemma 6.4.2. The cumulant-generating function c has the following properties.
(a)
(b)
(c)
(d)

c  (t) > 0 for all t, i.e. c is strictly convex on R.
α
c  (0) = k=1 yk ρk = ȳ.
c  (t) → y1 as t → −∞, and c  (t) → yα as t → ∞.
The range of c  (t) for t ∈ R is the open interval (y1 , yα ), which is the interior of
the smallest interval containing the support {y1 , y2 , . . . , yα }.

Proof.
(a) We deﬁne

α

1
·
yk exp[tyk ] ρk
j=1 exp[tyj ] ρj

yt = α

k=1

and

α

1
·
(yk − yt )2 exp[tyk ] ρk ,
j=1 exp[tyj ] ρj

(y − yt )2 t = α

k=1

and calculate
α

1
·
yk exp[tyk ] ρk = yt
j=1 exp[tyj ] ρj

c  (t) = α

k=1

and
α

1
·
yk2 exp[tyk ] ρk − y2t
exp[ty
]
ρ
j
j
j=1

c  (t) = α

k=1

= (y − yt )2 t > 0 .
The last line gives part (a). This calculation
shows that c  (t) equals the mean of
α
the probability measure exp[tyk ]ρk / j=1 exp[tyj ] ρj , and c  (t) equals the variance of this probability measure.
(b) This follows from the formula for c  (t) in part (a).
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(c) Since y1 < yj for all j = 2, . . . , α,
α

1
·
yk exp[t(yk − y1 ] ρk = y1 .
j=1 exp[t(yj − y1 )] ρj

lim c  (t) = lim α

t→−∞

t→−∞

k=1



One similarly proves that limt→∞ c (t) = yα .
(d) According to part (a), c  (t) is a strictly increasing function of t. Hence the limits
in part (c) show that the range of c  (t) for t ∈ R equals the open interval (y1 , yα ).

This completes the proof of the lemma.
We now prove Theorem 6.4.1.
Proof of Theorem 6.4.1. We ﬁrst prove that ρ(β) is well deﬁned. This follows
immediately from Lemma 6.4.2, which shows that there exists a unique β = β(z)
satisfying
α

1
·
yk exp[βyk ] ρk
j=1 exp[βyj ] ρj

c  (β) = α
=

α


(6.8)

k=1

(β)

y k ρk

= z,

k=1

as claimed. Since y1 < z < ȳ, β = β(z) is negative.
Assuming the limit in part (a), we ﬁrst prove the limits in parts (b) and (c). We
then prove the limit in part (a).
(b) This limit follows from part (a) and the continuity of f . In order to see this, given
δ > 0, choose ε > 0 so that whenever γ ∈ Pα lies in the open ball B(ρ(β) , ε), we
have |f (γ) − f (ρ(β) )| < δ. Then



 Pn
E {f (Ln ) | Sn /n ∈ [z − a, z]} − f (ρ(β) )
≤ E Pn {|f (Ln ) − f (ρ(β) )| | Sn /n ∈ [z − a, z]}
= E Pn {|f (Ln ) − f (ρ(β) )| 1B(ρ(β) ,ε) (Ln ) | Sn /n ∈ [z − a, z]}
+E Pn {|f (Ln ) − f (ρ(β) )| 1[B(ρ(β) ,ε)]c (Ln ) | Sn /n ∈ [z − a, z]}
≤ δ + 2f ∞P {Ln ∈ [B(ρ(β) , ε)]c | Sn /n ∈ [z − a, z]} .
By part (a), the probability in the last line of the above equation converges to 0
as n → ∞. Since δ > 0 is arbitrary, part (b) is proved.
(c) By symmetry,
Pn {X1 = yk | Sn /n ∈ [z − a, z]}
= E Pn {δX1 {yk } | Sn /n ∈ [z − a, z]}
⎧
⎫
n
⎨1 
⎬
δXj {yk } | Sn /n ∈ [z − a, z]
= E Pn
⎩n
⎭
j=1

=E

Pn

{Ln (yk ) | Sn /n ∈ [z − a, z]} .
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Now deﬁne fk to be the continuous function on Pα that maps γ to γk . Part (b)
yields the desired limit:
lim Pn {X1 = yk | Sn /n ∈ [z − a, z]}

n→∞

= lim E Pn {Ln (yk ) | Sn /n ∈ [z − a, z]}
n→∞

= lim E Pn {fk (Ln ) | Sn /n ∈ [z − a, z]}
n→∞

(β)

= fk (ρ(β) ) = ρk .
(a) In order to prove the limit
lim Pn {Ln ∈ B(ρ(β) , ε) | Sn /n ∈ [z − a, z]} = 1 ,

n→∞

we rewrite the event {Sn /n ∈ [z − a, z]} in terms of Ln . Deﬁne the closed convex
set


α

yk γk ∈ [z − a, z] ,
Γ(z) = γ ∈ Pα :
k=1

which contains ρ

(β)

. Since for each ω ∈ Ωn

1
Sn (ω) =
yk Ln (ω, yk ) ,
n
α

k=1

it follows that {ω ∈ Ωn : Sn (ω)/n ∈ [z − a, z]} = {ω ∈ Ωn : Ln (ω) ∈ Γ(z)} and
thus that
Pn {Ln ∈ B(ρ(β) , ε) | Sn /n ∈ [z − a, z]} = Pn {Ln ∈ B(ρ(β) , ε) | Ln ∈ Γ(z)} .
We ﬁrst motivate the desired limit, using the formal notation
Pn {Ln ∈ A} ≈ exp[−nIρ (A)] as n → ∞ ,

(6.9)

which was introduced in eqn (6.4). Sanov’s Theorem (Theorem 6.5.6) is the rigorous statement of the exponential behavior of the distribution of Ln ; a special
case that applies to the current setup is given in Theorem 6.3.3. For large n, we
have by eqn (6.9)
Pn {Ln ∈ B(ρ(β) , ε) | Sn /n ∈ [z − a, z]}
= Pn {Ln ∈ B(ρ(β) , ε) | Ln ∈ Γ(z)}
= Pn {Ln ∈ B(ρ(β) , ε) ∩ Γ(z)} ·

1
Pn {Ln ∈ Γ(z)}

≈ exp[−n(Iρ (B(ρ(β) , ε) ∩ Γ(z)) − Iρ (Γ(z)))] .
The last expression, and thus the probability in the ﬁrst line of the equation, are
of order 1 provided
(6.10)
Iρ (B(ρ(β) , ε) ∩ Γ(z)) = Iρ (Γ(z)) .
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Proposition 6.4.3 shows that Iρ attains its inﬁmum over Γ(z) at the unique point
ρ(β) . This gives eqn (6.10) and motivates the fact that for large n,
Pn {Ln ∈ B(ρ(β) , ε) | Sn /n ∈ [z − a, z]} ≈ 1 .
We now convert these formal calculations into a proof of the limit
lim Pn {Ln ∈ B(ρ(β) , ε) | Sn /n ∈ [z − a, z]} = 1 .

n→∞

We prove this by showing that
lim Pn {Ln ∈ [B(ρ(β) , ε)]c | Sn /n ∈ [z − a, z]}

n→∞

(6.11)

= lim Pn {Ln ∈ [B(ρ(β) , ε)]c | Ln ∈ Γ(z)} = 0 .
n→∞

The key is to use Corollary 6.3.4, which states that if A is any Borel subset of Pα
satisfying A◦ = A, then
lim

n→∞

1
log Pn {Ln ∈ A} = −Iρ (A) .
n

Since both sets [B(ρ(β) , ε)]c ∩ Γ(z) and Γ(z) satisfy the hypothesis of Corollary
6.3.4, it follows that
1
log Pn {Ln ∈ [B(ρ(β) , ε)]c | Ln ∈ Γ(z)}
n
1
1
= lim Pn {Ln ∈ [B(ρ(β) , ε)]c ∩ Γ(z)} − lim
log Pn {Ln ∈ Γ(z)}
n→∞ n
n→∞ n
= −Iρ ([B(ρ(β) , ε)]c ∩ Γ(z)) + Iρ (Γ(z)) .

lim

n→∞

According to Proposition 6.4.3, Iρ attains its inﬁmum over Γ(z) at the unique
point ρ(β) . It follows that Iρ ([B(ρ(β) , ε)]c ∩ Γ(z)) − Iρ (Γ(z)) > 0. In combination
with the last equation, this yields the desired limit (6.11), showing in fact that
the convergence to 0 is exponentially fast.
The proof of Theorem 6.4.1 will be complete after we prove the next proposition, which is carried out without calculus by using properties of the relative
entropy. In order to motivate the proposition, we consider the calculus
of
problem
α
(γ)
subject
to
the
constraints
that
γ
=
1
determining
critical
points
of
I
ρ
k=1 k
α
and k=1 yk γk = z. Let λ and −β be Lagrange multipliers corresponding to these
two constraints. Then, for each k,
α
α
∂(Iρ (γ) + λ ( k=1 γk − 1) − β ( k=1 yk γk ) − z)
0=
∂γk
= log γk + 1 − log ρk + λ − βyk .
(β)

It follows that γk = ρk , where β = β(z) is as speciﬁed in the proposition.
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Proposition 6.4.3. Let z ∈ (y1 , ȳ) be given, and choose a > 0 such that z − a > y1 .
Then Iρ attains its inﬁmum over
Γ(z) = {γ ∈ Pα :

α


yk γk ∈ [z − a, z]}

k=1
(β)

(β)

at the unique point ρ(β) = (ρ1 , . . . , ρα ) deﬁned in part (a) of Theorem 6.4.1.
Proof. We recall that for each k ∈ {1, . . . , α},
(β)

ρk
1
1
· exp[βyk ] ,
= α
· exp[βyk ] =
ρk
exp[βy
]
ρ
exp[c(β)]
j
j
j=1
where c is the cumulant-generating function deﬁned in eqn (6.7). Hence, for any γ ∈
Γ(z),
Iρ (γ) =

α


γk log

k=1

α
α
(β)


ρ
γk
γk
=
γk log (β) +
γk log k
ρk
ρk
ρ
k=1

= Iρ(β) (γ) + β

α


k

k=1

yk γk − c(β) .

k=1

Since Iρ(β) (ρ(β) ) = 0 and

α
k=1

(β)

y k ρk

= z, it follows that

Iρ (ρ(β) ) = Iρ(β) (ρ(β) ) + β

α


(β)

yk ρk − c(β) = βz − c(β) .

(6.12)

k=1

α
Now consider any γ ∈ Γ(z), γ = ρ(β) . Since β < 0, k=1 yk γk ≤ z, and Iρ(β) (γ) ≥ 0
with equality if and only if γ = ρ(β) (Lemma 6.3.1), we obtain
Iρ (γ) = Iρ(β) (γ) + β

α


yk γk − c(β)

k=1

>β

α


yk γk − c(β) ≥ βz − c(β) = Iρ (ρ(β) ) .

k=1

We conclude that for any γ ∈ Γ(z), Iρ (γ) ≥ Iρ (ρ(β) ) with equality if and only if
γ = ρ(β) . Thus Iρ attains its inﬁmum over Γ(z) at the unique point ρ(β) . The proof of

the proposition and thus the proof of Theorem 6.4.1 are complete.
In the next section, we formulate the general concepts of a large deviation principle
and a Laplace principle. Subsequent sections will apply the theory of large deviations
to study interacting systems in statistical mechanics.



6.5

The theory of large deviations and applications to statistical mechanics

Generalities: Large deviation principle and Laplace principle

In Theorem 6.3.3, we formulate Sanov’s Theorem, which is the large deviation principle
for the empirical vectors Ln on the space Pα of probability vectors in Rα . In Subsection
6.6.2, we apply Sanov’s Theorem to analyze the phase-transition structure of a model
of ferromagnetism known as the Curie–Weiss–Potts model. Applications of the theory
of large deviations to other models in statistical mechanics require large deviation
principles in diﬀerent settings. As we will see in Subsection 6.6.1, analyzing the phasetransition structure of the model of ferromagnetism known as the Curie–Weiss model
involves Cramér’s Theorem. This theorem states the large deviation principle for the
sample means of i.i.d. random variables, which in the case of the Curie–Weiss model
take values in the closed interval [−1, 1]. Analyzing the Ising model in dimensions
d ≥ 2 is much more complicated. It involves a large deviation principle on the space
d
of translation-invariant probability measures on {−1, 1}ZZ (Ellis 1995, Section 11).
In order to deﬁne the general concept of a large deviation principle, we need some
notation. First, for each n ∈ IN let (Ωn , Fn , Pn ) be a probability space. Thus Ωn is a set
of points, Fn is a σ-algebra of subsets of Ωn , and Pn is a probability measure on Fn . An
example is given by the basic model in Section 6.2, where Ωn = Λn = {y1 , y2 , . . . , yα }n ,
Fn is the set of all subsets of Ωn , and Pn is the product measure with one-dimensional
marginals ρ.
Second, let X be a complete, separable metric space or, as it is often called, a Polish
space. Thus there exists a function m, called a metric, mapping X × X into [0, ∞)
and having the properties that for all x, y, and z in X , m(x, y) = m(y, x) (symmetry),
m(x, y) = 0 ⇔ x = y (identity), and m(x, z) ≤ m(x, y) + m(y, z) (triangle inequality);
furthermore, with respect to m, any Cauchy sequence in X converges to an element
of X (completeness) and X has a countable dense subset (separability). Elementary
examples are X = Rd for d ∈ IN ; X = Pα , the set of probability vectors in Rα ; and,
in the notation of the basic probabilistic model in Section 6.2, X equal to the closed
bounded interval [y1 , yα ]. In all three cases the metric is the Euclidean distance.
Third, for each n ∈ IN let Yn be a random variable mapping Ωn into X . For
example, in the notation of the basic probability
model in Section 6.2, with X = Pα ,
n
let Yn = Ln or, with X = [y1 , yα ], let Yn =
j=1 Xj /n, where Xj (ω) = ωj for
n
ω ∈ Ωn = Λ .
Before continuing, we need several standard deﬁnitions from topology. A subset G
of X is said to be open if for any x in G there exists ε > 0 such that the open ball
B(x, ε) = {y ∈ X : m(y, x) < ε} is a subset of G. A subset F of X is said to be closed
if the complement, F c , is open or, equivalently, if for any sequence xn in F converging
to some x ∈ X , we have x ∈ F . Finally, a subset K of X is said to be compact if for
any sequence xn in K, there exists a subsequence of xn converging to a point in K.
Equivalently, K is compact if, whenever K is a subset of the union of a collection C of
open sets, then K is a subset of the union of ﬁnitely many open sets in C. If X = Rd ,
then K is compact if and only if K is closed and bounded.
A class of Polish spaces arising naturally in applications is obtained by taking a
Polish space Y and considering the space P(Y) of probability measures on (Y, B(Y)).
B(Y) denotes the Borel σ-algebra of Y, which is the σ-algebra generated by the open
subsets of Y. We say that a sequence {Πn , n ∈ N} in P(Y) converges weakly to
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Π ∈ P(Y), and write Πn ⇒ Π, if Y f dΠn → Y f dΠ for all bounded, continuous
functions f mapping Y into R. A fundamental fact is that there exists a metric m on
P(Y) such that Πn ⇒ Π if and only if m(Π, Πn ) → 0 and P(Y) is a Polish space with
respect to m (Ethier and Kurtz 1986, Section 3.1).
Let I be a function mapping the complete, separable metric space X into [0, ∞].
I is called a rate function if I has compact level sets, i.e. for all M < ∞, {x ∈
X : I(x) ≤ M } is compact. This technical regularity condition implies that I has
closed level sets or, equivalently, that I is lower semicontinuous, i.e. if xn → x, then
lim inf n→∞ I(xn ) ≥ I(x). In particular, if X is compact, then the lower semicontinuity
of I implies that I has compact level sets. When X = Pα , an example of a rate function
is the relative entropy Iρ with respect to ρ; when X = [y1 , yα ], any continuous function
I mapping [y1 , yα ] into [0, ∞) is a rate function.
We next deﬁne the concept of a large deviation principle. If Yn satisﬁes the large
deviation principle with rate function I, then we summarize this by the formal notation
Pn {Yn ∈ dx}  exp[−nI(x)] dx .
For any subset A of X , we deﬁne I(A) = inf x∈A I(x).
Definition 6.2. (Large deviation principle.) Let {(Ωn , Fn , Pn ), n ∈ IN } be a sequence of probability spaces, X a complete, separable metric space, {Yn , n ∈ IN } a
sequence of random variables such that Yn maps Ωn into X , and I a rate function
on X . Then Yn satisﬁes the large deviation principle on X with rate function I if the
following two limits hold.
Large deviation upper bound. For any closed subset F of X ,
1
lim sup log Pn {Yn ∈ F } ≤ −I(F ) .
n→∞ n
Large deviation lower bound. For any open subset G of X ,
1
lim inf log Pn {Yn ∈ G} ≥ −I(G) .
n→∞ n
We shall explore several consequences of this deﬁnition. It is reassuring that a large
deviation principle has a unique rate function. The following result is proved in Dupuis
and Ellis (1997, Theorem 1.3.1).
Theorem 6.5.1. If Yn satisﬁes the large deviation principle on X with rate function
I and with rate function J, then I(x) = J(x) for all x ∈ X .
The next theorem gives a condition that guarantees the existence of large deviation
limits.
Theorem 6.5.2. Assume that Yn satisﬁes the large deviation principle on X with
rate function I. Let A be a Borel subset of X having closure A and interior A◦ and
satisfying I(A) = I(A◦ ). Then
lim

n→∞

1
log P {Yn ∈ A} = −I(A) .
n
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Proof. We evaluate the large deviation upper bound for F = A and the large deviation
lower bound for G = A◦ . Since A ⊃ A ⊃ A◦ , it follows that I(A) ≤ I(A) ≤ I(A◦ ) and
1
1
log P {Yn ∈ A} ≥ lim sup log P {Yn ∈ A}
n
n→∞ n
1
1
≥ lim inf log P {Yn ∈ A} ≥ lim inf log P {Yn ∈ A◦ } ≥ I(A◦ ) .
n→∞ n
n→∞ n

I(A) ≥ lim sup
n→∞

By hypothesis, the two extreme terms are equal to each other and to I(A), and so the

theorem follows.
The next theorem states useful facts concerning the inﬁmum of a rate function over
the entire space and the use of the large deviation principle to show the convergence
of a class of probabilities to 0. Part (b) generalizes Corollary 6.3.5.
Theorem 6.5.3. Suppose that Yn satisﬁes the large deviation principle on X with rate
function I. The following conclusions hold.
(a) The inﬁmum of I over X equals 0, and the set of x ∈ X for which I(x) = 0 is
nonempty and compact.
(b) Deﬁne E to be the nonempty, compact set of x ∈ X for which I(x) = 0, and let A
be a Borel subset of X such that A ∩ E = ∅. Then I(A) > 0, and for some C < ∞,
Pn {Yn ∈ A} ≤ C exp[−nI(A)/2] → 0 as n → ∞ .
Proof.
(a) We evaluate the large deviation upper bound for F = X and the large deviation
lower bound for G = X . Since P {Yn ∈ X } = 1, we obtain I(X ) = 0. We now
prove that I attains its inﬁmum of 0 by considering any inﬁmizing sequence xn
that satisﬁes I(xn ) ≤ 1 and I(xn ) → 0 as n → ∞. Since I has compact level sets,
there exists a subsequence xn and a point x ∈ X such that xn → x. Hence, by
the lower semicontinuity of I,
0 = lim I(xn ) ≥ I(x) ≥ 0 .
It follows that I attains its inﬁmum of 0 at x and thus that the set of x ∈ X for
which I(x) = 0 is nonempty and compact. This gives part (a).
(b) If I(A) > 0, then the desired upper bound follows immediately from the large
deviation upper bound. We prove that I(A) > 0 by contradiction. If I(A) = 0,
then there exists a sequence xn such that limn→∞ I(xn ) = 0. Since I has compact
level sets and A is closed, there exists a subsequence xn converging to an element
x ∈ A. Since I is lower semicontinuous, it follows that I(x) = 0 and thus that x ∈
E. This contradicts the assumption that A ∩ E = ∅. The proof of the proposition

is complete.
We next state Cramér’s Theorem, which is the large deviation principle for the
sample means of i.i.d. random variables taking values in Rd . The rate function is
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deﬁned by a variational formula that in general cannot be evaluated explicitly. We
denote by ·, · the inner product on Rd . The theorem is derived from the Gärtner–
Ellis Theorem in Ellis (2006, Section VII.5); a direct proof is given in Ellis (2008,
Section 7).
Theorem 6.5.4. (Cramér’s Theorem.) Let {Xj , j ∈ IN } be a sequence of i.i.d.
d
random vectors taking values in Rd and
n satisfying E{exp t, X1 } < ∞ for all t ∈ R .
We deﬁne the sample means Sn /n = j=1 Xj /n and the cumulant-generating function
c(t) = log E{exp t, X1 }. The following conclusions hold.
(a) The sequence of sample means Sn /n satisﬁes the large deviation principle on Rd
with rate function I(x) = supt∈Rd { t, x − c(t)}.
(b) I is a convex, lower semicontinuous function on Rd , and it attains its inﬁmum of
0 at the unique point x0 = E{X1 }.
A nice application of Cramér’s Theorem is to derive the special case of Sanov’s
Theorem given in Theorem 6.3.3 (Ellis 2006, Section VIII.2). The latter states the
large deviation principle for the empirical vectors of i.i.d. random variables having a
ﬁnite state space. For application in Subsection 6.6.1, we next state a special case of
Cramér’s Theorem, for which the rate function can be given explicitly.
Corollary 6.5.5. In the basic probability model of Section 6.2, let Λ = {−1, 1} and
1
1
ρ = ( 12 , 12 ), which corresponds
n to the probability measure ρ = 2 δ−1 + 2 δ1 on Λ. For
ω ∈ Ωn , deﬁne Sn (ω) = j=1 ωj . Then the sequence of sample means Sn /n satisﬁes
the large deviation principle on the closed interval [−1, 1] with rate function
I(x) = 12 (1 − x) log(1 − x) + 12 (1 + x) log(1 + x) .

(6.13)

Proof. In this case, c(t) = log( 12 [et + e−t ]. The function c(t) satisﬁes c  (t) > 0 for
all t, and the range of c  equals (−1, 1). Hence, for any x ∈ (−1, 1), the supremum
in the deﬁnition of I is attained at the unique t = t(x) satisfying c  (t(x)) = x. One
can easily verify that t(x) = 12 log[(1 + x)/(1 − x)] and that I(x) = t(x) · x − c(t(x)) is
given by eqn (6.13). When x = 1 or x = −1, the supremum in the deﬁnition of I(x) is
not attained but equals log 2, which coincides with the value of the right side of eqn

(6.13).
Corollary 6.5.5 is easy to motivate using the formal notation of Pseudo-theorem
6.3.2. For any x ∈ [−1, 1], Sn (ω)/n ∼ x if and only if approximately (n/2)(1−x) of the
ωj ’s equal −1 and approximately (n/2)(1 + x) of the ωj ’s equal 1. For any probability
vector γ = (γ1 , γ2 ),
Iρ (γ) = γ1 log(2γ1 ) + γ2 log(2γ2 ) .
Hence
Pn {Sn /n ∼ x} ≈ Pn {Ln (−1) = 12 (1 − x), Ln (1) = 12 (1 + x)}

≈ exp[−nIρ ( 12 (1 − x), 12 (1 + x))] = exp[−nI(x)] .
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We next state a general version of Sanov’s Theorem, which gives the large deviation
principle for the sequence of empirical measures of i.i.d. random variables. Let (Ω, F , P )
be a probability space, Y a complete, separable metric space, ρ a probability measure
on Y, and {Xj , j ∈ IN } a sequence of i.i.d. random variables mapping Ω into Y and
having the common distribution ρ. For n ∈ IN , ω ∈ Ω, and A any Borel subset of Y,
we deﬁne the empirical measure
1
δX (ω) {A} ,
n j=1 j
n

Ln (A) = Ln (ω, A) =

where for y ∈ Y, δy {A} equals 1 if y ∈ A and 0 if y ∈ A. For each ω, Ln (ω, ·) is a
probability measure on Y. Hence the sequence Ln takes values in the complete, separable metric space P(Y). For γ ∈ P(Y), we write γ  ρ if γ is absolutely continuous
with respect to ρ, i.e. if ρ{A} = 0 for a Borel subset A of Y, then γ{A} = 0. If γ  ρ,
then dγ/dρ denotes the Radon–Nikodym derivative of γ with respect to ρ.
Theorem 6.5.6. (Sanov’s Theorem.) The sequence Ln satisﬁes the large deviation
principle on P(Y) with a rate function given by the relative entropy with respect to ρ.
For γ ∈ P(Y), this quantity is deﬁned by
⎧ 

dγ
⎨
log
dγ if γ  ρ ,
Iρ (γ) =
dρ
⎩ Y
∞
otherwise .

This theorem is proved, for example, in Dembo and Zeitouni (1998, Section 6.2) and
in Dupuis and Ellis (1997, Chapter 2). If the support of ρ is a ﬁnite set Λ ⊂ R, then
Theorem 6.5.6 reduces to Theorem 6.3.3.
The concept of a Laplace principle will be useful in the analysis of statisticalmechanical models. As we will see in Section 6.7, where a general class of statisticalmechanical models are studied, the Laplace principle gives a variational formula for
the canonical free energy (Theorem 6.7.1(a)).
Definition 6.3. (Laplace principle.) Let {(Ωn , Fn , Pn ), n ∈ IN } be a sequence of
probability spaces, X a complete, separable metric space, {Yn , n ∈ IN } a sequence of
random variables such that Yn maps Ωn into X , and I a rate function on X . Then Yn
satisﬁes the Laplace principle on X with rate function I if for all bounded, continuous
functions f mapping X into R,
lim

n→∞

1
log E Pn {exp[nf (Yn )]} = sup {f (x) − I(x)} .
n
x∈X

Suppose that Yn satisﬁes the large deviation principle on X with rate function I.
Then substituting Pn {Yn ∈ dx}  exp[−nI(x)] dx gives

Generalities: Large deviation principle and Laplace principle




1
1
log E Pn {exp[nf (Yn )]} = lim
log
exp[nf (Yn )] dPn
n→∞ n
n→∞ n
Ωn

1
log
= lim
exp[nf (x)] Pn {Yn ∈ dx}
n→∞ n
X
1
log
≈ lim
exp[nf (x)] exp[−nI(x)] dx
n→∞ n
X
1
log
= lim
exp[n(f (x) − I(x)] dx .
n→∞ n
X
lim

Since the asymptotic behavior of the last integral is determined by the largest value
of the integrand, the last line of the above equation suggests the following limit:
1
log E Pn {exp[nf (Yn )]} = sup {f (x) − I(x)} .
n→∞ n
x∈X
lim

Hence it is plausible that Yn satisﬁes the Laplace principle with rate function I, a fact
ﬁrst proved by Varadhan (1966). In fact, we have the following stronger result, which
shows that the large deviation principle and the Laplace principle are equivalent.
Theorem 6.5.7. Yn satisﬁes the large deviation principle on X with rate function I
if and only if Yn satisﬁes the Laplace principle on X with rate function I.
We have just motivated the suggestion that the large deviation principle with
rate function I implies the Laplace principle with the same rate function. In order
to motivate the converse, let A be an arbitrary Borel subset of X and consider the
function

0
if x ∈ A ,
ϕA =
−∞ if x ∈ Ac .
Clearly ϕA is not a bounded, continuous function on X . If it were, then evaluating the
Laplace expectation E{exp[nf (Yn )]} for f = ϕA would yield the large deviation limit
1
1
log Pn {Yn ∈ A} = lim
log E Pn {exp[nϕA (Yn )]}
n→∞ n
n→∞ n
= sup {ϕA (x) − I(x)}
lim

x∈A

= − inf I(x) = −I(A) .
x∈A

The proof that the Laplace principle implies the large deviation principle involves
approximating ϕA by suitable bounded, continuous functions. Theorem 6.5.7 is proved
in Dupuis and Ellis (1997, Theorems 1.2.1 and 1.2.3).
We end this section by presenting two ways to obtain large deviation principles
from existing large deviation principles. In the ﬁrst theorem, we show that a large
deviation principle is preserved under continuous mappings.
Theorem 6.5.8. (Contraction principle.) Assume that Yn satisﬁes the large deviation principle on X with rate function I and that ψ is a continuous function mapping
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X into a complete, separable metric space Y. Then ψ(Yn ) satisﬁes the large deviation
principle on Y with rate function
J(y) = inf{I(x) : x ∈ X , ψ(x) = y} = inf{I(x) : x ∈ ψ −1 (y)} .

Proof. Since I maps X into [0, ∞], J maps Y into [0, ∞]. The fact that J has compact
level sets in Y follows from the deﬁnition of J (Ellis 2008, Theorem 6.12). The large
deviation upper bound is proved next. If F is a closed subset of Y, then since ψ is
continuous, ψ −1 (F ) is a closed subset of X . Hence, by the large deviation upper bound
for Yn ,
lim sup
n→∞

1
1
log Pn {ψ(Yn ) ∈ F } = lim sup log Pn {Yn ∈ ψ −1 (F )}
n
n→∞ n
≤ − inf
I(x)
x∈ψ −1 (F )

= − inf {inf{I(x) : x ∈ X , ψ(x) = y}
y∈F

= − inf J(y) = −J(F ) .
y∈F

The large deviation lower bound is proved similarly. The proof of the theorem is

complete.
In the next theorem, we show that a large deviation principle is preserved if the
probability measures Pn are multiplied by suitable exponential factors and then normalized. This result will be applied in Sections 6.6 and 6.7 when we prove the large
deviation principle for statistical-mechanical models with respect to the canonical ensemble (Theorems 6.6.1, 6.6.3, 6.6.5, and 6.7.1).
Theorem 6.5.9. Assume that with respect to the probability measures Pn , Yn satisﬁes
the large deviation principle on X with rate function I. Let ψ be a bounded, continuous
function mapping X into R. For A ∈ Fn , we deﬁne new probability measures

1
·
exp[−nψ(Yn )] dPn .
Pn,ψ {A} = 
exp[−nψ(Yn )] dPn A
X
Then, with respect to Pn,ψ , Yn satisﬁes the large deviation principle on X with rate
function
Iψ (x) = I(x) + ψ(x) − inf {I(y) + ψ(y)} .
y∈X

Proof. We omit the straightforward proof showing that since I has compact level sets
and ψ is bounded and continuous, Iψ has compact level sets. Since Iψ maps X into
[0, ∞], it follows that Iψ is a rate function. We complete the proof by showing that
with respect to Pn,ψ , Yn satisﬁes the equivalent Laplace principle with rate function
Iψ (Theorem 6.5.7). Let f be any bounded, continuous function mapping X into R.
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Since f + ψ is bounded and continuous and since, with respect to Pn , Yn satisﬁes the
Laplace principle with rate function I, it follows that

1
log
exp[nf (Yn )] dPn,ψ
lim
n→∞ n
Ωn

1
log
= lim
exp[n(f (Yn ) − ψ(Yn ))] dPn
n→∞ n
Ωn

1
log
− lim
exp[−nψ(Yn )] dPn
n→∞ n
Ωn
= sup {f (x) − ψ(x) − I(x)} − sup {−ψ(y) − I(y)}
x∈X

y∈X

= sup {f (x) − Iψ (x)} .
x∈X

Thus, with respect to Pn,ψ , Yn satisﬁes the Laplace principle with rate function Iψ , as

claimed. This completes the proof.
This completes our discussion of the large deviation principle, the Laplace principle,
and related general results. In the next section, we begin our study of statisticalmechanical models by considering the Curie–Weiss spin model and other mean-ﬁeld
models.

6.6

The Curie–Weiss model and other mean-field models

Mean-ﬁeld models in statistical mechanics lend themselves naturally to a large deviation analysis. We illustrate this by ﬁrst studying the Curie–Weiss model of ferromagnetism, one of the simplest examples of an interacting system in statistical mechanics.
After treating this model, we also outline a large deviation analysis of two other meanﬁeld models, the Curie–Weiss–Potts model and the mean-ﬁeld Blume–Capel model.
As we will see in the next section, using the theory of large deviations to analyze these
models suggests how one can apply the theory to analyze much more complicated
models.
6.6.1

Curie–Weiss model

The Curie–Weiss model is a spin model deﬁned on the complete graph on n vertices
1, 2, . . . , n. It is a mean-ﬁeld approximation to the Ising model and related, shortrange, ferromagnetic models (Ellis 2006, Section V.9). In the Curie–Weiss model the
spin at site j ∈ {1, 2, . . . , n} is denoted by ωj , a quantity taking values in Λ = {−1, 1};
the value −1 represents spin-down and the value 1 spin-up. The conﬁguration space
for the model is the set Ωn = Λn , containing all conﬁgurations or microstates ω =
(ω1 , ω2 , . . . , ωn ) with each ωj ∈ Λ.
Let ρ = 12 (δ−1 + δ1 ) and let Pn denote the product measure on Ωn with one{ω} = 1/2n for each ω ∈ Ωn . For ω ∈ Ωn , we
dimensional marginals ρ. Thus Pn
n
deﬁne the spin per site Sn (ω)/n = j=1 ωj /n. The Hamiltonian, or energy function,
is deﬁned by
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2
n
1 
n Sn (ω)
Hn (ω) = −
ωi ωj = −
,
2n i,j=1
2
n

(6.14)

and the probability of ω corresponding to an inverse temperature β > 0 is deﬁned by
the canonical ensemble
1
· exp[−βHn (ω)] Pn {ω}
Zn (β)
 
2 
1
nβ Sn (ω)
=
· exp
Pn {ω} ,
Zn (β)
2
n

Pn,β {ω} =

(6.15)

where Zn (β) is the partition function






nβ
Zn (β) =
exp[−βHn (ω)] Pn (dω) =
exp
2
Ωn
Ωn



Sn (ω)
n

2 
Pn (dω) .

Pn,β models a ferromagnet in the sense that the maximum of Pn,β {ω} over ω ∈ Ωn
occurs at the two microstates having all coordinates ωi equal to −1 or all coordinates
equal to 1. Furthermore, as β → ∞ all the mass of Pn,β concentrates on these two
microstates.
A distinguishing feature of the Curie–Weiss model is its phase transition. Namely,
the alignment eﬀects incorporated in the canonical ensemble Pn,β persist in the limit
n → ∞. This is most easily seen by evaluating the n → ∞ limit of the distributions
Pn,β {Sn /n ∈ dx}. For β ≤ 1 the alignment eﬀects are relatively weak, and as we will
see, Sn /n satisﬁes a law of large numbers, concentrating on the value 0. However, for
β > 1 the alignment eﬀects are so strong that the law of large numbers breaks down,
and the limiting Pn,β distribution of Sn /n concentrates on two points ±m(β) for some
m(β) ∈ (0, 1) (see eqn (6.17)). The analysis of the Curie–Weiss model to be presented
below can be easily modiﬁed to handle an external magnetic ﬁeld h. The resulting
probabilistic description of the phase transition yields the predictions of mean-ﬁeld
theory (Ellis 2006, Section V.9; Parisi 1988, Section 3.2).
We calculate the n → ∞ limit of Pn,β {Sn /n ∈ dx} by establishing a large deviation
principle for the spin per site Sn /n with respect to Pn,β . For each n, Sn /n takes values
in [−1, 1]. According to the special case of Cramér’s Theorem given in Corollary 6.5.5,
with respect to the product measures Pn , Sn /n satisﬁes the large deviation principle
on [−1, 1] with rate function
I(x) = 12 (1 − x) log(1 − x) + 12 (1 + x) log(1 + x) .

(6.16)

Because of the form of Pn,β given in eqn (6.15), the large deviation principle for Sn /n
with respect to Pn,β is an immediate consequence of Theorem 6.5.9 with X = [−1, 1]
and ψ(x) = − 12 βx2 for x ∈ [−1, 1]. The proof of that theorem uses the exponential
form of the measures to derive the equivalent Laplace principle. We record the large
deviation principle in the next theorem.
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Theorem 6.6.1. With respect to the canonical ensemble Pn,β deﬁned in eqn (6.15),
the spin per site Sn /n satisﬁes the large deviation principle on [−1, 1] with rate function
Iβ (x) = I(x) − 12 βx2 −

inf

{I(y) − 12 βy 2 } ,

y∈[−1,1]

where I(x) is deﬁned in eqn (6.16).
The limiting behavior of the distributions Pn,β {Sn /n ∈ dx} is now determined
by examining where the nonnegative rate function Iβ attains its inﬁmum of 0 or,
equivalently, where I(x) − 12 βx2 attains its inﬁmum inf y∈[−1,1] {I(y) − 12 βy 2 } (Ellis
2006, Section IV.4). Global minimum points x∗ satisfy




Iβ (x∗ ) = 0 or I (x∗ ) = βx∗ .


The second equation is equivalent to the mean-ﬁeld equation x∗ = (I )−1 (βx∗ ) =
tanh(βx∗ ) (Ellis 2006, Section V.9; Parisi 1988, Section 3.2). Figure 6.1 motivates the
next theorem, which is a consequence of the following easily veriﬁed properties of I:




(a) I (0) = 1; (b) I is convex on [0, 1] and limx→1 I (x) = ∞; (c) I is concave on

[−1, 0] and limx→−1 I (x) = −∞.
Theorem 6.6.2. For each β > 0, we deﬁne
Eβ = {x ∈ [−1, 1] : Iβ (x) = 0}


= x ∈ [−1, 1] : I(x) − 12 βx2 is minimized .
The following conclusions hold.
(a) For 0 < β ≤ 1, Eβ = {0}.
(b) For β > 1, there exists m(β) > 0 such that Eβ = {±m(β)}. The function m(β)
is monotonically increasing on (1, ∞) and satisﬁes m(β) → 0 as β → 1+ , and
m(β) → 1 as β → ∞.
According to part (b) of Theorem 6.5.3, if A is any closed subset of [−1, 1] such
that A ∩ Eβ = ∅, then I(A) > 0 and, for some C < ∞,
Pn,β {Sn /n ∈ A} ≤ C exp[−nI(A)/2] → 0 as n → ∞ .
In combination with Theorem 6.6.2, we are led to the following weak limits:



Fig. 6.1 Solutions of I (x∗ ) = βx∗ : (a) β < 1, (b) β = 1, (c) β > 1.
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Pn,β {Sn /n ∈ dx} =⇒

δ0
if 0 < β ≤ 1 ,
1
1
δ
+
δ
if β > 1 .
m(β)
−m(β)
2
2

(6.17)

We call m(β) the spontaneous magnetization for the Curie–Weiss model and βc = 1
the critical inverse temperature (Ellis 2006, Section IV.4). It is worth remarking that it
is much easier to derive the weak limits in eqn (6.17) from the large deviation principle
for Sn /n with respect to Pn,β rather than to prove the weak limits directly.
The limit (6.17) justiﬁes calling Eβ the set of canonical equilibrium macrostates for
the spin per site Sn /n in the Curie–Weiss model. Because m(β) → 0 as β → 1+ and 0
is the unique equilibrium macrostate for 0 < β ≤ 1, the phase transition at βc is said
to be continuous or second-order.
The phase transition in the Curie–Weiss model and in related models arises as a
result of two competing microscopic eﬀects. The ﬁrst eﬀect tends to randomize the
system. It is caused by thermal excitations and is measured by entropy. The second
eﬀect tends to order the system. It is caused by attractive forces of interaction and
is measured by the energy. At suﬃciently low temperatures and thus for suﬃciently
large values of β, the energy eﬀect predominates and a phase transition becomes
possible. This phenomenology is reﬂected in the form of Eβ given in Theorem 6.6.2.
For 0 < β ≤ 1, Iβ has a unique global minimum point coinciding with the unique global
minimum point of I at 0. For β > 1, Iβ has two global minimum points at ±m(β), a
structure that is consistent with the facts that − 12 βx2 has two global minimum points
1 4
on [−1, 1] at 1 and −1 and that m(β) → 1 as β → ∞. For x near 0, I(x) ∼ 12 x2 + 12
x
1
1
1 4
2
2
and thus I(x) − 2 βx ∼ 2 (1 − β)x + 12 x . The set of global minimum points of the

latter function bifurcates continuously from {0} for β ≤ 1 to {± 3(β − 1)} for β > 1.
This behavior is consistent with the continuous
 phase transition described in Theorem
6.6.2 and suggests that as β → 1+ , m(β) ∼ 3(β − 1) → 0.
Before we leave the Curie–Weiss model, there are several additional points that
should be emphasized. The ﬁrst is to focus on what makes possible the large deviation
analysis of the phase transition in the model. In eqn (6.14), we write the Hamiltonian
as a quadratic function of the spin per site Sn /n, which by the version of Cramér’s
Theorem given in Corollary 6.5.5 satisﬁes the large deviation principle on [−1, 1] with
respect to the product measures Pn . The equivalent Laplace principle allows us to
convert this large deviation principle into a large deviation principle with respect to
the canonical ensemble Pn,β . The form of the rate function Iβ allows us to complete
the analysis. In this context, the sequence Sn /n is called the sequence of macroscopic
variables for the Curie–Weiss model. In the next section, we will generalize these
steps to formulate a large deviation approach to a wide class of models in statistical
mechanics.
Our large deviation analysis of the phase transition in the Curie–Weiss model has
the attractive feature that it directly motivates us to attach physical importance to
Eβ . This set is the support of the n → ∞ limit of the distributions Pn,β {Sn /n ∈ dx}.
An analogous fact is true for a large class of statistical-mechanical models (Ellis et al.
2000, Theorem 2.5).
As shown in eqn (6.17), the large deviation analysis of the Curie–Weiss model
yields the limiting behavior of the Pn,β distributions of Sn /n. For 0 < β ≤ 1, this
limit corresponds to the classical weak law of large numbers for the sample means of
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i.i.d. random variables and suggests examining the analogues of other classical limit
results such as the central limit theorem. We end this section by summarizing these
limit results for the Curie–Weiss model, referring the reader to (Ellis 2006, Section
V.9) for proofs. If θ ∈ (0, 1) and f is a nonnegative integrable function on R, then
the notation Pn,β {Sn /nθ ∈ dx} =⇒ f (x) dx means that the distributions of Sn /nθ
converge weakly to the probability measure on R having a density proportional to f
with respect to the Lebesgue measure.
In the Curie–Weiss model for 0 < β < 1, the alignment eﬀects among the spins
are relatively weak, and the analogue of the central limit theorem holds (Ellis 2006,
Theorem V.9.4):

 1 2

−2x
Sn
∈
dx
=⇒
exp
dx ,
Pn,β
1/2
σ 2 (β)
n
where σ 2 (β) = 1/(1 − β). However, when β = βc = 1, the limiting variance σ 2 (β)
diverges, and the central-limit scaling n1/2 must be replaced by n3/4 , which reﬂects
the onset of long-range order at βc . In this case we have (Ellis 2006, Theorem V.9.5)




Sn
1 4
Pn,βc
∈ dx =⇒ exp − x dx .
12
n3/4
Finally, for β > βc , (Sn − nz̃)/n1/2 satisﬁes a central-limit-type theorem when Sn /n
is conditioned to lie in a suﬃciently small neighborhood of z̃ = m(β) or z̃ = −m(β);
see Theorem 2.4 in Ellis et al. (1980) with k = 1.
The results discussed in this subsection have been extensively generalized to a
number of models, including the Curie–Weiss–Potts model (Costeniuc et al. 2005a;
Ellis and Wang 1990), the mean-ﬁeld Blume–Capel model (Costeniuc et al. 2007; Ellis
et al. 2005), and the Ising and related models (Dobrushin and Shlosman 1994; Föllmer
and Orey 1987; Olla 1988), which exhibit much more complicated behavior and are
much harder to analyze. For the Ising and related models, reﬁned large deviations
at the surface level have been studied; see Dembo and Zeitouni (1998, p. 339) for
references.
This completes our discussion of the Curie–Weiss model. In order to reinforce our
understanding of the large deviation analysis of that model, in the next two subsections
we present the large deviation analysis of the Curie–Weiss–Potts model and the Blume–
Capel model. This, in turn, will yield the phase-transition structure of the two models
as in Theorem 6.6.2.
6.6.2

Curie–Weiss–Potts model

Let q ≥ 3 be a ﬁxed integer, and deﬁne Λ = {y1 , y2 , . . . , yq }, where the yk are
any q distinct vectors in Rq ; the precise values of these vectors are immaterial. The
Curie–Weiss–Potts model is a spin model deﬁned on the complete graph on n vertices
1, 2, . . . , n. It is a mean-ﬁeld approximation to the well-known Potts model (Wu 1982).
In the Curie–Weiss–Potts model, the spin at site j ∈ {1, 2, . . . , n} is denoted by ωj , a
quantity taking values in Λ. The conﬁguration space for the model is the set Ωn = Λn
containing all microstates
ω = (ω1 , ω2 , . . . , ωn ) with each ωj ∈ Λ.
q
Let ρ = (1/q) i=1 δyi and let Pn denote the product measure on Ωn with onedimensional marginals ρ. Thus Pn {ω} = 1/q n for each conﬁguration ω = {ωi , i =
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1, . . . , n} ∈ Ωn . We also denote by ρ the probability vector in Rq all of whose coordinates equal q −1 . For ω ∈ Ωn , the Hamiltonian is deﬁned by
Hn (ω) = −

n
1 
δ(ωi , ωj ) ,
2n i,j=1

where δ(ωi , ωj ) equals 1 if ωi = ωj and equals 0 otherwise. The probability of ω
corresponding to an inverse temperature β > 0 is deﬁned by the canonical ensemble
Pn,β {ω} =

1
· exp[−βHn (ω)] Pn {ω} ,
Zn (β)

(6.18)

where Zn (β) is the partition function


1
Zn (β) =
exp[−βHn (ω)] Pn (dω) =
exp[−βHn (ω)] n .
2
Ωn
ω∈Ωn

In order to carry out a large deviation analysis of the Curie–Weiss–Potts model, we
rewrite the sequence of Hamiltonians Hn as a function of a sequence of macroscopic
variables, which is a sequence of random variables that satisﬁes a large deviation
principle. This sequence is the sequence of empirical vectors
Ln = Ln (ω) = (Ln (ω, y1 ), Ln (ω, y2 ), . . . , Ln (ω, yq )) ,
the kth component of which is deﬁned by
1
δ(ωj , yk ) .
n j=1
n

Ln (ω, yk ) =

This quantity equals the relative frequency with which yk appears in the conﬁguration
ω. The empirical vectors Ln take values in the set of probability vectors


q

Pq = ν ∈ Rq : ν = (ν1 , ν2 , . . . , νq ) : νk ≥ 0,
νk = 1 .
k=1

Let ·, · denote the inner product on R . Since

 q
n
n
1  
1 
δ(ωi , yk ) · δ(ωj , yk ) = 2
δ(ωi , ωj ) ,
Ln (ω), Ln (ω) = 2
n i,j=1
n i,j=1
q

k=1

it follows that the Hamiltonian and the canonical ensemble can be rewritten as
n
1 
n
δ(ωi , ωj ) = − Ln (ω), Ln (ω)
Hn (ω) = −
2n i,j=1
2
and



nβ
1
Ln (ω), Ln (ω) Pn {ω} .
Pn,β {ω} = 
· exp
2
Ωn exp[(nβ/2) Ln (ω), Ln (ω)] Pn {ω}

We next establish a large deviation principle for Ln with respect to Pn,β . According
to the special case of Sanov’s Theorem given in Theorem 6.3.3, with respect to the
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product measures Pn , Ln satisﬁes the large deviation principle on Pα with the rate
function being the relative entropy Iρ . Because of the form of Pn,β given in the last
equation, the large deviation principle for Ln with respect to Pn,β is an immediate
consequence of Theorem 6.5.9 with X = Pq and ψ(ν) = − 21 β ν, ν for ν ∈ Pq . We
record the large deviation principle in the next theorem.
Theorem 6.6.3. With respect to the canonical ensemble Pn,β deﬁned in eqn (6.18),
the empirical vector Ln satisﬁes the large deviation principle on Pα with rate function
Iβ (ν) = Iρ (ν) − 12 β ν, ν − inf γ∈Pq {Iρ (γ) − 12 β γ, γ} .

As in the Curie–Weiss model, we deﬁne the set Eβ of canonical equilibrium macrostates for the empirical vector Ln in the Curie–Weiss–Potts model to be the zero set
of the rate function Iβ or, equivalently, the set of ν ∈ Pq at which Iρ (ν) − 12 β ν, ν
attains its minimum. Thus
Eβ = {ν ∈ Pq : Iβ (ν) = 0}


= ν ∈ Pq : Iρ (ν) − 12 β ν, ν is minimized .
The structure of Eβ given in the next theorem is consistent with the entropy–energy
competition underlying the phase transition. Let βc be the critical inverse temperature
given in the theorem. For 0 < β < βc , Iβ has a unique global minimum point coinciding
with the unique global minimum point of Iρ at ρ = (q −1 , q −1 , . . . , q −1 ). For β > βc ,
Iβ has q global minimum points, a structure that is consistent with the fact that
− 12 β γ, γ has q global minimum points in Pq at the vectors that equal 1 in the kth
coordinate and 0 in the other coordinates for i = 1, 2, . . . , q. As β increases through
βc , Eβ bifurcates discontinuously from {ρ} for 0 < β < βc to a set containing q + 1
distinct points for β = βc and to a set containing q distinct points for β > βc . Because
of this behavior, the Curie–Weiss–Potts model is said to have a discontinuous or ﬁrstorder phase transition at βc . The structure of Eβ is given in terms of the function
ϕ : [0, 1] → Pq deﬁned by
ϕ(s) = (q −1 [1 + (q − 1)s], q −1 (1 − s), . . . , q −1 (1 − s)) ;
the last (q − 1) components all equal q −1 (1 − s). We note that ϕ(0) = ρ.
Theorem 6.6.4. We ﬁx a positive integer q ≥ 3. Let βc = (2(q − 1)/(q − 2)) log(q − 1)
and, for β > 0, let s(β) be the largest solution of the equation s = (1 − e−βs )/(1 + (q −
1)e−βs ). The following conclusions hold.
(a) The quantity s(β) is well deﬁned. It is positive, strictly increasing, and diﬀerentiable in β on an open interval containing [βc , ∞), s(βc ) = (q − 2)/(q − 1), and
limβ→∞ s(β) = 1.
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(b) For β ≥ βc , deﬁne ν 1 (β) = ϕ(s(β)) and let ν k (β), k = 2, . . . , q, denote the points
in Pq obtained by interchanging the ﬁrst and kth coordinates of ν 1 (β). Then
⎧
for 0 < β < βc ,
⎨ {ρ}
for β > βc ,
Eβ = {ν 1 (β), ν 2 (β), . . . , ν q (β)}
⎩
{ρ, ν 1 (βc ), ν 2 (βc ), . . . , ν q (βc )} for β = βc .
For β ≥ βc , the points in Eβ are all distinct, and ν k (β) is a continuous function
of β ≥ βc .
This theorem is proved in Ellis and Wang (1990) by replacing Iρ (γ) − 12 β γ, γ
by another function that has the same global minimum points but for which the
analysis is much more straightforward. The two functions are related by Legendre–
Fenchel transforms. Probabilistic limit theorems for the Curie–Weiss–Potts model are
proved in Ellis and Wang (1990) and Ellis and Wang (1992). Having completed our
discussion of the Curie–Weiss–Potts model, we next consider a third mean-ﬁeld model
that exhibits diﬀerent features.
6.6.3

Mean-field Blume–Capel model

We end this section by considering a mean-ﬁeld version of an important spin model
due to Blume and Capel (Blume 1966; Capel 1966, 1967a,b). This mean-ﬁeld model
is one of the simplest models that exhibits the following intricate phase-transition
structure: a curve of second-order points; a curve of ﬁrst-order points; and a tricritical
point, which separates the two curves. A generalization of the Blume–Capel model is
studied in Blume et al. (1971).
The mean-ﬁeld Blume–Capel model is deﬁned on the complete graph on n vertices
1, 2, . . . , n. The spin at site j ∈ {1, 2, . . . , n} is denoted by ωj , a quantity taking values
in Λ = {−1, 0, 1}. The conﬁguration space for the model is the set Ωn = Λn , containing
all microstates ω = (ω1 , ω2 , . . . , ωn ) with each ωj ∈ Λ. In terms of a positive parameter
K representing the interaction strength, the Hamiltonian is deﬁned by
⎛
⎞2
n
n


K
Hn,K (ω) =
ωj2 − ⎝
ωj ⎠
n
j=1
j=1
for each ω ∈ Ωn . Let Pn be the product measure on Λn with identical one-dimensional
marginals ρ = 13 (δ−1 + δ0 + δ1 ). Thus Pn assigns the probability 3−n to each ω ∈ Ωn .
The probability of ω corresponding to an inverse temperature β > 0 and an interaction
strength K > 0 is deﬁned by the canonical ensemble
Pn,β,K {ω} =

1
· exp[−βHn,K (ω)] Pn {ω} ,
Zn (β, K)

where Zn (β, K) is the partition function


1
exp[−βHn,K (ω)] Pn (dω) =
exp[−βHn,K (ω)] n .
Zn (β, K) =
3
Ωn
ω∈Ωn
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The large deviation analysis of the canonical ensemble Pn,β,K is facilitated by
absorbing the noninteracting component of the Hamiltonian into the product measure
Pn , and we obtain


2 
Sn (ω)
1
· exp nβK
(6.19)
(Pβ )n {ω} .
Pn,β,K {ω} =
#n (β, K)
n
Z

In this formula, Sn (ω) equals the total spin nj=1 ωj ; (Pβ )n is the product measure
on Ωn with identical one-dimensional marginals
1
· exp(−βωj2 ) ρ{ωj } ;
(6.20)
Z(β)

Z(β) is the normalization, equal to Λ exp(−βωj2 )ρ(dωj ) = (1 + 2e−β )/3; and
ρβ {ωj } =

n
#n (β, K) = [Z(β)] =
Z
Zn (β, K)







Sn (ω)
exp nβK
n
Ωn

2 
(Pβ )n {ω} .

Comparing eqn (6.19) with (6.15), we see that the mean-ﬁeld Blume–Capel model
has the form of a Curie–Weiss model in which β and the product measure Pn in the
latter are replaced by 2βK and the β-dependent product measure (Pβ )n in the former.
For each n, Sn /n takes values in [−1, 1]. Hence the large deviation principle for Sn /n
with respect to the canonical ensemble Pn,β,K for the mean-ﬁeld Blume–Capel model
is proved exactly like the analogous large deviation principle for the Curie–Weiss model
given in Theorem 6.6.1. By Cramér’s Theorem (Theorem 6.5.4), with respect to the
product measures (Pβ )n , Sn /n satisﬁes the large deviation principle with rate function
Jβ (x) = sup{tx − cβ (t)} ,

(6.21)

t∈R

where cβ (t) is the cumulant-generating function




1 + e−β (et + e−t )
cβ (t) = log exp(tω1 ) dρβ (dω1 ) = log
1 + 2e−β
Λ


.

The following large deviation principle for Sn /n with respect to Pn,β,K is an immediate
consequence of Theorem 6.5.9 with X = [−1, 1] and ψ(x) = βKx2 for x ∈ [−1, 1]. In
this context, the sequence Sn /n is called the sequence of macroscopic variables for the
mean-ﬁeld Blume–Capel model.
Theorem 6.6.5. With respect to the canonical ensemble Pn,β,K deﬁned in eqn (6.19),
the spin per site Sn /n satisﬁes the large deviation principle on [−1, 1] with rate function
Iβ,K (x) = Jβ (x) − βKx2 −
where Jβ (x) is deﬁned in eqn (6.21).

inf

{Jβ (y) − βKy 2 } ,

y∈[−1,1]
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As in the Curie–Weiss model and the Curie–Weiss–Potts model, we deﬁne the set
Eβ,K of canonical equilibrium macrostates for the spin per site Sn /n in the mean-ﬁeld
Blume–Capel model to be the zero set of the rate function Iβ,K or, equivalently, the
set of x ∈ [−1, 1] at which Jβ (x) − βKx2 attains its minimum. Thus
Eβ,K = {x ∈ [−1, 1] : Iβ,K (x) = 0}


= x ∈ [−1, 1] : Jβ (x) − βKx2 is minimized .
In the case of the Curie–Weiss model, the rate function I in Cramér’s Theorem for
Sn /n is deﬁned explicitly in eqn (6.13). This explicit formula greatly facilitates the
analysis of the structure of the equilibrium macrostates for the spin per site in that
model. By contrast, the analogous rate function Jβ in the mean-ﬁeld Blume–Capel
model is not given explicitly. In order to determine the structure of Eβ,K , we use the
theory of Legendre–Fenchel transforms to replace Jβ (x) − βKx2 by another function
that has the same global minimum points but for which the analysis is much more
straightforward.
The critical inverse temperature for the mean-ﬁeld Blume–Capel model is βc =
log 4. The structure of Eβ,K is given ﬁrst for 0 < β ≤ βc and second for β > βc . The
ﬁrst theorem, proved in Theorem 3.6 of Ellis et al. (2005), describes the continuous
bifurcation in Eβ,K as K increases through a value K(β). This bifurcation corresponds
to a second-order phase transition.
Theorem 6.6.6. For 0 < β ≤ βc , we deﬁne
K(β) =

1
eβ + 2
=
.

2βcβ (0)
4β

(6.22)

For these values of β, Eβ,K has the following structure.
(a) For 0 < K ≤ K(β), Eβ,K = {0}.
(b) For K > K(β), there exists m(β, K) > 0 such that Eβ,K = {±m(β, K)}.
(c) m(β, K) is a positive, increasing, continuous function for K > K(β), and as
K → (K(β))+ , m(β, K) → 0+ . Therefore, Eβ,K exhibits a continuous bifurcation
at K(β).
The next theorem, proved in Theorem 3.8 of Ellis et al. (2005), describes the
discontinuous bifurcation in Eβ,K for β > βc as K increases through a value K1 (β).
This bifurcation corresponds to a ﬁrst-order phase transition.
Theorem 6.6.7. For β > βc , Eβ,K has the following structure in terms of the quantity
(1)
K1 (β), denoted by Kc (β) in Ellis et al. (2005) and deﬁned implicitly for β > βc in
Ellis et al. (2005, p. 2231).
(a) For 0 < K < K1 (β), Eβ,K = {0}.
(b) For K = K1 (β), there exists m(β, K1 (β)) > 0 such that Eβ,K1 (β) = {0, ±m(β,
K1 (β))}.
(c) For K > K1 (β), there exists m(β, K) > 0 such that Eβ,K = {±m(β, K)}.
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(d) m(β, K) is a positive, increasing, continuous function for K ≥ K1 (β), and as
K → K1 (β)+ , m(β, K) → m(β, K1 (β)) > 0. Therefore, Eβ,K exhibits a discontinuous bifurcation at K1 (β).
Because of the nature of the phase transitions expressed in these two theorems, we
refer to the curve {(β, K(β)), 0 < β < βc } as the second-order curve and to the curve
{(β, K1 (β)), β > βc } as the ﬁrst-order curve. The point (βc , K(βc )) = (log 4, 3/2 log 4)
separates the second-order curve from the ﬁrst-order curve and is called the tricritical
point.
This completes our analysis of the mean-ﬁeld Blume–Capel model. Probabilistic
limit theorems for this model are proved in Costeniuc et al. (2007) and Ellis et al.
(2005, 2009). In the next section, we discuss the equivalence and nonequivalence of
ensembles for a general class of models in statistical mechanics. This discussion is based
on a large deviation analysis that was inspired by the work in the present section.

6.7

Equivalence and nonequivalence of ensembles for a general
class of models in statistical mechanics

Equilibrium statistical mechanics speciﬁes two ensembles that describe the probability
distribution of microstates in statistical-mechanical models. These are the microcanonical ensemble and the canonical ensemble. Particularly in the case of models of coherent
structures in turbulence, the microcanonical ensemble is physically more fundamental
because it expresses the fact that the Hamiltonian is a constant of the Euler dynamics
underlying the model.
The introduction of two separate ensembles raises the basic problem of ensemble
equivalence. As we will see in this section, the theory of large deviations and the theory
of convex functions provide the perfect tools for analyzing this problem, which forces
us to reevaluate a number of deep questions that have often been dismissed in the past
as being physically obvious. These questions include the following. Is the temperature
of a statistical-mechanical system always related to its energy in a one-to-one fashion?
Are the microcanonical equilibrium properties of a system calculated as a function of
the energy always equivalent to its canonical equilibrium properties calculated as a
function of the temperature? Is the microcanonical entropy always a concave function
of the energy? Is the heat capacity always a positive quantity? Surprisingly, the answer
to each of these questions is in general no.
Starting with the work of Lynden-Bell and Wood (1968) and of Thirring (1970),
physicists have come to realize in recent decades that systematic incompatibilities between the microcanonical and canonical ensembles can arise in the thermodynamic
limit if the microcanonical entropy function of the system under study is nonconcave.
The reason for this nonequivalence can be explained mathematically by the fact that,
when applied to a nonconcave function, the Legendre–Fenchel transform is noninvolutive, i.e. performing it twice does not give back the original function but gives back
its concave envelope (Ellis et al. 2005; Touchette et al. 2004). As a consequence of
this property, the Legendre–Fenchel structure of statistical mechanics, traditionally
used to establish a one-to-one relationship between the entropy and the free energy
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and between the energy and the temperature, ceases to be valid when the entropy is
nonconcave.
From a more physical perspective, the explanation is even simpler. When the entropy is nonconcave, the microcanonical and canonical ensembles are nonequivalent
because the nonconcavity of the entropy implies the existence of a nondiﬀerentiable
point of the free energy, and this, in turn, marks the presence of a ﬁrst-order phase
transition in the canonical ensemble (Ellis et al. 2000; Gross 1997). Accordingly, the
ensembles are nonequivalent because the canonical ensemble jumps over a range of
energy values at a critical value of the temperature and is therefore prevented from
entering a subset of energy values that can always be accessed by the microcanonical
ensemble (Ellis et al. 2000; Gross 1997; Thirring 1970). This phenomenon lies at the
root of ensemble nonequivalence, which is observed in systems as diverse as the following. It is the typical behavior of systems, such as these, that are deﬁned in terms
of long-range interactions.
• Lattice spin models, including the Curie–Weiss–Potts model (Costeniuc et al.
2005a, 2006a), the mean-ﬁeld Blume–Capel model (Barré et al. 2001, 2002; Ellis
et al. 2004b, 2005), mean-ﬁeld versions of the Hamiltonian model (Dauxois et al.
2002; Latora et al. 2001), and the XY model (Dauxois et al. 2000).
• Gravitational systems (Gross 1997; Hertel and Thirring 1971; Lynden-Bell and
Wood 1968; Thirring 1970).
• Models of coherent structures in turbulence (Caglioti et al. 1992; Ellis et al. 2000,
2002; Eyink and Spohn 1993; Kiessling and Lebowitz 1997; Robert and Sommeria
1991).
• Models of plasmas (Kiessling and Neukirch 2003; Smith and O’Neil 1990).
• Model of the Lennard-Jones gas (Borges and Tsallis 2002).
Many of these models can be analyzed by the methods to be introduced in this section,
which summarize the results presented in Ellis et al. (2000). Further developments in
the theory are given in Costeniuc et al. (2005b). The reader is referred to these two
papers for additional references to the large literature on ensemble equivalence for
classical lattice systems and other models.
In the examples just cited, as well as in other cases, the microcanonical formulation
gives rise to a richer set of equilibrium macrostates than does the canonical formulation,
a phenomenon that occurs especially in the negative-temperature regimes of vorticity
dynamics models (DiBattista et al. 1998, 2000; Eyink and Spohn 1993; Kiessling and
Lebowitz 1997). For example, it has been shown computationally that the strongly
reversing zonal-jet structures on Jupiter, as well as the Great Red Spot, fall into the
nonequivalent range of the microcanonical ensemble with respect to the energy and
circulation invariants (Turkington et al. 2001).
6.7.1

Large deviation analysis

The general class of models to be considered includes both spin models and models
of coherent structures in turbulence. In order to simplify the presentation, we focus
on spin models only. For models of coherent structures in turbulence, the deﬁnitions
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and theorems take slightly diﬀerent forms (Ellis 2008, Section 10.1). The models to be
considered are deﬁned in terms of the following quantities.
• A sequence of probability spaces (Ωn , Fn , Pn ) indexed by n ∈ IN , which typically
represents a sequence of ﬁnite-dimensional systems. The Ωn are the conﬁguration
spaces, ω ∈ Ωn are the microstates, and the Pn are the prior measures.
• For each n ∈ IN , the Hamiltonian Hn , a bounded, measurable function mapping
Ωn into R.
• A sequence of positive scaling constants an → ∞ as n → ∞. In general, an equals
the total number of degrees of freedom in the model. In many cases an equals the
number of particles.
Models of coherent structures in turbulence often incorporate other dynamical
invariants besides the Hamiltonian. In this case one replaces Hn in the second bullet
point above by the vector of dynamical invariants and makes other corresponding
changes in the theory, which are all purely notational. For simplicity, we work only
with the Hamiltonian in this section.
A large deviation analysis of the general model is possible provided that there exist,
as speciﬁed in the next four items, a space of macrostates, a sequence of macroscopic
variables, and an interaction representation function, and provided that the macroscopic variables satisfy the large deviation principle on the space of macrostates. One
can easily verify that this general setup applies to the three mean-ﬁeld models considered in Section 6.6.
1. Space of macrostates. This is a complete, separable metric space X , which represents the set of all possible macrostates.
2. Macroscopic variables. These are a sequence of random variables Yn mapping Ωn
into X . These functions associate a macrostate in X with each microstate ω ∈ Ωn .
3. Hamiltonian representation function. This is a bounded, continuous function H̃
that maps X into R and enables us to write Hn , either exactly or asymptotically, as
a function of the macrostate via the macroscopic variable Yn . Namely, as n → ∞,
Hn (ω) = an H̃(Yn (ω)) + o(an ) uniformly for ω ∈ Ωn ,
i.e.
lim sup |Hn (ω)/an − H̃(Yn (ω))| = 0 .

n→∞ ω∈Ωn

(6.23)

4. Large deviation principle for the macroscopic variables. There exists a function I
mapping X into [0, ∞] and having compact level sets such that, with respect to
Pn , the sequence Yn satisﬁes the large deviation principle on X with rate function
I and scaling constants an . In other words, for any closed subset F of X ,
lim sup
n→∞

1
log Pn {Yn ∈ F } ≤ − inf I(x) ,
x∈F
an

and for any open subset G of X ,
lim inf
n→∞

1
log Pn {Yn ∈ G} ≥ − inf I(x) .
x∈G
an
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Here is a partial list of statistical-mechanical models to which the large deviation formalism has been applied. Further details are given in Costeniuc et al. (2005b,
Example 2.1).
• The Miller–Robert model of ﬂuid turbulence based on the two-dimensional Euler
equations (Boucher et al. 2000).
• A model of geophysical ﬂows based on equations describing barotropic, quasigeostrophic turbulence (Ellis et al. 2002).
• A model of soliton turbulence based on a class of generalized nonlinear Schrödinger
equations (Ellis et al. 2004a).
• Lattice spin models, including the Curie–Weiss model (Ellis 2006, Section IV.4),
the Curie–Weiss–Potts model (Costeniuc et al. 2005a), the mean-ﬁeld Blume–
Capel model (Ellis et al. 2005), and the Ising model (Föllmer and Orey 1987; Olla
1988). The large deviation analysis of these models illustrates the three levels of
the Donsker–Varadhan theory of large deviations, which are explained in Ellis
(2006, Chapter 1).
• Level 1. As we saw in Subsection 6.6.1, for the Curie–Weiss model the macroscopic variables are the sample means of i.i.d. random variables, and the
large deviation principle with respect to the prior measures is the version of
Cramér’s Theorem given in Corollary 6.5.5. Similar comments apply to the
mean-ﬁeld Blume–Capel model considered in Subsection 6.6.3.
• Level 2. As we saw in Subsection 6.6.2, for the Curie–Weiss–Potts model
(Costeniuc et al. 2005a) the macroscopic variables are the empirical vectors
of i.i.d. random variables, and the large deviation principle with respect to
the prior measures is the version of Sanov’s Theorem given in Theorem 6.3.3.
• Level 3. For the Ising model, the macroscopic variables are an inﬁnite-dimensional generalization of the empirical measure known as the empirical ﬁeld,
and the large deviation principle with respect to the prior measures is derived
in Föllmer and Orey (1987) and Olla (1988). This is related to level 3 of the
Donsker–Varadhan theory, which is formulated for a general class of Markov
chains and Markov processes (Donsker and Varadhan 1983). A special case is
treated in Ellis (2006, Chapter IX), which proves the large deviation principle
for the empirical process of i.i.d. random variables taking values in a ﬁnite
state space. The complicated large deviation analysis of the Ising model is
outlined in Ellis (1995, Section 11).
Returning now to the general theory, we introduce the microcanonical ensemble,
the canonical ensemble, and the basic thermodynamic functions associated with each
ensemble: the microcanonical entropy and the canonical free energy. We then sketch
the proofs of the large deviation principles for the macroscopic variables Yn with respect to the two ensembles. As in the case of the Curie–Weiss model, the zeros of the
corresponding rate functions deﬁne the corresponding sets of equilibrium macrostates,
one for the microcanonical ensemble and one for the canonical ensemble. The problem of ensemble equivalence investigates the relationship between these two sets of
equilibrium macrostates.
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In general terms, the main result is that a necessary and suﬃcient condition for
equivalence of ensembles to hold at the level of equilibrium macrostates is that it
holds at the level of thermodynamic functions, which is the case if and only if the
microcanonical entropy is concave. The necessity of this condition has the following
striking formulation. If the microcanonical entropy is not concave at some value of its
argument, then the ensembles are nonequivalent in the sense that the corresponding
set of microcanonical equilibrium macrostates is disjoint from any set of canonical
equilibrium macrostates. The reader is referred to Ellis et al. (2000, Section 1.4) for a
detailed discussion of models of coherent structures in turbulence in which nonconcave
microcanonical entropies arise.
We start by introducing the function whose support and concavity properties completely determine all aspects of ensemble equivalence and nonequivalence. This function is the microcanonical entropy, deﬁned for u ∈ R by
s(u) = − inf{I(x) : x ∈ X , H̃(x) = u} .

(6.24)

Since I maps X into [0, ∞], s maps R into [−∞, 0]. Moreover, since I is lower semicontinuous and H̃ is continuous on X , s is upper semicontinuous on R. We deﬁne dom s
to be the set of u ∈ R for which s(u) > −∞. In general, dom s is nonempty, since −s
is a rate function (Ellis et al. 2000, Proposition 3.1(a)). For each u ∈ dom s, r > 0,
n ∈ IN , and A ∈ Fn , the microcanonical ensemble is deﬁned to be the conditioned
measure
Pnu,r {A} = Pn {A | Hn /an ∈ [u − r, u + r]} .
(6.25)
As shown in Ellis et al. (2000, p. 1027), if u ∈ dom s, then for all suﬃciently large n
the conditioned measures Pnu,r are well deﬁned.
A mathematically more tractable probability measure is the canonical ensemble.
For each n ∈ IN , β ∈ R, and A ∈ Fn , we deﬁne the partition function

Zn (β) =
exp[−βHn ] dPn ,
Ωn

which is well deﬁned and ﬁnite; the canonical free energy
ϕ(β) = − lim

n→∞

1
log Zn (β) ;
an

and the probability measure
Pn,β {A} =

1
·
Zn (β)


exp[−βHn ] dPn .

(6.26)

A

The measures Pn,β are Gibbs states that deﬁne the canonical ensemble for the given
model. Although for spin models one usually takes β > 0, in general β ∈ R is allowed;
for example, negative values of β arise naturally in the study of coherent structures in
two-dimensional turbulence.
Among other reasons, the canonical ensemble was introduced by Gibbs in the hope
that in the limit n → ∞ the two ensembles would be equivalent, i.e. all macroscopic

The theory of large deviations and applications to statistical mechanics

properties of the model obtained via the microcanonical ensemble could be realized as
macroscopic properties obtained via the canonical ensemble. However, as we will see,
this is not in general the case.
The large deviation analysis of the canonical ensemble is summarized in the next
theorem, Theorem 6.7.1. Part (a) of Theorem 6.7.1 shows that the limit deﬁning ϕ(β)
exists and is given by a variational formula. Part (b) states the large deviation principle
for the macroscopic variables with respect to the canonical ensemble. Part (b) is the
analogue of Theorem 6.6.1 for the Curie–Weiss model. In part (c), we consider the set
Eβ consisting of points at which the rate function in part (b) attains its inﬁmum of 0.
The second property of Eβ given in part (c) justiﬁes calling this the set of canonical
equilibrium macrostates. Part (c) is a special case of Theorem 6.5.3.
Theorem 6.7.1. We assume that there exists a space of macrostates X , macroscopic
variables Yn , and a Hamiltonian representation function H̃ satisfying
lim sup |Hn (ω)/an − H̃(Yn (ω))| = 0 ,

n→∞ ω∈Ωn

(6.27)

where Hn is the Hamiltonian. We also assume that with respect to the prior measures
Pn , Yn satisﬁes the large deviation principle on X with some rate function I and
scaling constants an . For each β ∈ R, the following conclusions hold.
(a) The canonical free energy ϕ(β) = − limn→∞ (1/an ) log Zn (β) exists and is given
by
ϕ(β) = inf {β H̃(x) + I(x)} .
x∈X

(b) With respect to the canonical ensemble Pn,β deﬁned in eqn (6.26), Yn satisﬁes the
large deviation principle on X with scaling constants an and rate function
Iβ (x) = I(x) + β H̃(x) − ϕ(β) .
(c) We deﬁne the set of canonical equilibrium macrostates
Eβ = {x ∈ X : Iβ (x) = 0} .
Then Eβ is a nonempty, compact subset of X . In addition, if A is a Borel subset
of X such that A ∩ Eβ = ∅, then Iβ (A) > 0 and, for some C < ∞,
Pn,β {Yn ∈ A} ≤ C exp[−nIβ (A)/2] → 0 as n → ∞ .
Proof.
(a) Once we take into account the error between Hn and an H̃(Yn ) expressed in eqn
(6.27), the proof of (a) and (b) follows from the Laplace principle. Here are the
details. By eqn (6.27),



 1

 log Zn (β) − 1 log
exp[−βan H̃(Yn )] dPn 
 an
an
Ωn





 1
1

exp[−βHn ] dPn −
log
exp[−βan H̃(Yn )] dPn 
=  log
an
an
Ωn
Ωn
1
sup |Hn (ω) − an H̃(Yn (ω))| → 0 as n → ∞ .
≤ |β|
an ω∈Ωn
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Since H̃ is a bounded continuous function mapping X into R, the Laplace principle
satisﬁed by Yn with respect to Pn yields part (a):
1
log Zn (β)
an

1
log
exp[−βan H̃(Yn )] dPn
= − lim
n→∞ an
Ωn

ϕ(β) = − lim

n→∞

= − sup {−β H̃(x) − I(x)}
x∈X

= inf {β H̃(x) + I(x)} .
x∈X

(b) This is an immediate consequence of Theorem 6.5.9 with ψ = H̃.
(c) This is proved in Theorem 6.5.3. The proof of the second equation in part (c) is
based on the large deviation upper bound for Yn with respect to Pn,β (part (b)

of this theorem). The proof of the theorem is complete.
We next present the large deviation analysis of the microcanonical ensemble Pnu,r
deﬁned in eqn (6.25). In this context, the microcanonical entropy s deﬁned in eqn (6.24)
has the following property: −s is the rate function in the large deviation principles,
with respect to the prior measures Pn , for both H̃(Yn ) and Hn /an . In order to see this,
we recall that with respect to Pn , Yn satisﬁes the large deviation principle with rate
function I. Since H̃ is a continuous function mapping X into R, the large deviation
principle for H̃(Yn ) is a consequence of the contraction principle (Theorem 6.5.8). For
u ∈ R, the rate function is given by
inf{I(x) : x ∈ X , H̃(x) = u} = −s(u) .
In addition, since
lim sup |Hn (ω)/an − H̃(Yn (ω))| = 0 ,

n→∞ ω∈Ωn

Hn /an inherits from H̃(Yn ) the large deviation principle with the same rate function.
This follows from Dupuis and Ellis (1997, Theorem 1.3.3) or can be derived as in
the proof of part (a) of Theorem 6.7.1 by using the equivalent Laplace principle. We
summarize this large deviation principle by the notation
Pn {Hn /an ∈ [u − r, u + r]}  exp[an s(u)] as n → ∞, r → 0 .

(6.28)

For x ∈ X and α > 0, B(x, α) denotes the open ball with center x and radius α. We
next motivate the large deviation principle for Yn with respect to the microcanonical
ensemble Pnu,r by estimating the exponential-order contribution to the probability
Pnu,r {Yn ∈ B(x, α)} as n → ∞. Speciﬁcally, we seek a function I u such that for all
u ∈ dom s, all x ∈ X , and all α > 0 suﬃciently small,
Pnu,r {Yn ∈ B(x, α)} ≈ exp[−an I u (x)] as n → ∞, r → 0, α → 0 .

(6.29)

The calculation that we present shows both the interpretative power of the large
deviation notation and the value of left-handed thinking.
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We ﬁrst work with x ∈ X for which I(x) < ∞ and H̃(x) = u. Such an x exists,
since u ∈ dom s and thus s(u) > −∞. Because
lim sup |Hn (ω)/an − H̃(Yn (ω))| = 0 ,

n→∞ ω∈Ωn

for all suﬃciently large n depending on r, the set of ω for which both Yn (ω) ∈ B(x, α)
and Hn (ω)/an ∈ [u − r, u + r] is approximately equal to the set of ω for which both
Yn (ω) ∈ B(x, α) and H̃(Yn (ω)) ∈ [u − r, u + r]. Since H̃ is continuous and H̃(x) = u,
for all suﬃciently small α compared with r this set reduces to {ω : Yn (ω) ∈ B(x, α)}.
Hence, for all suﬃciently small r, all suﬃciently large n depending on r, and all
suﬃciently small α compared with r, the assumed large deviation principle for Yn
with respect to Pn and the large deviation principle for Hn /an summarized in eqn
(6.28) yield
Pn {{Yn ∈ B(x, α)} ∩ {Hn /an ∈ [u − r, u + r]}}
Pn {Hn /an ∈ [u − r, u + r]}
Pn {Yn ∈ B(x, α)}
≈
Pn {Hn /an ∈ [u − r, u + r]}
≈ exp[−an (I(x) + s(u))] .

Pnu,r {Yn ∈ B(x, α)} =

On the other hand, if H̃(x) = u, then a similar calculation shows that for all suﬃciently
small r, all suﬃciently small α, and all suﬃciently large n, Pnu,r {Yn ∈ B(x, α)} = 0.
Comparing these approximate calculations with the desired asymptotic form (6.29)
motivates the correct formula for the rate function (Ellis et al. 2000, Theorem 3.2):

I(x) + s(u) if H̃(x) = u ,
(6.30)
I u (x) =
∞
if H̃(x) = u .
We record the facts in the next theorem, which is proved in Ellis et al. (2000, Section
3). An additional complication occurs in part (b) because the large deviation principle
involves the double limit n → 0 followed by r → 0. In part (c), we introduce the set of
microcanonical equilibrium macrostates E u and state a property of this set with respect
to the microcanonical ensemble that is analogous to the property satisﬁed by the set
Eβ of canonical equilibrium macrostates with respect to the canonical ensemble. The
proof, given in Ellis et al. (2000, Theorem 3.5), is similar to the proof of the analogous
property of Eβ given in part (c) of Theorem 6.7.1 and is omitted.
Theorem 6.7.2. We assume that there exists a space of macrostates X , macroscopic
variables Yn , and a Hamiltonian representation function H̃ satisfying eqn (6.23). We
also assume that with respect to the prior measures Pn , Yn satisﬁes the large deviation
principle on X with scaling constants an and some rate function I. For each u ∈ dom s
and any r ∈ (0, 1), the following conclusions hold.
(a) With respect to Pn , H̃(Yn ) and Hn /an both satisfy the large deviation principle
with scaling constants an and rate function −s.
(b) We consider the microcanonical ensemble Pnu,r deﬁned in eqn (6.25). With respect
to Pnu,r and in the double limit n → ∞ and r → 0, Yn satisﬁes the large deviation
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principle on X with scaling constants an and the rate function I u deﬁned in eqn
(6.30). That is, for any closed subset F of X ,
lim lim sup

r→0

n→∞

1
log Pnu,r {Yn ∈ F } ≤ −I u (F )
an

and, for any open subset G of X ,
lim lim inf

r→0 n→∞

1
log Pnu,r {Yn ∈ G} ≥ −I u (G) .
an

(c) We deﬁne the set of equilibrium macrostates
E u = {x ∈ X : I u (x) = 0} .
Then E u is a nonempty, compact subset of X . In addition, if A is a Borel subset
of X such that A ∩ E u = ∅, then I u (A) > 0 and there exists r0 > 0 and, for all
r ∈ (0, r0 ], there exists Cr < ∞ such that
Pn,β {Yn ∈ A} ≤ Cr exp[−n Iβ (A)/2] → 0 as n → ∞ .
This completes the large deviation analysis of the general spin model. In the next
subsection, we investigate the equivalence and nonequivalence of the canonical and
microcanonical ensembles.
6.7.2

Equivalence and nonequivalence of ensembles

The study of the equivalence and nonequivalence of the canonical and microcanonical
ensembles involves the relationships between the two sets of equilibrium macrostates
Eβ = {x ∈ X : Iβ (x) = 0} and E u = {x ∈ X : I u (x) = 0} .
The following questions will be considered.
1. Given β ∈ R and x ∈ Eβ , does there exists u ∈ R such that x ∈ E u ? In other
words, is any canonical equilibrium macrostate realized microcanonically?
2. Given u ∈ R and x ∈ E u , does there exist β ∈ R such that x ∈ Eβ ? In other words,
is any microcanonical equilibrium macrostate realized canonically?
As we will see in Theorem 6.7.4, the answer to question 1 is always yes, but the
answer to question 2 is much more complicated, involving three possibilities.
2a. Full equivalence. There exists β ∈ R such that E u = Eβ .
2b. Partial equivalence. There exists β ∈ R such that E u ⊂ Eβ but E u = Eβ .
2c. Nonequivalence. E u is disjoint from Eβ for all β ∈ R.
One of the big surprises of the theory to be presented here is that we are able to decide
on which of these three possibilities occurs by examining the support and concavity
properties of the microcanonical entropy s(u). This is remarkable because the sets
Eβ and E u are, in general, inﬁnite-dimensional while the microcanonical entropy is a
function on R.
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In order to begin our study of ensemble equivalence and nonequivalence, we ﬁrst
recall the deﬁnitions of the corresponding rate functions:
Iβ (x) = I(x) + β H̃(x) − ϕ(β) ,
where ϕ(β) denotes the canonical free energy
ϕ(β) = inf {β H̃(x) + I(x)} ,
x∈X



and
u

I (x) =

I(x) + s(u) if H̃(x) = u ,
∞
if H̃(x) =
 u,

where s(u) denotes the microcanonical entropy
s(u) = − inf{I(x) : x ∈ X , H̃(x) = u} .
Using these deﬁnitions, we see that the two sets of equilibrium macrostates have the
alternate characterizations
Eβ = {x ∈ X : I(x) + β H̃(x) is minimized}
and
E u = {x ∈ X : I(x) is minimized subject to H̃(x) = u} .
Thus E u is deﬁned by the following constrained minimization problem for u ∈ R:
minimize I(x) over X subject to the constraint H̃(x) = u .

(6.31)

By contrast, Eβ is deﬁned by the following related, unconstrained minimization problem for β ∈ R:
minimize I(x) + β H̃(x) over x ∈ X .
(6.32)
In this formulation, β is a Lagrange multiplier dual to the constraint H̃(x) = u. The
theory of Lagrange multipliers outlines suitable conditions under which the solutions
of the constrained problem (6.31) lie among the critical points of I + β H̃. However,
it does not give, as we will do in Theorem 6.7.4, necessary and suﬃcient conditions
for the solutions of eqn (6.31) to coincide with the solutions of the unconstrained
minimization problem (6.32). These necessary and suﬃcient conditions are expressed
in terms of support and concavity properties of the microcanonical entropy s(u).
Before we explain this, we point out a basic property relating the two thermodynamic functions s(u) and ϕ(β).
Theorem 6.7.3. The microcanonical entropy s(u) deﬁned in eqn (6.24) and the canonical free energy ϕ(β) deﬁned in part (a) of Theorem 6.7.1 are related via the Legendre–
Fenchel transform
(6.33)
ϕ(β) = inf {βu − s(u)} .
u∈R
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Proof. By the variational formula given in part (a) of Theorem 6.7.1,
ϕ(β) = inf {β H̃(x) + I(x)}
x∈X

= inf inf{β H̃(x) + I(x) : x ∈ X , H̃(x) = u}
u∈R

= inf {βu + inf{I(x) : x ∈ X , H̃(x) = u}
u∈R

= inf {βu − s(u)} .
u∈R



This completes the proof.

The formula (6.33), which exhibits ϕ(β) as a concave function on R, is related to a
fundamental lack of symmetry between the microcanonical and canonical ensembles.
Although one can obtain ϕ(β) from s(u) via a Legendre–Fenchel transform, in general
one cannot obtain s(u) from ϕ(β) via the dual formula s(u) = inf β∈R {βu − ϕ(β)}
unless s is concave on R, which in general is not the case. In fact, the concavity of s
on R depends on properties of I and H̃. For example, if I is convex on X and H̃ is
aﬃne, then s is concave on R. On the other hand, microcanonical entropies s that are
not concave on R arise in many models involving long-range interactions, including
those listed in the ﬁve bullet points at the beginning of Section 6.7. This discussion
indicates that of the two thermodynamic functions, the microcanonical entropy is the
more fundamental, a state of aﬀairs that is reinforced by the results on ensemble
equivalence and nonequivalence to be presented in Theorem 6.7.4.
In order to state this theorem, we need several deﬁnitions. A function f on R is
said to be concave on R, or simply “concave,” if f maps R into R ∪ {−∞}, f (u) > −∞
for some u ∈ R, and, for all u and v in R and all λ ∈ (0, 1),
f (λu + (1 − λ)v) ≥ λf (u) + (1 − λ)f (v) .
Let f ≡ −∞ be a function mapping R into R ∪ {−∞}. We deﬁne dom f to be the set
of u ∈ R for which f (u) > −∞. For β and u in R, the Legendre–Fenchel transforms
f ∗ and f ∗∗ are deﬁned by (Rockafellar 1970, p. 308)
f ∗ (β) = inf {βu − f (u)} and f ∗∗ (u) = (f ∗ )∗ (u) = inf {βu − f ∗ (β)} .
u∈R

β∈R

As in the case of convex functions (Ellis 2006, Theorem VI.5.3), f ∗ is concave and
upper semicontinuous on R, and for all u ∈ R we have f ∗∗ (u) = f (u) if and only if f is
concave and upper semicontinuous on R. If f is not concave and upper semicontinuous
on R, then f ∗∗ is the smallest concave, upper semicontinuous function on R that
satisﬁes f ∗∗ (u) ≥ f (u) for all u ∈ R (Costeniuc et al. 2005b, Proposition A.2). In
particular, if for some u, f (u) = f ∗∗ (u), then f (u) < f ∗∗ (u). We say that f is concave
at u ∈ dom f if f (u) = f ∗∗ (u) and that f is nonconcave at u ∈ dom f if f (u) < f ∗∗ (u).
These deﬁnitions are reasonable because f ∗∗ is concave on R.
We now state the main theorem concerning the equivalence and nonequivalence of
the microcanonical and canonical ensembles. According to part (a), canonical equilibrium macrostates are always realized microcanonically. However, according to parts
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(b)–(d), the converse in general is false. The three possibilities given in parts (b)–(d)
depend on concavity and support properties of the microcanonical entropy. The next
theorem is proved in Ellis et al. (2000, Section 4), where it is formulated somewhat
diﬀerently. The formulation given here specializes Theorem 3.1 in Costeniuc et al.
(2005b) to dimension 1.
Theorem 6.7.4. In parts (b), (c), and (d), u denotes any point in dom s.
(a) Canonical is always realized microcanonically. We deﬁne H̃(Eβ ) to be the set of
u ∈ R having the form u = H̃(x) for some x ∈ Eβ . Then, for any β ∈ R, we have
H̃(Eβ ) ⊂ dom s and
$
Eu .
Eβ =
u∈H̃(Eβ )

(b) Full equivalence. There exists β ∈ R such that E u = Eβ if and only if s has a
strictly supporting line at u with tangent β, i.e.
s(v) < s(u) + β(v − u) for all v = u .
(c) Partial equivalence. There exists β ∈ R such that E u ⊂ Eβ but E u = Eβ if and
only if s has a nonstrictly supporting line at u with tangent β, i.e.
s(v) ≤ s(u) + β(v − u) for all v, with equality for some v = u .
(d) Nonequivalence. For all β ∈ R, E u ∩ Eβ = ∅ if and only if s has no supporting line
at u, i.e.
for all β ∈ R there exists v such that s(v) > s(u) + β(v − u) .

Here are some useful criteria for full or partial equivalence of ensembles and for
nonequivalence of ensembles.
• Full or partial equivalence. Except possibly for boundary points of dom s, s has
a supporting line at u ∈ dom s if and only if s is concave at u (Costeniuc et al.
2005b, Theorem A.5(c)), and thus, according to parts (a) and (b) of Theorem
6.7.4, full or partial equivalence of ensembles holds.
• Full equivalence. Assume that dom s is a nonempty interval and that s is strictly
concave on the interior of dom s, i.e. for all u = v in the interior of dom s and all
λ ∈ (0, 1),
s(λu + (1 − λ)v) > λs(u) + (1 − λ)s(v) .
Then, except possibly for boundary points of dom s, s has a strictly supporting line
at all u ∈ dom s, and thus, according to part (a) of the theorem, full equivalence
of ensembles holds (Costeniuc et al. 2005b, Theorem A.4(c)).
• Nonequivalence. Except possibly for boundary points of dom s, s has no supporting line at u ∈ dom s if and only if s is nonconcave at u (Costeniuc et al. 2005b,
Theorem A.5(c)).
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The various possibilities in parts (b), (c), and (d) of Theorem 6.7.4 are illustrated
in Ellis et al. (2004b) for the mean-ﬁeld Blume–Capel spin model. In Ellis et al. (2002),
the theory is applied to a model of coherent structures in two-dimensional turbulence.
Numerical computations implemented for geostrophic turbulence over topography in a
zonal channel demonstrate that nonequivalence of ensembles occurs over a wide range
of the model parameters and that physically interesting equilibria seen microcanonically are often omitted by the canonical ensemble. The coherent structures observed
in the model resemble the coherent structures observed in the midlatitude, zone-belt
domains on Jupiter.
In Costeniuc et al. (2005b), the theory developed in Ellis et al. (2000) and summarized in Theorem 6.7.4 is extended. In Costeniuc et al. (2005b), it is shown that when
the microcanonical ensemble is nonequivalent to the canonical ensemble on a subset
of values of the energy, it is often possible to modify the deﬁnition of the canonical
ensemble so as to recover equivalence with the microcanonical ensemble. Speciﬁcally,
we give natural conditions under which one can construct a so-called Gaussian ensemble that is equivalent to the microcanonical ensemble when the canonical ensemble is
not. This is potentially useful if one wants to work out the equilibrium properties of
a system in the microcanonical ensemble, a notoriously diﬃcult problem because of
the equality constraint appearing in the deﬁnition of this ensemble. An overview of
Costeniuc et al. (2005b) is given in Costeniuc et al. (2006b), and in Costeniuc et al.
(2006a) it is applied to the Curie–Weiss–Potts model.
This completes our presentation of the theory of large deviations. The seed from
which the theory blossomed was Boltzmann’s discovery of a statistical interpretation
of entropy. After examining his discovery and outlining a number of basic results in
large deviation theory, in this paper we have brought the theory back to its roots by
applying it to several problems in statistical mechanics. It is hoped that the reader will
be inspired by this paper to further investigate the symbiotic and mutually invigorating
relationship between these two ﬁelds.
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