PROBLEMS ON QUADRATIC FORMS

ALEXEI OBLOMKOV

The quadratic form is a homogeneous function of degree 2. That is function on R":
Q(f) = Z Z Qi T2, e R™

i=1j=1

Theorem There is a linear change of variables
n
Yi = Zbijl"j, l<i<mn,
j=1

such that

Q) = Z EiyiQ
i=1
where ¢; is either 0 or 1 or —1. The sequence of ¢; is called the signature of the quadratic
form. We also call the change of variables in the theorem simplifying change of variables.

For example if

Q(yla Y2,Y3, y4) = y% - y?2> + yia
then the corresponding quadratic form has signature (+,0, —, +). The change of variables
in the theorem is not unique but the signature of the quadratic form is unique! That is
the number of 0, + and — does not depend on the change of variables you choose.

In class we discussed a method for finding a linear change of variables from the theorem.
The problems below give chance to practice this method and derive some conclusions about
the quadratic forms.

Problem 1. Find a simplifying change of variables and the signature for the quadratic
form:

Q(z1, 72) = 4a7 — 4179 + 523,
The point (0,0) is the critical point of @, is it maximum, minimum or neither?

Problem 2. Find a simplifying change of variables and the signature for the quadratic
form:

Q(z1,29) = 2% + 21179 — 2023,
The point (0,0) is the critical point of @, is it maximum, minimum or neither?

Problem 4. Find a simplifying change of variables and the signature for the quadratic
form:

Q(x1, 29, 73) = 207 — 1179 + 225 — ToT3 + 273,

The point (0,0, 0) is the critical point of ), is it maximum, minimum or neither?
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Problem 5. Find a simplifying change of variables and the signature for the quadratic
form:
Q(z1, T, T3, 74) = 22 — 41179 + 525 + T3 + w374 — 1627,
The point (0,0,0,0) is the critical point of @, is it maximum, minimum or neither?



