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6. Homotopy category of complexes K (.A)

6.0. Summary. On the way to inverting quasi-isomorphisms, in the first step we will
invert a special kind of quasi-isomorphisms — the homotopy equivalences. This is achieved
by passing from the category of complexes C'(A) to the so called “homotopy category of
complexes” K (A).

6.0.1. The triangulated structure of K(A). Here, K(A) is defined for any additive cat-
egory A and it has extra properties if A is abelian. The new category K(A) is not an
abelian category (even if A is abelian!). However, it always has a similar if less familiar
structure of a triangulated category.

The similarity that I am talking about is that in an abelian category C one has the notion
of short exact sequences.(ﬂ) The analogue of short exact sequences which works in K(.A)
(for additive A) is the notion of distinguished triangles, also called “exact triangles’.

We will formalize the properties of exact triangles in K (.A) into the concept of a triangu-
lated category which turns out to be the standard framework for homological algebra.

Date: 7
I This is essential since a short exact sequence 0 — a — b — ¢ — 0 can be viewed as describing b as
a combination of two simpler objects a and c.
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6.0.2. K(A) and derived functors. The first use of the homotopy category of complexes
is that:

Any two projective resolutions of an object a € A are canonically isomorphic in K(A).

So, in the setting of homotopy categories of complexes the derived functor constructions
LF, RF that we have introduced earlier will be actual functors (because K (.A) will remove
the dependence on the choice of a projective resolution).

6.0.3. Distinguished triangles and triangulated categories. We start by listing in the
special structures that the categories of complexes C'(A) have. The most substantial
ones are the Hom-complex and the mapping cone (“distinguished triangles”). For us the
Hom-complex will motivate the introduction of homotopy category. The properties of the
distinguished triangles in C'(A) will improve when we pass from to K(A). The result
will be axiomitized into the notion of a triangulated category. So K(A) will be our first
example of this notion.

6.1. Structures carried by categories C'(A) of complexes. For any additive category
A we will observe here certain structures and properties of the category C'(A) .

6.1.1. Structures on the category C(A). Here we list the relevant structures and then we
will explain them at length.

(A) Structures for additive category A.

(1) Shift functors. For any integer n there is a functor [n] : C(A) — C(A) which
shifts complexes n places to the left.

(2) The Hom-complex. For any a,b € A, the abelian group Hom 4(a,b) is naturally
upgraded to a complex Hom®%(a,b) in Ab.

(3) Mapping cones. Any map a € Home(4)(A, B) defines a complex C,, € C(A) called
the mapping cone of a.

(4) The (distinguished) triangles. Triangles in C'(A) are the diagrams of the form

ASBLol A[1]. We will see that any map o € Homy4(a, b) defines a triangle

a b Oy = afl] involving the mapping cone. The triangles of this form are
called the distinguished triangles.

(5) Subcategories C*(A) etc. If ? is one of the symbols b, +, — we define a full subcat-
egory C”(A) of C(A), consisting respectively of bounded complexes: A" = ( for
|n| >> 0; complexes bounded from below: A" = 0 for n << 0 (hence allowed to
stretch in the + direction), complexes bounded from above (so they may stretch
in the — direction).

(B) The additional structures when A is abelian

(1) The cohomology functors H' : C(A) — A, i € Z.



(2) The quasi-isomorphisms are a special class of morphisms (related to cohomology
functors).

(3) Truncation functors 7. For any integer n a complex A € C(A) has two trunca-
tion’s: 7<"A that lives in degrees < n and 72" A which lives in degrees > n.@

6.1.2. Remark on signs. In homological algebra formulas often incorporate some conve-
nient choices of signs (—1)7. We remark here that these can all be explained (or reinvented)
by systematical use of the super-commutativity rule. It says that when x of y are objects
of degrees a and b then the natural notion of commutativity in such graded setting is that

yx should equal to (—1)%zy.

In other words, “when y jumps over x this introduces the sign (—1)® 7.

6.1.3. The shift functors [n] : C(A) — C(A) for n € Z. They act on graded objects
by the rule that the p'" term in A[n] is (A[n])? &6 4n+» while on Aln| the differential

d n . . 1 7Ldp+n
(Aln])? 0, Aln])P+! is given as APt CUA gptien

6.1.4. The category A® of graded A-objects. The objects are the sequences A = (A™),ez of
objects A™ in A.® The morphisms f € Hom 4. (A, B) are families f = (f"),ez with f™ €
Hom 4(A™, B"™). So, Hom 4« (A, B) is itself a sequence of abelian groups Hom 4(A", B"),
i.e., Homye(A, B) lies in Ab°.

6.1.5. The Hom-complex Hom®(a,b). For two complexes A, B € C(A), their

Hom-complex has terms Hom"(A, B) ' Hom a+(A,Bn]) € Ab and the differential

Hom" (A, B) o, Hom" "' (A, B) is®

Homa(A, B[n]) 2 Homu(A, Bln+ 1)), . (f) < dgof + (1) fod.,.

Hom

So, Hom"(A, B) is just Hom (A, B), i.e., all systems f = (f")nez of f* : A" — B".
We call elements h = (h"),cz of Hom ;' (A, B) = Hom 44 (A, B[—1]) the homotopies from
A to B.

We say that two maps of complexes aq, as : A — B are homotopic if as — ayq is of the form
dom (h) for some homotopy h € Hom 4« (A, B[1]). This means that as—a; = dgoh+hod,.
We denote this relation by as = as.

2 These functors will be introduced later.
3 If A has countable sums we can think of A as a single object 11
4 The sign comes from the super-commutativity rule!

A™ in A).

nez



Lemma. (a) dyom is a differential.
(b) Z°[Hom% (A, B)] = Homc() (A, B).
(¢c) H'[Hom%(A, B)] = Home(a)(A, B)/
Proof. (a) We check that
(ditom)*(f) = digom(dfiom (f)) = dldf + (1) fd] + (=1)"**[df + (=1)"*" fd]d
= dpof + (=)™ dfd+ (=1)"*2dfd + (=1)*"**f-d* = 0.

(b) The LHS consists of all f € Hom’(A, B) = Hom (A, B) such that dgom(f) = dgf +
(—1)*fd4 is zero, i.e., such that f is a morphism of complexes. (c) is now clear. O

Remark. Hom? gives another category structure on complexes since one has composition
Hom' (B, C)x Hom'y (A, B) — Hom™*"(A, C) by (g, ) (A L Bln] 255 Cln + m)).

6.1.6. The mapping cone C,. The idea is that the cone of a map of complexes A = B is
another complex C\, which measures how far « is from being an isomorphism.

For us the mapping cones will eventually become an expression of the idea of a short exact
sequences of complexes (SES), which is meaningful even when such SES are not defined,
i.e., when A is additive but maybe not abelian.

Any map A % B of complexes defines a complex C,, called the cone of o with the terms
Cr = B"@A™! and the differential df% : B"@®A"™ — B"M@A™*? that combines the
differentials in A and B and the map « by:

dp, (@a™) E(dph + o™ a e — da™t e, do = (dp + @)@ (—da).

The fact that this is a differential is a part of the following lemma (here A = A[1] hence
dp = —da).

Lemma. Let A, B be complexes in an additive category A and let C' be the graded A-
object BBA. There is a canonical bijection between

(4
e (i) Differentials d¢ on C' such that the inclusion and projection BLCEA are both
maps of complexes.
e (ii) Maps of complexes o € Home(4)(A[1], B).

Here,

o o gives de = (dp + a)ddy @

dz dz
> cn =% ¢t is the map B"@A" —% B 1@A™ ! given at b € B™ and o™ € A" by

d(b"®a™) ¥ (@b + a"a™)® dia™.



e d¢ recovers o by composing with the other pair of inclusions and projections:
ol—1 T
o= [AS o1 % cnB).

Proof. We have denoted the component maps of the splitting C" = B"@®A™ by ¢, 9,0, T
so that ¢7 + 01) = 1¢. The elements of C™ are of the form bba = ¢pb + oa with b € B"
and a € A™.

Now, we will get a bijection between maps of graded objects d¢ : C' — C[1] such that

de¢ = ¢dg and darp = 1pde and maps of graded objects A[1] 2 B. Starting with such

de we get o & [A[1] o, C[1] LNy R B] and one recovers d¢o from this a by (since

'I/JO' = 1A[1])3
dc(¢b+0@) = dc¢ b+ 1cd00' a = ¢dB b+ (¢T+O’¢)dca a
= ¢dp b+ ¢1dco a+ (oda)(Yo) a= ¢(dp b+ aa)+odaa= (dgb+ aa)d da a.

Finally, d¢ is a differential iff a: A[1] — B is a map of complexes:
d% = ch[(dB + Oé)@ dA] = [dzB + dBOOé + OéO(—dAm)]EB (dA>2 =0. O]

6.1.7. Terminology. If A is abelian then the data in (ii) are precisely the data of a SES
of complexes 0 - B — ' — A — 0 with a degreewise splitting, i.e., in each degree n
the exact sequence 0 — B™ — C™ — A" — 0 in A is given a splitting C™ = B"@A".

We now stretch the terminology a bit. If A is only additive (so the exact sequences are

not defined) we can define split SES sequences in A as sequences 0 — a — ¢ Zb 0
of the form 0 — a—a®b—b — 0, i.e., wit a chosen isomorphism ¢ = a@®b such that
« is inclusion and [ is projection. Then one defines degreewise split SES of complexes
as sequences of complexes the form 0 — B % ¢ % A — 0 where in each degree
0B 50 Y A" 5 0is a split SES sequence in A. In other words as a graded

object C' is identified with B®A in such way that ¢ and ¢ are the inclusion and the
projection.

Now we can restate the lemma as the following being equivalent: (i) a degreewise
split SES in C(.A), (ii) a morphisms of complexes in C'(A) and (iii) a cone triangle in
C(A).

6.1.8. The distinguished triangles. For a map of complexes A = B its cone triangle is
A% B Y50, 5 Al with &"(b") = 6"@0 and a'(P'@a™) L ot

In other words, & and @ are the inclusion and projection for the two summands of the
graded object Cy = B®A[1]. (Then & and & are maps of complexes by the lemma [6.1.6})
The distinguished triangles are defined as the ones isomorphic to cone triangles. Now we
restate the lemma using new terminology:



Lemma. The distinguished triangles are equivalent to degreewise split short exact se-
quences of complexes. The two inverse constructions are given by

. oo
«

e Any cone triangle A = B % O, - A[l] contains a degreewise split SES of
complexes

0—B = C, = A[l] —0.

e To any degreewise split SES of complexes
0-B%C %A 0 with C" Br@A™,

one associates the cone triangle of the map of complexes A = B where A =
A[—1] and for any a € A element a(a) € B is the B component of the element
dc(OB@a) e C.

Example. For a degreewise split SES 0 — B 20 % A =0 the triangle
A-1]%BScSA

is canonically isomorphic in C(A) to the cone triangle A[—-1] = B % C, - A of the
map .

Proof. This is just the lemma with the notation A = A[—1]. O

6.1.9. Subcategories C*(A)CC(A). For ZCZ we can denote by C?(A) the full subcat-
egory consisting of complexes A such that A = 0 when n ¢ Z. For instance one has

csn & ol=ooml and 020 & 0| ag well as C19(A) which is equivalent to A.

6.2. Properties of cohomology functors. Here A is necessarily abelian.

Lemma. (a) C(A) is again an abelian category and a sequence of complexes is exact iff
it is exact on each level!

Proof. For a map of complexes A = B we can define K" = Ker(A" RN B™) and
C" = A"/a™(B™). This gives complexes since d4 induces a differential dy on K and
dp a differential de on C'. Moreover, it is easy to check that in category C(.A) one has
K = Ker(a) and C' = Coker(a). Now one finds that Im(a)” = Im(a™) = o"(A") and
Coim(a)* = Coim(a™) = A"/Ker(a™), so the canonical map Coim — I'm is given by
isomorphisms A" /Ker(a”)— a"(A"). Now the exactness claim is clear. O



6.2.1. Lemma. A short exact sequence of complexes 0 — A — B — C —0 gives a long
exact sequence of cohomologies.

Hn+1 Hn+1(5)

gn—1 H™(a) Hn+1(B) N

1" (A) H"(B)

H"(B) H™(C) L5 H™(A)

Proof. We need to construct for a class v € H"(C) a class 9y € H"*!. So if v = [] is the
class of a cocycle ¢, we need

(1) From a cocycle ¢ € Z"(C) a cocycle a € Z".
(2) Independence of [a] on the choice of ¢ or any other auxiliary choices.
(3) The sequence of cohomology groups is exact.

Recall that a sequence of complexes. 0 - A — B — C —0 is a short exact sequence if
for each integer n the sequence 0 — A" — B" — (" —0 is exact.

The following calculation is in the set-theoretic language appropriate for module categories
but can be rephrased in the language of abelian categories (and also the result for module
categories implies the result for abelian categories since any abelian category is equivalent
to a full subcategory of a module category).

(1) Since B" is surjective, ¢ = " for b € B", Now db = a™*'a for some a € A" since

B (db) = df™ b = de = 0. Moreover, a is a cocycle since a"2(d"a) = d" ™ (a"a) =

dn 1 (d"b) = 0.

(2) So we want to associate to v = [c] the class o = [a] € H"T}(A ) For that [a] should
= |

be independent of the choices of ¢, B and a. So let [¢] = [¢] and ¢ = ™V with I/ € B,
and df = a™+1d’ for some @’ € A+,

Since [c] = [] one has ¢ = c+dz for some z € C"'. Choose y € B""! so that z = 8" !y,
then

B = =cHdz=p"b+d("y) = b+ B dy = (b + dy).
The exactness at B now shows that b’ = b+ dy + o™z for some x € A™. So,
o =db = db+ da"z = o"a + o (dz) = " (a + d).
Exactness at A implies that actually a’ = a + dz.

(3) T omit the easier part: the compositions of any two maps are zero.

Ezactness at H'(B). Let b € Z"(B), then H"(8)[b] = [8"b] is zero iff 5" = dz for some
z € C™ L. Let us lift this z to some y € B" ! ie., 2z = 7 'y. Then 8" (b—dy) = dz—dz =
0, hence b — dy = a"a for some a € A". Now a is a cocycle since a*(da) = d(b — dy) = 0,
and [b] = [b — dy] = H"(a)[a].

Ezactness at H'(A). Let a € Z™(A) be such that H"(«)[a] = [a™a] is zero, i.e., a"a = db
for some b € B"~!. Then ¢ = b is a cocycle since dc = 8"(db) = "a"a = 0; and by the
definition of the connecting morphisms (in (1)), [a] = 6" [¢].




FEzactness at H'(C'). Let ¢ € Z™(C) be such that 0"[c] = 0. Remember that this means
that ¢ = b and db = aa with [a] = 0, i.e., a = dx with z € A"'. But then db =
a(dr) = d(azx), so b — ax is a cocycle, and then ¢ = §(b) = f(b — a(x)) implies that

[c] = H*(B)[b — a()].

6.3. The homotopy category K(A) of complexes in A. The following definitions
are just repeated from [G.1.5]

6.3.1. The homotopy relation. We say that two maps of complexes A P B are homotopic
(we denote this a = 3), if there is a sequence h of maps h" : A" — B"~! such that

B—a= dh+hd, e, B"—a"= dy'h" + K.
Then we say that h is a homotopy from « to 3.

A map of complexes A = B is said to be a homotopical equivalence if there is a map f in
the opposite direction such that Soa = 14 and aof8 = 15. Then we write A = B and we
say that (8 is a homotopy inverse of «.

Lemma. (a) Homotopic maps are the same on cohomology.

(b) Homotopical equivalences are quasi-isomorphisms.

(c) A complex A is homotopy equivalent to the zero object iff 14 = hd + dh. Then the
complex A is acyclic, i.e., H*(A) = 0.

(d) a = f implies poar = poff and aov = fou.

Proof. (a) Denote for a € Z™(A) by [a] the corresponding cohomology class in H"(A)

and by %i (o) : H*(A) — H*(B) the action of a on cohomology classes. Then H*(5)][a
H*(a)la] = [(8 —a)a] = [df 'h"(a) + h**'di(a)] = [dy ' (h"a)] = 0.

(b) If foar = 14 and aofl = 1p then H*()oH"(a) = H*(foa) = H*(14) = 1u=(a) etc.

(c) A map of complexes 0 = A is necessarily o = 0. It is a homotopy equivalence if there

is a map A 20 (then necessarily § = 0) such that foa = 1o and aof3 = 14. The first
equation is 0 = 0 and in the second, the LHS is always zero, the condition is that on A
we have 14 = 0.

(d) If B —a = dgoh+ hod 4 then for X % A % B &Y one has 108 — oo = deo(poh) +
(uoh)od 4 etc.

6.3.2. Homotopy category K(A). The objects are again just the complexes but the maps
are the homotopy classes [¢] of maps of complexes ¢ (for the second equality see [G.1.5]):

def

Homp(4)(A, B) Home(a)(A,B)/ = = H°Hom?%(A4, B)].



Now, the identity morphisms for A in K (.A) is the class [14] and the composition is defined
by [B]o[a] o [Boa] (this makes sense by the part (d) of the lemma [6.3]).

6.3.3. Remarks. (1) Observe that for a homotopy equivalence o : A — B the correspond-
ing map in K(A), [a] : A — B is an isomorphism. So we have accomplished a part of our
long term goal — we have inverted some quasi-isomorphisms: the homotopy equivalences!

(2) More precisely, we know what are isomorphisms in K (A). The homotopy class o] of
a map of complexes «, is an isomorphism in K(A) iff @ is a homotopy equivalence!

Lemma. (a) K(A) is an additive category.
(b) The shift functors [n] on C(A) descend to functors on K(A).

Proof. (a) By its definition Hompg(4)(A, B) is an abelian group. K(A) gets zero object
and finite sums(=products) from C(A). Claim (b) follows from the action of shifts on
homotopies. O

6.3.4. Homotopy in topology and algebra. Historically, the homotopy for complexes has
been introduced based on the notion of homotopy for maps of topological spaces. The
relation is that a (geometric) homotopy H between two maps Fy, F; : Y — X of topolog-
ical spaces gives an (algebraic) homotopy h between the corresponding morphisms C ()
of complexes of singular chains.(9

6.4. Triangulated category structure on K(A).

6.4.1. Shifts, triangles, rotations. We will say that a shift functor on a category T is
an action of Z on T, ie., a collection of functors [n] : T — T for n € Z, such that
[m]o[n| = [m + n] and [0] = idy. Then the functor [1] is itself called the shift.

A triangle in a category T with a shift is a diagram on 7 of the form a — b — ¢ — all].

If T is additive we define the rotation operation on triangles that takes a — b LN all]
to
—afl]

b2 e Dall] =25 b[1].

6 Such H is a continuous family of continuous maps H : [0,1] — Map(Y, X) such that H (i) = F; for
i=0,1, ie., , H is a single continuous map H : [0,1]xY — X such that H(i,z) = F;(z) for i = 0,1
and z € X. Such H indeed gives an (algebraic) homotopy Ay, : C,,(Y) —> Cp41(X)[1] between the two
morphisms of complexes of singular chains C,(Y) m> C.(X) given by the maps F;.
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6.4.2. Triangulated categories. These are additive categories with a shift functor and a
class D of triangles (called distinguished or exact triangles); that satisfy the following
conditions

) The class D is closed under isomorphisms.

) Any map « inn 7 appears as the first map in some distinguished triangle.
) For any object A € T, the triangle A RENRN — A[1] is distinguished.

) (Rotation) A triangle is in D iff its rotation is in D.

) Any diagram with distinguished rows

A% B2y 0 2y Al

|

A g o 2 A

can be completed to a morphism of triangles

A -5 B L2y 0 25 AQ

|l

!

A2 g o oA

e (T5) (Octahedral axiom) If maps A = B 2, ¢ and the composition A o=feay C,
appear in distinguished triangles

1) A5 B2 025 Al

2 BL oL a5 By,

(3) AL C 5 By = C[1]; then there is a distinguished triangle
5B 5 A S

that fits into the commutative diagram

LB o s A

TR

A
|
A—"»C " B —— Al
|

Lo

B > C

07

Ci[1] «+——— By[1]
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6.4.3. Remarks. (0) The notion of triangulated category appears in the thesis of Verdier.
His advisor was Grothendieck.

(1) Axiom (T5) is most complicated and the least used. It is called “octahedral” because
it can naturally be drawn on an octahedron. It asserts that the distinguished triangles
for a, B, foa are related by three maps ¢, v, x that form another distinguished triangle
and satisfy 5 commutativity conditions given by 5 squares.(ﬁ)

It is not known whether (T5) follows from other axioms.

To see the intuitive meaning of (T5) one may consider what it says when 7 = K (A) for
an abelian A. One can choose complexes A, B,C to live in degree zero, i.e., so that
these are objects of A and the maps «, 8 are inclusions A—B<—(C' in A.

(2) In (T4), the map ~ is not unique nor is there a canonical choice. This is a source of some
difficulties in using triangulated categories.@ This is resolved by upgrading triangulated
categories to the level of differential graded categories. The starting point here is the
above construction of the Hom-complex.

6.4.4. The triangulated structure on K(A). Though K(A) is not an abelian category it
has a structure that allow us to make similar computations. First, recall that the shift
functor [1] on C'(A) factors to a shift functor [1] : K(A) — K(A). Now we define the class
D of distinguished triangles in K (A) as all triangles in K(A) isomorphic to the image

Al g C, Lo, A[l] in K(A) of some cone triangle in C(A) (equivalently, to the
image of some distinguished triangle in C'(A)).

Theorem. For any additive category A, K (.A) is a triangulated category (for the standard
notion of shifts and distinguished triangles).

Proof. Property (T0) comes from the definition of D.
(T1) Any map ¢ € Homg4)(A, B) in K(A) is a homotopy class ¢ = [a] of some map of
complexes a € Home(4)(A, B). Then we have in C(A) the cone triangle A = B Lol

A[1] and its image in K(A) is a distinguished triangle A Ll g 1 o 1 All]l in K(A)
which starts with [a].

(T2) means that the cone C, = C of the identity map on A is isomorphic in K(A) to the
zero complex, i.e., that the cone (', is homotopically equivalent to the zero complex. For

v Actually, maps ¢, such that the upper 4 squares (out of 5) commute exist by (T4). However, one
needs to be able to choose such ¢, so that they can be completed to a distinguished triangle ¢, v, x for
some X such that the lowest square commutes.

8 One problem is that in the present formalism there are no cones for maps of functors. This claim
concerns the situation where F' -5 G is a morphisms between two functors F,G : C — T and T is
triangulated. Then for each ¢ € C there exists a distinguished triangle F(c) - G(c) 2% C(c) 2 F(e)[1],
however there is in general no way to choose C' : Ob(C) — Ob(T) to be a functor (and we would also
want u,n to be morphisms of functors).
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this we need a homotopy between maps 1¢,0 in Endg(a)(A). We choose h” : CF, —>C’{LA_1
to be identity on the common summand and zero on its complement, i.e.,

Arp AT 2 A g A R (@t@a™) € 0san.
Then indeed
(dE R + RPN (a"®a™™) = dE T (0@a™) + h"TH(daa™ + 140" — diHa )
= (140"® — daa™) + 0B(dsa" + 14a™") = a"@a"' = (1o — 0)(a"®a").
Requirement (T3) says that if one applies rotation to any cone triangle in C(A), A =

B0, 5 A[1], then for S 2 5, the rotated triangle

—afl]

B2, & ap) = g

is isomorphic in K(.A) to the cone triangle
B o, %oy L B

This requires a map of complexes A < Cs such that the following diagram commutes
in K(A):

] = B

y AL
-

B¢, -
B2, 2% 05 —% B[

and that ¢ has a homotopy inverse &. Notice that C} = B"®A™™" and O} = Ci@B"*! =

(B"@ A" )@B™+! We define the maps A™! <5 Ch £ Antl by

def

AL preArtigprtt S Ant (@) 0ga e —aa™t, (bt aH bt ) B

It suffices to check that

(1) ¢ and & are maps of complexes,
(2) ¢ and ¢ are inverse homotopy equivalences, precisely

§o( = 1y and (o= lg,.
(3) The diagram commutes, i.e., (oy = ¢ and po{ = —all].
All conditions except one are straightforward from formulas. However, the homotopy
relation (o§ = 1¢, in Ende(Cp) requires a choice of homotopy h" : Cj — Cg_l such
that
16'5 — COf = dcﬂh + hdcﬁ.
This works for the maps
- Bn@An—H@Bn—i—l N Bn—l@An@Bn’ hn(bn@an+l@bn+l) = 0@0Db™.
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(T4) One can certainly replace the rows with isomorphic ones which are images in K(.A)
of cone triangles for two maps of complexes g, in C(A). Then the diagram is the
image in K(A) of a diagram in C(.A)

A =+ B 2 C, — A[l]
SR

A % . B

o/ oo/

Q (0%
0 Ca , 0

A'[1]
for any representatives pg, g of homotopy classes u, v.

However, the square in this diagram need not commute in C(.A).@ So, we only have
the homotopical commutativity [v]o[a] = [o/]o[u] which means that there exist homotopy
maps h" : A" —(B')""! such that

vpoay — aigoply = dprh + hd a.

Now, it turns out to be possible to construct a map of complexes C,, — C,y such that the
diagram

B 25 o, 2 AQ
| e
B -2 o, 2 A

commutes in C'(A). This will incorporate the above homotopy correction to commutativ-
ity:

nn : Bn@An—l—l _>(B/>n®(A/)n+1’ n(bn@an-}-l) déf (Vobn + hn+1an+1)®uoan+l'
One just has to check that 1 is a map of complexes and that the two squares commute.

(T5) We omit verification of this property which is a description of a certain “complicated”
relation between compositions of maps and cones of maps. 0

Lemma. The construction of the homotopy category works the same for any of the sub-
categories C7(A)CC(A) where ? is one of the symbols b, +, —. We get full subcategories
K'(A) of K(A).

6.5. Distinguished triangles in K(A), SES in C(A) and LES of cohomologies.

9 If we could choose representatives 1o, Vo so that the diagram in C(A) still commutes, then a repre-
sentative g of  would simply come from the functoriality (“naturality”) of the cone construction.
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6.5.1. A short passage from degreewise split SES in C(A) to distinguished triangles in
K(A). We know that in C'(A) there is an equivalence between distinguished triangles
B — C' — A and degreewise split SES 0 —+ A — B — C' — 0. This simple relation uses
a “rotation” since A = A[l]. However, when triangles are considered in K(A) one can
state the correspondence in a simpler way.

Lemma. Let A be an additive category.
(a) Any degreewise split SES in C'(.A)
0—=P—Q —R—0

gives a canonical distinguished triangle in K (.A) of the form

P5QLR= P
Here, the map R % P is the component of the differential dg given by the splittings
Q"= PR, ie, an % [RroQr 2% Qrtiopri)

(b) Any distinguished triangle in K (.A) is isomorphic to one that comes from a degreewise
split SES by the construction in (a).

Proof. (b) (a) We know by lemma that for SES as above, with degreewise splittings
Q" = P"@®R", the triangle

R-1] %P %Q % (R-1])[Y

(with o defined as stated in the present lemma), is isomorphic in C'(\A) to the cone triangle
for a;, so it is distinguished.

Since we are in K (A) we can rotate this triangle using the property (T3) to get an exact
triangle P % R % @ 2 p(1].

(b) follows because the relation between degreewise split SES and cone triangles in C'(.A)
is an equivalence() and so is the rotation operation in D. O

Remark. This simpler correspondence is however not an equivalence as SES are considered
in C(A) and distinguished triangles in K (A).

6.5.2. Cohomologies. Here A must be abelian so that cohomology is defined. Notice that
the cohomology functors H' : C(A) — A factor to H" : K(A) — A. (This is the claim
that for a map of complexes o : A — B the map H'(«a) : H'(A) — H'(B) depends on on
the class [a]. This is the lemma 63Tl a.)

10 Here word “equivalence” can be interpreted as “equivalent data” or as “bijection of isomorphism
classes” or as “equivalence of categories” if one defines the natural categories for these two kinds of
objects.
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Corollary. If A is abelian, any distinguished triangle X =Y LNy e [1] in K(A) gives
a long exact sequence (LES) of cohomologies

H'(o) H'(8)

S HY(X) HI(Y) Hi(z) L9 i x) ..

Proof. Notice that the maps in our sequence of cohomologies are well defined since H(%) :
H'(Z) — H(X[1]) = H""' X. For exactness recall that in K (A), our distinguished triangle

xsvydzay X[1] is isomorphic to a triangle of the form P 1, Q ANy N Pl1],

associated to some degreewise split SES 0 — P 2, Q SR 0mC (A). We know that
a SES of complexes does indeed provide a long exact sequence of cohomologies.

It remain to check that the cohomology objects in these two long sequences are the same
and that the maps between cohomologies in two sequences are the same. O

6.5.3. Acyclic compleres. We say that a complex A is acyclic if all cohomologies vanish.

Corollary. For an abelian category A A map a: A — B in C(A) is a qis iff the complex
C, is acyclic.

Proof. This is clear from the long exact sequence of cohomologies for the cone triangle. [J

6.5.4. Eaxtension of additive functors to homotopy categories. Here we consider the trivial
extensions C'(F') and K(F') of an additive functor F' : A — B between two additive
categories. We will use this to construct the interesting extensions LF, RF' in [6.6.5]

Lemma. (a) There is a canonical functor C(A) — K (A) which sends each complex A to
itself and each map of complexes ¢ to its homotopy class [¢].

(b) Any additive functor between additive categories A Ly B has canonical extensions
A — C(A) 25 K(A)
to (homotopic) categories of complexes such that JF C(F)l K(F)l
B —— C(B) 4, K(B)
commutes.() )

(c) F extends to a functor A°® £ B* and for any A, B € C (A) this gives a map between
Hom-complexes Hom% (A, B) —Homp(F A, F'B).

Proof. (a) is clear.

K (F) is uniquelly determined by the commutativity of the second square.
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In (c) functor F* is just F' in each degree, i.e., [F*A]|" = F(A"). We get maps
F™ : Hom'y (A, B) —Homy(FA, FB) as Hom 4+ (A, Bn]) R Homps (F'A, FB[n|). These
maps clearly intertwine the differentials on Hom-complexes.

In (b), for any A € C(A) we define the complex C(F)A as the graded object
F*A above with the differentials F(d%). For C(F) to factor to K(F) we need
that C(F) is compatible with homotopies, this follows from (c) since a map of
complexes F* : Hom%(A, B) — Hompj(FA, FB) gives a map of 0™ cohomologies
HO(F') : HOHIK(_A)(A, B) —)HOIIIK(B)(FA, FB) U

6.6. Derived functors and functorial projective resolutions.

6.6.1. Lifts of maps to projective resolutions.

Lemma. Consider two complexes
NS NN BN

-1
_>B_”_>L>BOE_B>[)_>O_>
such that all P* are projective and the second complex is exact. Then any map o : a —b

in A lifts to a map complexes P 2, B which makes the following diagram commutative:

pt L po e g
Al el
s B-1 dg' BO 0 N

(b) Any two such lifts are canonically homotopic.
Proof. (a) The map P° 2% b factors through ¢, since P is projective and ¢ : B® — B

0
is surjective. This gives a map P° 2, B° such that 500" = qog,.

dp' 0
Notice that the composition P~' —25 P? 25 BO goes to Ker(s,) CB° since
ep(@’dp!) = (ag,)dp' = acd =0
because the first row is a complex.

Now, exactness of the second row shows that d,;l . B — B° factors through the sur-
jection d' : P~'—Ker(g;). So, since P~! is projective the map ¢%odp' : P~! — Ker(gp)
factors through dz' : B™' — Ker(e;), giving a map ¢~! : P~' — B~! such that
Hods! = dilopT.

In this way we construct all ¢™ inductively.



17

(b) If we have lifts ¢; : P — B of maps «; : @ — b then ¢y — ¢ lifts as — ay. So, two lifts
¢; of a give a lift ¢ = ¢9 — ¢ of 0: a — b. So, we need to see that any a lift ¢ : P — B
of 0:a — b is of the form dh + hd for A : P* — B" !,

The proof is the same as in (a). First, ¢° : P — B° goes to Ker(ep) since the lifting
relation is eg” = Qo = 0. Since P is projective and d' : B — Ker(g;) is surjective,
the map ¢° : P —Ker(ep) lifts to a map h® : P® — B~!. This h° satisfies
(b(] — d;loh(]
(and this is d5'oh® 4 hlod) since the two factors in the last term are both zero).
Now one continuous similarly
d§10¢_1 = (bood;l = d;lohoodl_gl,
hence the map ¢! — dz'oh? : Pt — B~! goes to Ker(dz'). Since d3? : B~2Ker(dz') is
surjective, map ¢~ — dz oh? lifts to a map A~ : P! — B~2. This means that
¢t —dgtoh® = hlodp?
Etc. U

Corollary. (a) If P and @ are projective resolutions of objects a and b in A, then any
map a — b lifts uniquely to a map P — Q.

(b) Any two projective resolutions of the same object of A are canonically isomorphic in

K(A).
6.6.2. Projective resolution functor. The last corollary can be restated (in shorthand) as

Corollary. If abelian A has enough projectives then then there is a canonical projective
resolution functor P : A — K~ (A).

Proof. The precise meaning is the following. The first claim is that there is a functor
P: A— K (A) such that for each a € A, P, is a projective resolution of a. In order to
construct it we need to choose for each a € A a projective resolution P, of a. Then by
the lemma any map a : @ — b in A has a unique lift P(«) : P, — P, (by a lift we mean a
map of complexes such that the diagram as in lemma commutes). Uniqueness now implies

that P is a functor — for instance for a % b 2> ¢ we have P(5)oP () = P(Ba) since both
sides are lifts of fa.

The second information is that though P is not literally unique (it depends on our choices)
any two versions P’ P” are canonically isomorphic. The reason is that for any a € A
lemma tells us that the map 1, has unique lifts ¢, : P, — P2 and &, : P) — P.. Then
§a0Cq = idp; since again both sides lift 1,. U

6.6.3. Derived functors LF : A — K~ (B) and RG : A — KT (B).



18

Lemma. Let A be abelian and B additive. If A has enough projectives then for any
additive functor F' : A — B its left derived functor LF : A — K=°(B) is well defined by
replacing objects with their projective resolutions

LF(a) ¥ oF)(P)

where P is any projective resolution of a.

Proof. We choose a projective resolution functor P : A — K~ (A) and define LF as a

composition of functors A 2> K (A) RGNy e (B). Then for any projective resolution P of
a we have canonical isomorphism P—7P, hence K(F)(P)—(LF)a. O

Remark. Remember that HY[(LF)(A) = F(A).
6.7. Appendix. Here are some useful claims which we do not cover.

Lemma. A. In a triangulated category (7, [1], D) the composition of any two maps in a
distinguished triangle is zero.

Lemma. B. A homotopy h between two maps oy, as € Home(a)(A, B) gives an isomor-
phism of the corresponding mapping cones Cy, —C,, in C(A).

Lemma. C. [dsSES and exact triangles in K (A).]) Consider a sequence 0 — A = B LR
C—=0in C(A).

(a) If fov = 0 then [ canonically factors through the cone of o, i.e., there is a canonical
p that makes the following commutative (actually, u(b"@®a™) = 5(b)):

A" B "“*5(C,
1 ]
A5 B c
(b) If the sequence 0 — A = B 2 ¢ = 0 is ezact then i is a qis.

(c) If the sequence 0 — A = B 2y ¢ 5 0is ezact and degreewise split then p is a
homotopy equivalence.

Remark. Eventually, any SES in C'(A) will give a distinguished triangle in D(A), at if
outer terms have injective or projective resolution.

12 This is a version of our lemmas on the same subject.
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