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The Change of Variables Formula and Applications of Integration

(a) Show that T is onto the unit sphere; that is, every (x, y, z) withx2 + 32 + 22 = 1
can be written as (x, y, z) = T(u, v, w) for some (u, v, w).
{b) Show that T is not one-to-one.

19. Integrate x% + y? + z? over the cylinder x> + y? <2, -2 <z < 3.
20. Evaluate [;° e % dx.

21. Let B be the unit ball. Evaluate
dxdydz
by making the appropriate change of variables.

22. Evaluate / / [1/(x* + y*)*]1dx dy where 4 is determined by the conditions x% + y* < 1
y
andx +y=>1.

d d
23. Evaluate / / / o +J;f}_}'_ zz i where W is the solid bounded by the two spheres

x2+3? + 2% =qg? and x® + y? + 2* = b?, where 0 < b < a.

24. Evaluate / f x%dx dy where D is determined by the two conditions 0 < x < y and
xt+yr <l

25. Integrate /X2 + y? + 22 =& "+ over the region described in Exercise 23.

26. Evaluate the following by using cylindrical coordinates.

@ f f f z dx dy dz where B is the region within the cylinder x? 4- y? = 1 above the
xy plane and gelow the cone z = (x? 4+ y?)V/2.

() / / / (x* 4+ y* + 287" dx dy dz where W is the region determined by the
conditions } ;Vz <landx? 43?422 < 1.

27. Evaluate / f (x + y)dx dy where B is the rectangle in the xy plane with vertices at
B
©,1),(1,0), (3, 4),and (4, 3).

28. Evaluate / (x + y)dx dy where D is the square with vertices at (0, 0), (1, 2), (3, 1),
and (2, —
29. Let E be the ellipsoid (x2/a?) + (y2/b*) + (z%/c?) < 1, where a, b, and ¢ are positive.
(a) Find the volume of E.
(b) Evaluate / / / [(x2/a*) + (2 /%) + (2% /cH)] dx dy dz. (HINT: Change variables
E
and then use spherical coordinates.)
30. Using spherical coordinates, compute the integral of f(p, ¢, 8) = 1/p over the region in

the first octant of R, which is bounded by the cones ¢ = 7 /4, ¢ = arctan 2 and the sphere
p=+6.




The Change of Vari'flbles Formula and Applications of Integration

.

;1";1(;3 ;ilcmr @n/ 3)(p§ — p?}) equals the volume of . Putting back the constants G.
e mass density, we find that the gravitational potential is —GmM /R wher(; M,

f . S
is t”e mass o ” JYZ“‘S: ] IS Just as i ”Oula be L a“ tne mass o ” were COJICelllJ aled

4]

2 P2
V0.0 R =6mZ [ olp+R - o Rydp = Gyt [ o
F 4! r'\

= (Gm2m (o2 - p?).

3

The result is independent of R, and so the potential ¥ is constant inside the hole

Because the gravitational force is mj
orce is minus the gradient of ¥, we con 1
. » . . C
7o gravitational force inside a uniform hollow Pplanet! ’ Hde that there i

1 VY < <

Symmetric body of mass M (even if the densitv i i i
. ; : sity 1s variable) is V =
R is the distance to its center (which is its center of mass).) GMm/R, where

EXAMPLE 8 BBgteI gravitational potential acting on a unit mass of a spherical

star with a mass M = 3.02 x 103 i
iyt il kg at a distance of 2.25 x 10!! m from its center

SOLUTION The negative potential is

_y _GM _ 6.67x 1071 x 3,02 x 10%
= = 735 = 8.95 x 10% m?/s?
' % 1011 m/s*. A

EXERCISES
1. Find the average of f(x, y) = ysinxy over D = [0, 71 x [0, m].
2. Find the average of f(x, ) = & over the triangle with vertices (0,0), (0, 1), and (1,0)

3. Find the center of mass of the region between y = x2 and ¥ = x if the density is x +
Y.

4. Find the center of mass of the region between y = 0 and y=x% where 0 < x < !
] = - 37
5. A sculptured gold plate D is defined by0<x <27 and0 < ¥ = m (centimeters) and

has mass density 8(x, y) = y2 gin2 45
,Y) = + 2 (grams pe i
per gram, how much is the gold in the platggworthg | Sentimeten. 1 gold sells for 57

6. I i i i
n Exercise 5, what is the average mass density in grams per square centimeter?

6.3 Applications . . 405

7. (a) Find the mass of the box [0, %] x {0, 1] x [0, 2], assuming the density to be uniform.
(b) Same as part (a), but with a mass density 8(x, y, z) = x2 +3y* +z + 1.

8. Find the mass of the solid bounded by the cylinder x? + y? = 2x and the cone
2% = x? + y? if the density is § = /x% + 2.

9. Find the center of mass of the region bounded by x + y +2z=2,x =0, y = 0, and
z = 0, assuming the density to be uniform.

10. Find the center of mass of the cylinder x? 4+ y? < 1, 1 < z < 2 if the density is
8 = (x? + y?)2%.

11. Find the average value of sin® 7z cos® sx over the cube [0, 2] x {0, 4] x [0, 6].
12. Find the average value of e~* over the ball x2 + > + 22 < 1.

13. A solid with constant density is bounded above by the plane z = g and below by the cone
described in spherical coordinates by ¢ = k, where k is a constant 0 < & < /2. Setup an
integral for its moment of inertia about the z axis.

14. Find the moment of inertia around the y axis for the ball x> + y? + 22 < R? if the mass
density is a constant 4.

15. Find the gravitational potential on a mass m of a spherical planet with mass
M =3 x 10% kg, at a distance of 2 x 10° m from its center.

16. Find the gravitational force exerted on a 70-kg object at the position in Exercise 15.

17. A body W in xyz coordinates is called symmetric with respect to a given plane if for
every particle on one side of the plane there is a particle of equal mass located at its mirror
image through the plane.

(@) Discuss the planes of symmetry for an automobile shell.

(b) Let the plane of symmetry be the xy plane, and denote by #* and W~ the portions
of W above and below the plane, respectively. By our assumption, the mass density 8(x, y, z)
satisfies 8(x, y, —z) = 8(x, y, z). Justify the following steps:

z- f/:/;y&(x,y,z)dxdydz=/ffW28(x,y,z)dxdydz '
= /f/w z5(x,y,z)dxdydz+f/j;y_ z8(x, y,z)dx dydz
= /fﬁﬁz&(x,y,z)dxdydz + f/./;w—-wé(u, v, ~w)dudvdw
= 0.

(c) Explain why part (b) proves that if a body is symmetrical with respect to a plane,
then its center of mass lies in that plane.
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7. (a) Find the mass of the box [0, %] x {0, 1] x [0, 2], assuming the density to be uniform.
(b) Same as part (a), but with a mass density 8(x, y, z) = x2 +3y* +z + 1.

8. Find the mass of the solid bounded by the cylinder x? + y? = 2x and the cone
2% = x? + y? if the density is § = /x% + 2.

9. Find the center of mass of the region bounded by x + y +2z=2,x =0, y = 0, and
z = 0, assuming the density to be uniform.

10. Find the center of mass of the cylinder x? 4+ y? < 1, 1 < z < 2 if the density is
8 = (x? + y?)2%.

11. Find the average value of sin® 7z cos® sx over the cube [0, 2] x {0, 4] x [0, 6].
12. Find the average value of e~* over the ball x2 + > + 22 < 1.

13. A solid with constant density is bounded above by the plane z = g and below by the cone
described in spherical coordinates by ¢ = k, where k is a constant 0 < & < /2. Setup an
integral for its moment of inertia about the z axis.

14. Find the moment of inertia around the y axis for the ball x> + y? + 22 < R? if the mass
density is a constant 4.

15. Find the gravitational potential on a mass m of a spherical planet with mass
M =3 x 10% kg, at a distance of 2 x 10° m from its center.

16. Find the gravitational force exerted on a 70-kg object at the position in Exercise 15.

17. A body W in xyz coordinates is called symmetric with respect to a given plane if for
every particle on one side of the plane there is a particle of equal mass located at its mirror
image through the plane.

(@) Discuss the planes of symmetry for an automobile shell.

(b) Let the plane of symmetry be the xy plane, and denote by #* and W~ the portions
of W above and below the plane, respectively. By our assumption, the mass density 8(x, y, z)
satisfies 8(x, y, —z) = 8(x, y, z). Justify the following steps:

z- f/:/;y&(x,y,z)dxdydz=/ffW28(x,y,z)dxdydz '
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The Change of Varizjlbles Formula and Applications of Integration

The factor (47/3)(03 — pf) equals the volume of .. Putting back the constants G, m ,
and the mass density, we find that the gravitational potential is ~GmM/ R, where M

is the mass of W. Thus, V. is just as it would be if all the mass of W were concentrated
at the central point.

Case 2. If R < p, [that is, if (x1, y1, 21) is inside the hole], then lo—Rl=p—R
for p in [py, p;], and so .

4

2T P2 ' bz
=V(©0,0,R) = (Gm)== +R—(0—R)dp = (Gm)4
©.0.8)=Gm [“ oo+ R~ (o - RYdp (m)n/mpaag\
= (Gm)2m (p3 ~ p?). 3

The result is independent of R, and so the potential ¥ is constant inside the hole.
Because the gravitational force is minus the gradient of ¥, we conclude that there is
no gravitational force inside a uniform hollow Dlanet!

We leave it to the reader to compute ¥(0, 0, R) for the case p; < R < P2.

A similar argument shows that the gravitational potential outside any spherically
symmetric body of mass M (even if the density is variable) is V = GMm /R, where
R is the distance to its center (which is its center of mass).

EXAMPLE 8 JRaTNE gravitational potential acting on a unit mass of a spherical

star with a mass M = 3.02 x 10% kg at a distance of 2.25 x 10! m from its center
(G =6.67 x 107! N - m¥/kg?). '

SOLUTION  The negative potential is

_GM _ 6.67 x 107! x 3,02 x 103°
R 2.25 x 1011

-V

= 8.95 x 10® m?%/s®. A

EXERCISES »
1. Find the average of f(x,y) = ysinxy over D = [0, 7] x [0, =]. | f
2. Find the average of f(x, y) = "t over the triangle with vertices (0, 0). (0, 1), and (1, 0). | H
3. Find the center of mass of the region between y = x2 and y = x if the density is x + y. ! ::
4. Find the center of mass of the region between y = 0 and y =x%, where 0 < x < % _ ’
5. A sculptured gold plate D is defined by0<x <2mand0 < Y < m (centimeters) and

has mass density §(x, y) = ¥*sin® 4x + 2 (grams per square centimeter). If gold sells for $7
per gram, how much is the gold in the plate worth?

6. In Exercise 5, what is the average mass density in grams per square centimeter?

405
6.3 Applications

7. (a) Find the mass of the box [0, %] x [0, 11 x [0, 2], assumi121g tl;e ;iensit-)l'_ t;) be uniform.
' (b) Same as part (a), but with a mass density 8(x, y,z) = x* +3y° +z+ 1.

8. Find the mass of the solid bounded by the cylinder x? + y? = 2x and the cone
22 = x? + ? if the density is § = /x% + »2.

— — — d
9. Find the center of mass of the region bounded by x + y +2z =2,x =0,y = 0, an
z = 0, assuming the density to be uniform.

10. Find the center of mass of the cylinder x24+y? < 1,1 <z < 2ifthe density is
8=+ y4)22.

i 4] x [0, 6].
11. Find the average vatue of sin? 7z cos? ;x over the cube [0, 2] x [0, 4] x [0, 6]

2, .2
12. Find the average value of e~ over the ball x* + y* +2° < 1.

13. A solid with constant density is bounded above by the plane z = a an bel;wst;); ;he acri)ne
de;cribed in spherical coordinates by ¢ = k, w}%ere kisaconstant 0 < k < m/2. p
integral for its moment of inertia about the z axis.

2
14. Find the moment of inertia around the y axis for the ball x? + y? + z* < R? if the mass
density is a constant J.

15. Find the gravitational potential on a mass m ofj a spherical planet with mass
M =3 x 10% kg, at a distance of 2 x 10® m from its center.

. e ise 15.
16. Find the gravitational force exerted on a 70-kg object at the position in Exercise

i i i tric with respect to a given plane if for
dy W in xyz coordinates is called symmei j ne if 1
:ZéryApl;:tiZle on oni side of the plane there is a particle of equal mass located at its mirror

image through the plane.

1 bile shell.
iscuss the planes of symmetry for an automo . .
gg ]I?;Tlllz planep of symmetry be the xy plane, and denot.e by W+ and W .the g)ortlonzs)
of W above and below the plane, respectively. By our assumption, the mass density 8(x, y,

satisfies 8(x, y, —2) = 8(x, y, z). Justify the following steps:

Z- ffﬁy&(x,y,z)dxdydz:///WZS(x,y,z)dxdydz _
= /// z8(x, y,z)dx dydz + f//w- z8(x, y,z)dx dy dz
W+
= //f 28(x,y,z)dxdydz + f/fW+—w8(u, v, ~w)dudvdw
W+
= 0.

(c) Explain why part (b) proves that if a body is symmetrical with respect to a plane,
then its center of mass lies in that plane.
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The Change of Variables Formula and Applications of Integration

5. Find the volume inside the surfaces x2 +y=zandx? 4?42 =9

6. Find the volume enclosed by the cone x2 + 32 = 22 and the plane2z —y — 2 — g,
7. A cylindrical hole of diameter 1

axis of the cylinder passes through th

e center of the sphere, find the volume of the solid that
remains.

8. Let C) and C, be two cylinders of infinite extent, of diameter 2, and with axes on th? X
and y axes, respectively. Find the volume of their intersection, Ci NG, \

»
9. Find the volume bounded byx/a+y/b+z/c =1 and the coordinate planes, '

10. Find the volume determined byz<6-x*—j2andz > VX2 432,

x20,y20,220,x+y+zslistobeslicedinton

anes parallel to the plane x + Y +z = 1. Where should the
slices be made?

12. Let E be the solid ellipsoid E

={(x»,2) | (x*/a®) + (y¥/ b?) +(2%/c?) < 1} where
a>0,b>0andc > 0, Evaluate

///xyzdxdydz

(a) over the whole ellipsoid; and
(b) over that part of it in the first quadrant;

2 2
x20, y>0, and z>q XV 2

=0, e} Zz--l-c—zsl-

13. Find the volume of the “ice cream cone”

OSZS5+\/5—x2—y2.

14. Let p, 6, ¢ be spherical coordinates in R? and suppose that a surface surrounding the

origin is described by a continuous positive function p = J (6, ¢). Show that the volume
enclosed by the surface is

defined by the inequalities x2 Y2 <122 and

1 2 4 -
r=: fo /0 L/ 6, )P sin g dp do.

15. Using an appropriate change of variables, evaluate

f /E expI(y ~ x)/(y +x)] dx dy

where B is the interior of the triangle with vertices at (0,0), (0, 1), and (1, 0).

16. Suppose the density of a solid of radius R is given by (1 + d®)~" where 4 is the distance
to the center of the sphere. Find the total mass of the sphere.

is bored through a sphere of radius 2. Assuming that the

419
Review Exercises

i i i 1 whose inner radius is ! m and whose
. The density of the material of a spherical shel : (
(I)Zter radius is t2ym is 0.44% g/cm®, where d is the distance to the center of the sphere in
meters. Find the total mass of the shell.

18. If the shell in Exercise 17 were dropped into a large tan‘k of pure water, vsvould it float?
What if the shell leaked? (Assume that the density of water is exactly 1 g/cm3.)

19. The temperature at points in the cube C = {(x,y,'z? |-l<x<1l,-1<y<l,and
—1 < z < 1} is 3242, where d is the distance to the origin,

a) What is the average temperature? .
E‘b; At what points of the cube is the temperature equal to the average temperature?

20. Use cylindrical coordinates to find the center of mass of the region defined by

Y+2<o, -4y +2<1, xz2lL

=

21. Find the center of mass of the solid hemisphere
V={x2|x*+y*+2* <a’and z > 0}

if the density is constant,

. 2
22. Evaluate [f, e~ dx dy where B consists of those (x, ) satisfying x2 + y°=land
y=0.

23. Evaluate

dxdydz
&5

2.2 _ 12
where § is the solid bounded by the spheres x? + y? + 22 = a? and x2 + y? + 2% = b?, where
a>b>0.

24. Evaluate f f f (x* + y* + 2%)xyz dx dy dz over each of the following regions.
) D
—_ 2 2 2 < RZ}

a) Thesphere D = {(x,y,2) [x2+y* + 22 <

gb; The hemisphere D = {(x, y,z) | x? + y* + 22 < R? anzdz 2_20} -

(©) Theoctant D = {(x,y,2z) |x >0,y > 0,z > 0, and 22 + y* 4+ 22 < R?}

i3
25. Let C be the cone-shaped region {(x, y, z) | 1/x? + y? <z < 1} in R? and evaluate the
integral /://(1 +vx2 + y)dxdyd:z.
c

2
26. Find f / / f(x.y,2)dx dydz where f(x, y,z) = exp [~(x? + )2 + 22)*?].
R3

27. The flexural rigidity EI of a uniform beam is the product of its Young’§ modutus of
ela.sticity E and the moment of inertia I of the cross section of the beam with respect to a




Double and Triple Integrals

9. Evaluate the integral f; f7 f7(y + xz)dzdy dx

10. Evaluate f; [ &7 dx dy.
11. Evaluate f) O(msmy)/y ycosxydxdy

12. Change the order of integration and evaluate
/2 1
(x+y)d
s y)Ydxdy.

13. Show that evaluatin,
3 g [f,, dx dy, where D is a y-si ; 3
from one-variable calculus for the area between1 st;oy cilrrvngsle region, reproduces the formulzt

LY

+

14. Change the order of integration and evaluate

1 1
2 3
-/; fyl/z(x +yx)dxdy.

15. Let D be the region in thy i
: e xy plane inside the unit ci 2
ff p S(x, y)dx dy in each of the following cases: euniteirle ¥+ 7 = 1. Braluate
(a )=
) fGx.y)=xy ®) fx,y) =x%y © [, p)=x

16. Fi -
ind ff, y[1 — cos (wx/4)] dx dy, where D is the region in Figure 5.R.1

y=vVx

Figure 5.R.1 The region of integration for Exercise 16.

X

Evaluate the inte, j .
grals in Exercises 17 to 24. Sketch ] j
(corresponding to the way the integral is writteZ)? and identlythe bpe of the region

m  p3sinx
17'_/0‘ j x(1 +y)dydx

inx

18 / B i
. 2
A fx_l (* +xy +1)dydx
1@y
19. f / 3
1y (2'\/_ —2y)dxdy
. P 3
0 Jos/asdy (J2_+5 +y ) dy dx )

1 px?
zx.ff 24y g
|| @iy —yhdydx

4 oy
22, f f 3dxd.

g e
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L%

o e

367

Review Exercises

1 x
23. f f (x +y)dydx
0 Jx?

1 3y
24. / f &7 dxdy
[

In Exercises 25 to 27, integrate the given function f over the given region D.
25. fx,y)=x—Y; D is the triangle with vertices (0, 0), (1, 0), and (2, 1).
26. f(x,y)= x3y +cosx; D is the triangle defined by 0<x<mf2,0<y=X

27, fx.y)=x"+ 2xy? +2; D is the region bounded by the graph of y = x4 x,thex
axis, and the lines x = Oandx = 2.

In Exercises 28 and 29, sketch the region of integration, interchange the order, and evaluate.

4 oV
28. f f (x* +yH)dydx

1 1

1 pl
29. f f (x +y*)dxdy

0 1=y
30. Show that

4’ < ff FHPdA < 4.
[1,31x[2.4]

4 < ff (2 +y*+dxdy = 207,
D

31. Show that

where D is the disk of radius 2 centered at the origin.

32. Suppose W isa path-connected region, that is, given any two points of W there isa
continuous path joining them. If f is a continuous function on W, use the intermediate-value
theorem to show that there is at least one point in W at which the value of f is equal to the

average of f over W, that is, the integral of fover W divided by the volume of W. (Compare
this with the mean-value theorem for double integrals.) What happens if W is not connected?

33. Prove: [;[fy Fw)duldt = [i@ —u)F(u)du.

Evaluate the integrals in Exercises 34 to 36.

1 pz py
34. f f f xy*dx dydz
o Jo Jo
1 py x/V3 x
35. dzdxd
[ s

2 pz 2
36. f f f yz? dx dydz
D Jyy

37. Write the iterated integral fol J :_x f: f(x,y,2)dz dy dx as an integral over a region in
R? and then rewrite it in five other possible orders of integration.




