Advanced Calculus 425 Homework 4

v

Due Thursday February 20, in class.

v

Higher dimensions

4.1. Find the 4-dimensional volume of the pyramid P, in R* as [ p, 1 dry dxy das dry
(compute it by iterated integrals).

v

4.2. Consider the projection 7 from R} to the line Ry, by m(z1,...,24) = 4.

.....

(a) Show that the image of the pyramid P(1, 1,1, 1) under this projection 7 is the interval
[0,1] in R,,.

(b) Find the fiber F, of the pyramid Py = Py(1,...,1) at the point @ in this interval [0, 1]
in R,,.

[By R} ., we denote the space R™ with coordinates yi, ..., Y]]

Change of variables

For the following problem, use the prescription on the next page:

4.3. Let a,b,c > 0 and let S be the solid 2—; + z—j + i—; < 1. The elliptic change of
coordinates

x = pa sin(¢) cos(d), y = pb sin(¢) sin(f), z = pc cos(9)
gives a mapping 7" from the box S’ in coordinates p, ¢, 0 given by
0<p<1l, 0<¢<m 0<O<27

to the solid S. This map is a 1-1 correspondence 7' : S’ — S (up to an error which
happens on a volume zero subset).

(a) Compute the Jacobian of T, i.e., the determinant

0@.0:2) o

(b) Calculate the volume of the solid S using the above change of variables.



Change of variables summary

T
A. Gradient of a mapping. Consider a mapping T'= | : | from R},
T,
Here, for i = 1,2,...,n, T; are the component functions x; = T;(uq, ..., u,,) of T. The
gradient VT (u) of the the mapping 7" at u is the matrix given by arranging all partial
derivatives of component functions 7; of the mapping 7" into

n
yeeyUm to Rl’lv“'r’”n :

D(u) - 28(u)
(VT)(u) = L :
o(u) - S (u)

B. Jacobian of a mapping. When m = n one defines the Jacobian of a mapping 7" ss
the determinant of the gradient matrix of T’

det O(V1, ..., Vp)

Jr O(uy, ..., uy)

— det[(VT)).

C. Comparison of integrals over regions R and R’. Consider an integral
fR f(z1,...,x,) dxy- - -dz,, over a region R in R%, . 2, In order to compute this integral
by a change of variable we need another region & in R}, ~and a mapping 7: § — R
that relates the old region R with the new region S. [Actually, this mapping has to be a
1-1 correspondence up to volume zem.(l)]

D. The change of variables formula. It reduces calculation of an integral over R to
another integral over S :

/ fav = [ foT - Jpdv.
R R/
In more details we write it as
/ f(z1, ...y xy) daq- - -dx,, = F(T(ugy ey tn)) ~Tr(ug, ..., uy) dug- - -duy,.
R R/

Here, the Jacobian Jr appears as the stretching factor for the mapping T, i.e., Jr(u)
measures how much the the mapping stretches the volume near a point u in R.

IThis condition has been discussed in class.



