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Gauss DivergenceTheorem

(the FTC for solids)

Topics: A. GDT and its proof.

B
.
Examples .

C
.

The meaning ofdivergence
D. Moving the surfaceofintegration!



III.GaussdiuergaraTheaey.IT
is about solids in space: t.CI?
TI . Let W be a region in HIS

⇐ secret , enclosed by 9

closed surface S = Then

S div CEI DIV =

@Sw F - D8
W

what" F is a woolen field
'
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S =DW
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W -
space between two spheres .



Proof of the Gauss Divergence theorems#
It works alike the alter

cases of FTC
.

Step 1 . When W is a rectangular box with
Fria-aeedtemo.fi#.-W
the coordinate

planes , ↳
calculate both sides of the theorem . there,

@W consists €f six rectangles .Each
of calculations yields 6 terms

,
and these

happe to watch.

Step. Approximate solid
HHV by a solid

W
'

which is obtained by gluing boxes
-

together : ¥$
Theorem holds fer e

Sade w
'

by theGluing
↳

Principle ( because it holds for each box

by Steph,

steps W and its boundary 8W
are limits of W

' and DW
'

as on one passes to better
and better approximations w

'

City eese.mg a grid with smaller
and

smaller boxes)
.

So
>
the claim for W holds because it

holds for solids W ' glued IT
from boxes .



BITS Solids W is the unit road andthe

ve# Feed is,
F =L 2×1542-3=40, Q ,

So
, sow is green by :

#92+21=1
Cry ;⇒

win
,

⇒

"rental'm outwards

←
→

↳ The Gauss Divergence theorems
X H

says that:

SSt.EE#E=SSSEieEdV-.ow--S W function valued

compete divergence:

alike) =P*tQytRz

so
,
the r*¥? TIDY +⇐2=2+3+27
SSS Ztzyxzz IV. •

Weball

Eii÷÷iswss ZAB .

So
,
GOT says that the flow of E through

the unit sphere S egads 83T ,



Example 2 . Over
.

the unit spheres we
wa# SS xz.ytz.BA = ?

- integrate
g -

a function f -

In order to use the Gauss DT we need

to interpret f as

f- = F - n since one side GSS I
- DEE SsgF- n DA

.

of GOT is :

For tens we put an S the outwardsorientation
is .
For a sphere n is inthedirection

of the position vector r
, so ,

as in the e

picture
below-

-

f
'

.

÷
.
: ÷:

we wage lol = I
>here

n=r.= EX,y ,27 .

¥*:x:#f:÷÷÷÷±Eo
-r works?

wewant tf = The ytZ
to eggs F - n = CP,Q ,137

-↳is>⇒

= XP +yaTZRo

Se
,
we can

choose D= x
, f- I ,R=D ,



Se
, for F = spicy R> = 2x , 417

we have that :

SS Fayez DA - S§ F.n DAEowes
GDT

= SSS dich du = Sss lov

w u
w

so we got , PateyTRz = I

a- vaecw) '4tp= Ears ?=¥*. Hae
--

part The meaningat
-

divergence
The meaning of the diverge operations
is not clear from its definition

PEE = Pxt3 .
Siu#e divergence appears in the

a7EteI"mea¥#Edifeng.ua's



Clot Let us think offasvelociteyveeten-t.EE#ge.EEsEEIs
µp•¥ 'Eee'T IE.sn Is

.

n -€dw=s E- EE.EE#EIE÷a÷÷¥⇒:
:÷÷÷÷÷÷÷÷÷÷÷P of DW

,
so this integral is a sum

⇒five contributions (where Q flows
outTT negative contributions (where
- -

it feqwnasugein! Thos sum is then the

total loss of the awfQ into .

Since by this

tetagehaugeinw-ycau.berepresented as SSWS dive) do
-

Wwe see that thedie di- GD

should be related toehang-eoff.si#EsswEt?u*E7-is+alf
rate of change of concentrations ofQatt-
--



C2 .Why would concentration change?
Is
such change can be of different
nature on different situations :
• increase may come from some source

of Q inside W

EX
. If Q is heat such source of heat

may be some heating device such as

a Steve , Rosewood onside,

• increase may also be accumulators

of Q inside w

Ex
. F-or a flow efaogas > such as air ,
the flew itself wears force the

gas to accumulate at some places

(producing increased pressure as we

weather systems) ,

• decrease may come from a sink
inside W ie . or place where Q gets
lost

.

Ex. For q flew of water in a river,
or sink would be a place where
water seeps under the ground of where
city draws water.

• decrease may also be due to the

flow pushing Q to decrease cementation
EX
. Lowering of pressure .



- nE3
.
Making the argument precise:

S£fg#tedUae
of divergence MW measures the

+at¥q Creeley eases) of the await
ef Q inside W

,

to understand the value of dives at q
-

single point & are will have to

zo#freTs all of Ww tea the point.
←

This involves

Bqcp> cheesing some
- -

- l small E and

replacing tuewhde
solid W Avion a
ball Beeps with

Use- center p aesE#t(4 . GDT for a small ball ..
•

#

Fue GDT for this ball says that

SSS div CET du = SS F -ds→=RtD
BE cp7 D BECPT
--

and we have seen that thePetes is
-

total change of amount of@ intee
- -

faceted



C '5
.
Value f- CP) at a point P

=divF④audiuFegralsoveTEba#
On a swell ball BE Cp) a given function
-

fan vs likely net to change
much . So

- -

we can a as a consent
which is the value f-Gp atthe center eftye

-

-
ball

-
This

gives ap¥n of the integrals .

SSS fan AV = Sss 7cm d.V

BEAR- Beep
-

-

= f-CPT SSS l du =

= ftp.7 -Vee @@Cps)
- Beep)

TEA-
= ftp.7 Egil EZ
wut ur

• Se , we can approximate the value at p-
using the vutegral ever a small
ball : fcp>Ee-1 SSS fan doo
'- Vee@eCED Beep)
- -

a Aes the radius E Ef the ball Behe
gets smaller , the approximation

f=f§ on the ball gets better and

better
.

So
, in the e- weget theexact

value at pi SSS fear do

s=£¥o7%%÷



↳Cagier we ap.pe#E to the

eg
.

function f- =ds⇒ . Weget:

dei-FCp-zliggIfescsmdivcEdv31v.e@ecoB-e-r.a
te change of theauaetef.fi#Cp--ehjy--vee@ecP3

o
-
-

So:
The meaning of the value of the
divergen#afapeintp_
is

the E¥gge of the amounted
near P

,
compared to the volume of the

ball Tremaine the change .

We can restate it as:
-

Function divCF) describes the

rate effete of the quantity
-

QI meeee a given point
where
- rate et change is calmed
per unit volume!-

on as :

•d describes the rate of
creationMunshi lotion of

-

K geauh-ty-Ea.ch point
(when catcalled per unit
volume D


