
8.3 . Conservative Vector
Fields
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A. Motivation .. If I =Of we say-
Hhat f is a potential for AE, Thenit is

④ easyto integrate

%%:S#In = food -Sea fo-
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the.
This formula from

G

Chapter 7
,
is the FTCfor curves:

Retell the general form of FTe
fer a shape S & quantity ¥ :

S certain derivatives ⇒S tf
shapes IS
Here the shape S is a Cee-ve C. as

quantity I is a function f- and

the derivative ingression us thegradient.Also when cu-ve C is oriented from A tenor
.

2C =
+@7 - A

.f.

Remark2
. The proof of④- Was by , reducing

the daiim for any curveC to the known
case for an interval Laid in R
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Parametrization #
II. • Ez

wantThem § Of - dam = f-CBS - FCA)
f 11 IS

s[fEKx→J' dy = f-cm) - faced
a

know !

Remark3_ This is exactly how we

have reduced the Stokes theorem to

Green's them - by parametrization of
a surface S by a region R

.
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• Conclusion n. when F = if it is easy

to integrate vector field I
ever carves

-
• question : For agiven vector field

a) Is f a gradient of some f?

If so: 67 And a petaloid
f fer f .

•These are the things tweet would

make it easy to inntegrate F

over curves!



Closed curves:

we denote g Pg by IF
✓ closed

.
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C curves C ,
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in § E -Hr makes sense
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(ioi3 F is a gradient vector field ,
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i.e.
,
F =Of for sense function f.

Civ? cure# =@

[then we say that F is ' ' iroselefroudl
→
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c. Proofof i⇒ii@SuppeseferFn_feF-dfg-o-iEIesiF.E•§•Dasoe•
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• Consider the difference :

e
,

Sei - Iz = & tf = STat
e

AEEII.EE/#Eveethat consists of F- 8C
, and G- i FIE-
-• Since C is closed
-

§. F -dr =D
. Therefore

§
,

I . dr = §F - Qu
y

Remark: Property i) of F is
called a

.

"
independence of theparts

"

ie
. independence of the choice of a
path frees A tote



⇒
Proof of Suppose that EduJess defined fare

.

A

we want ; IETF poetizedsuch f .

-
Oo
-

we will cheese a paint cakes and a

path C- curves C f-em cakes to any
-

point ↳ is#I
.
Then we with dkefiu.es i

II.fcxvs# = ⑤"'⇒ F-du = § E -dr
.

'

- @does

02 In order to calculate we cheese a
-
-

curve C in a simpleway, E ⇒ '⇒ftp.jszIt moves Eatin x-direction
,
we ca

the the y-direction and Ce

then the e- direction = ear,•¥577
When we parametrize each leg
of C we get a sum of three integrals

f-Cx ,y ,z→ = § F - dr >egoless if F- ERG,

& +{+§ Pdx tody+Rdz
IT

{ Pegues di
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For her
*fohgieceueefd } Of = Fie. fx =p .
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- Eater⇒DEtune a

:IEiFqµ§¥a*0 .Ez ⇐ ftp.x.SE) AT
The ft -two summonses ETA
de not haveany z's d

• we get ? } = Fz Egg Races EDIE
However

,
this is just = Rcxvsiz)

qq.be cause:fzsagciesdu-g.ci#T.Cal.culatefx,fytobeP,QI
①This can not be deme Frem the above
f-e- ur alee fer f !

② However
, if wecheese autother paste :

1st
g-direction , 2ndz-direction i5d×-direction

we get another formula for -5

fairy,E) = ,
a - do



CzNow
→ 2-

it is easy to Tgs GIFT
calculate f×=p .

→" Ext
o Y

The reason is that

new x-direction is the lasted,
( se it works the same as for fz

T

with
1st two terms having zero
derivatives

. D
105Remark. In order to checkthat
→¥9,27 =

"'⇒
TE- du

Catena
satisfies

of = F,
we really needed the property
of F that the integral does not

depend on the choice of paths
between two points.



E .
Proof of F =Tf i

iii ⇒ in } Suppose •

we-wautcarecfz-0.LT
let F =L PAIRS, P=fx,Q=fy
curl = Tx F R=fz

.
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,
I will only consider " k

the 3rd component Q*-Py=×- ¥559
F.proofofcios-x.is?eI--nAssuweceereCF7#Td

A. 'want SEF -d-=D

since we kno
I want to use Stokes theorem !

For this
,
as in the picture

,

we choose any surface whose
boundary is S

.

On S we put ee

cecum Reti ble orientation no

Thar §F - dr = §cuE) - D8 = O
.
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②
• Formula fer the potential

.
.

-
letF be a weeder G-elders 1123

I sapped me
know if es

cense- votive ie - pefeubialf
exists :

The construction of the potential
in the proof of ⇒ iii

,
.

leads to the

following simple formulae:

f- = M t N
,

t k TC. Where -
.

Ff = B Pdx
N = S Q - My§kf = S KB - Mz - Nz dz

,
C is any constant .

So
,
we are integrating P ar the
x - direction

,
Q in y-directory

and R in the Edinson
a e in the proof of it⇒Ciii .-

,

[We have extra terms because
weare now using idfiunteintegrals?]



*The same in Her , faced -- SPEWED
-2 variables}
In

1- I@F has a potential off

Q×= Py coast
.

(b) than tf = MTN TC
JB Mee S Pdx

,

N- SQ-My dy

PI.##=f×,Q-fy
=
- ax =x.BE#sQx--Py--

ifexz%?⇒Ff÷÷e
just like in the
3d case

.

They fire proof ofDf=Fisagarnasiu3d•✓



(6) .We are looking for a function f

Saqr that O f- =
F ie .

fx=P and yfy=Q .

•We won use the female S ¥dx=¥¥f
• When we keep y as a constant
it gives ffc.MN = S off dx TC
except that there is one constant for
each y , se it is really ,

f- exist - J §#ex - Cass = traced .
• Now

,
differentiate with respect to

y to get
OfQe Ty = My

TC'm .

a-

So '
⇐

'

age Q - My
hence

cap = SCH dy
= S Q - My dy = N D
-

• There fee f = M t CoD = M * No
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af.E•*a⇒en=-omm÷①uU=n=-E# 'IIIed formula- gravitational£ force
,

Q
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. Is it conservative ? -

• What is its identical?
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Gravitational patented

.

Instead of
# cementing

' potential we will guess what it is }
We start with the gravity on a fine. Hee
Df = f

' Lene variable only?)
,
so F = Tf means

that F -

- f
'
ee it is solved by integration .

.

f- = SFCx7dx.

On a live gravitational force is given by
Newton's formula i f = Gun M -÷z
where the

picture is :
Bo
,
fan = SF dx=

TSX = 56mm#
O ×

xz

H . us i.e . fc⇒= Gum IT
.

\

beach to 3 i
-

we make the guess

that heer f- = Guts IT .
This is our candidate for the potential.
We have to compute its gradient.

We will consider a were general

function f- = C Irl!

For us C = Guth and n= -↳
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Se
,

let f- = C MI? @exzyzzeF.There :
"12 - I

f, = C .

- I CxZiyZz) ⇒2x

= uCLFEE5? x
i

hence i n-2

If = (n LK - 9g .⇒ - Irl
-
r

= u C ¥-5 -

In the particular case when
u- I

we have found that-
r

O = se . ⇒

r
e -C- a

Se
, for C

-
-Gmos we have ..

MB

G theyf- = Try jf= - GutsEp
= Foran

.

We have found that the -

gravitational
force is conservative Give it
does have a potentials) D



Conservatively
forces F we find in the world are

conservative as vector fields .There
in for that!

Remember that F being conservative

means that the integrals ever closed
curves vanish -

-

§ f - dr = 0
.

For a - -force E > integral ever a curve
C means the work that the forcedoes

along the corvee C.
It is related to the energy that

we posses
.
Integral § F - dr being zero

means that theIQ is

PvE along a closed curve !

Ex
.

When we go up we leaseenergy
as it is invested into the work of
climbing . However

,
when we go down by

falling we gain velocity hence kinetic
energy . So zooming down to the starting
point wehave notgainedor Get energyo


