
5-5 . Eigenvalues which are
complex numbers

• complex eigenvalues come in

pairs d
,
I with eigenvectorsVF

•

'

so all eigenvalues can be divided

into p real eigenvalues viz - e , Pp
and2g complex eigenvalues du - -Agin

- -Fg.

C Se , p-22g= size
of the malaria?

•
If Hr ,Ky - - Mp, Iss - - >Dg>Jaz - - sites

are all distinct , than A has
a

"

block diagonals'cation
" where each Ik

contributes one 2×2 blocks
of the form :

( 6k ace) ,
where

ak = Res>⇒ ,
Ak - 6K fu = I- Cad •



§ 5.5. Complex eigenvalues
-#-5psSo far , -•

•we considerthose when a matrix A- ads
on a vector I as ee i.ru#vEscalaoi7I
ie

.

=

Then I was said to
be aneigenvector

of A with eigenvalue d. (provided veg)
- -

° The best we can hope for A is that
-

There is a basis D= {be
>
- e ,6u3 ofTT
-

consisting of e.ie# ,

i
-e

. ,

Abi = Xi bi.
Such basis givesFdiageudeabiou of A,
-

ie
. A = PDF

'

where: d-
D =/ -

a

,

×,]
is thediagonal

-

matrix of eigenvalues
of A

>

•w
p = [6, - - - bag is the insensible
- matrix whoseedges

are given by

ei.ee#B .

• One case when this is greeted to
happen is when A has.ir#tiI--eiX-whidraoen--F--

• However,e.IE#gof0=defCA-dI3What happens when they !B- Bagare not real numbers ? •



§ 5.5 Eigenvalues which are
complex members
-

A.Exawp Consider Ae [Id]
them the characteristic polynomial is
-

detox-⇒= del LIF a'⇒= 5+1 .
'

* -
Ike eigenvalues are solutions of 571=0

re
-

of = -I -

se d , = i
and he = -i

.

-
-

[Complex numbers are symbols atbi where
- -

a.b EIR and I= -I .
• Equation Fel Thos ne solutions inB
but it has sedation i Cie

. ft i) and
then also - i ease . et i↳ in the
set of all eeuspeex.nu#oeos.]
B . From ITT te en :
-

• G is just a news.yedeuref.ir#bess.-EedatieuCat6i7-Ca't6'i3=cas-a'7756763$
-

. .

anduulh_Eer6asedariI-ie-Ii@t6r7.ca' +6153 = a.a' t bails' tab' 8 +66' iz

= Caa ' - 669← cab't a'6) is
- -

• One coin calculate with complex
numbers Q the same as with
real numbers Rs .



In particular we can ferns
Qh= all in - tuples CZ

,>
. - >
ZD

- with Zi some complexities
and one can consider notes with
complex entries of type use#

,
- -

devoted Mmu GQ),
--

Remark .tl
.

All of ¥¥e works

as well with complex numbers
(even better) !
-

Remark 2
.

The improved from IR toc
that airmail has a selection
which is a Irena,
but some polynomials , say it )
have we solutions in real numbers?

C.CG×eige¥ : Fer A= If 'd-2 -
we found eigenvalues Tieri >He-is
-

An eia * for i
.
Sis I})

which is -=-

killed by A-II = I] ie.

-

-ii x t ly -_ 0 The LEE is{
-i. x - i y

-

-o }• '

y=
she?¥¥ i -I +I gives oxteso!

- - -

so
,
the seedier is v=[{J= LI, ] = x III .
-

-

.se
,
anei#for biz is *[

'

i],



D
.

Conjugation of complex #sFt
This is the operation that takes EtoE
by changing i ie .

- -

-
- Fi = a- bio

Ex . . 7-37=7+35
,-8

. I = - i

It has beatify properties =
-

Las zFzz = Itza
,
ZTZz=zT Ez.

mum #
(6) For a polynomial Peakpotpie ---
whose coelostats are-
THE Po,Pan--zpn EIR -
one has: PET =PCE)

,'

⑧me
⇐ If X EG is an eigenvalue of
a matrix-1 of realtors µthan IT is also an eigenvalue ?

T.cm,
- - -n→⇐d) Moreover

, if LEI is a

-
Lier of such matrix A" -
then ⑧ = GF , -→IT is a

-

th of the same A
.

Conclusion - complex eigenvalues of a
Tectrix A.appear in Guide
pairs ¥n witheigenvalue
gives an e with eigeuodee-E.gs



E.Exam
pie .. The ceuiugecte eigenvector :=
For A- = III) we found eigenvalue do =P
with - x -

eigenvector v
, = [i) ,

Then we know shot

↳ = T, = µ) is an eigenvector
- with eigenvalue

doz=I=i•
Since we have a 2×2
-

matrix A with two different eigenvalues
--1

,
as the corresponding eigenvectors

form an eigenvector basis of Q2 I
Explain : --__

o

R
. The ideas we have developed formed
eigenvalues work
- -

the same fears
complex eigenvalues .-i -i

• For instance since di¥XMz Ie. it-i ,
eigenvectors v.avz
- -

are independent ,
Two iTf vectors in ⇐ ferns
a basis of Q2 C -

-
or

when we thinkof Q2
as a 2-Fusional v
vector complex numbers G.

- -

R . E is also a vector space ever 113.
Then its basis is en, -- - > em, Tess- - -rien-
Se dimension ever IR

is 2n.



1- More complicated12xzuatrices.TT#eempee-eigeuvoeeesII~
ees9-s.ru#EL.R--fesvnnycesyJgFhendetCR--I)
--

'
=
Let 7

{Bet of
R
'

} = Case -Issue 9-
by air to
- -

equals -- = cases -zees x →It sinks
= I. - i zees X → I

.

= Cx - an ca-⇒
-

where:
- - Here,

×. = ces-9-iis.es Xz = 'T .
Xz = asY

• →

EZ. ¢ = Cf
-ba) for some regulars

- AI-
ret

¥g
and -it

g- III ¥) .
Thees y n ←

- -

i
.

- E.EE?eisee..reEeutee
x-

⇐EEE - I ⑦
son

. I = cost
,
¥ = sine

-

- - - -

for some number T Ahe angle ofthe point
with the x-axis⇒

Now : (= as fast -since]
to

-2¥ .

Se by El
,eigenvaeaesofc-CG-t.aeI

,
= rccesQ-crss.gs g{I -- roaster -- I .



G .as with complete-game
¥x.aRsimilantoEz!#
Let AA be a 2ix wiser ee

EIETEE.se#EtiIEEiIeae:s
.

Then -
I

a) A isFET to the matrix IC -1% ab) !-
#

b) More precisely gyufind a
cicatrix P such that A = P CF'

•ncee#ws - IB

aFeigeTnveFor@ftferAswifereigeuvaleeed.Tkeferwea
- -

p Bt [Rears her Cv)]
.

Explanation: For a complexion

-EEagT
-

its reae-EE.is as
its imaging isde

• we can extend sede#y starts to

sifre-- EES .iH⇒.

mum arm
-

mgEx.FI EE? ¥31
t

R
.
B is called

" imaginary unit
"

.

[ Historically it was believed that
complex #s do not exist in#ve

,
that we only Iqra the they do .

WRONG. I



GG
.

Once again
- - - - - - - - - - - - --- .

Tl. Let A bea 2×2 matrix with

a complex eigenvalueX and

the correspondingeigenvector V-
Then

A = PD 5
'

iwha@eo.f -983 for I FEES .
@ P = [Re@lurXJtPfip.e

,
= Rear

, Pez = lurks .
I' p ee

, tied = Rear-25 her@ = o
.

Now
,
Pce,tied=v gives F'v=epiez.
-
-

↳
(pop

-' Tv = PD @reread =p FIT]¥*)
=P =p I I =

= PC> C.3) = a PL:3 = lane
-

orautogasBo
,
we have found that
PDF' v = Au -

we conjugate to get PDF'T =
PDT J

= ftp.T = AT = IT .



Here
>
Av = do implies that

&
,
AB andzoo

AT = IT

are eigenvectors of A writer
different eigenvalues II .

Hence
,
v andT fares ee bases

of Q2 •
@ Malaias A aid 8 = PIE'

act the severe on up -
.

Bu = Aw
,
8 it = AT

,

so

then ads the sauce on all vectors
in GZ

In particular Be, = Ae, yBez=Aez .- -
F- cereus of Ed@reruns
HE and A of Band#E
are the same arethesame

.

So
,

8- As PDF
'
= Aoi.ee,

D
GFibbed
In 'section 5.5 .

,
theorem 9 says

the same as the above Tl
.

It seems to me that those adore
Tl is less confusing -easier to
use
,



1µg
,

Bleckdiagonalizatieu of
Matrices A of any size .mn}

""

F-

To Las Aa hasyEs which we

can group into = p real #s : Tn - -Tp
-_ *_

and g pairs of ceurplex He s =

III. aziz, -Raids .
Here

,
P-52g= n•

-- -- - -

- -

⑥ If the eigenvalues
& re z -Trp ,

7
, z
22 > - - r z Tg >
I

>Izz -- - e Tes
---

are all different then the corresponding

• eigenvector#f the form
-

Vy - - -

, og s Ta - - - -its OB

mo - -

where Li's awe-_¥and
'
r
z
- -

g
-

g are Fedex .

This vs basis of ears is fines of A-eigenvectors
⑤ III, then Aisa

to a beech diagonal I
D

usage aunts:L ofAk
-6k

Cu= [ be AK
)

D
for =aE*. TEIFI a

:

afaeegueoftfig.EE#diagonal Zetian complex
eigenvalues .



matrices with n distinct evgea

=3 -

- I ' re} er [ E
-

ba) e↳games .
- -

EST L" mis or LYFT IIE a

-
-

eigenvalue

i fr're I' L"# .ng Ce b

ray -b q

or d -B

Fiat
- a 6

det⇒= saris - - - ca-38ps .
C?
-⇒ ex-Id card

( x- sesh G-xD

@ IEEE H* fear
eigenvalue

③if' Find.ae#.T.io*a .
(4) Then M¥7 frayed


