Math 471 Midterm 1 Spring 2019
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1. (10 points) Prove that any common divisor of two integers a and b is also a divisor
of ged(a, b). Hint: Recall that ged(a, b) is a linear combination of a and b, by the

Extended Euclidean Algorithm Theorem. ~
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3. (15 points) Let a = dggdgg e 'dgd8d7d6d5d4d3d2d1d0 be the pOSitiVG integer with
100 digits, where the digit d; satisfies 0 < d; < 9 and d; = i (mod 10). So
ar— 98’;6543210 ---9876543210.
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Find the reduction of a modulo 9.
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Use Parts 3a and 3b to find the reduction of a modulo 99. Carefully justify
your answer.
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4. (15 points) Find the entire set of solutions for each of the systems of congruences.
Express your answer as a single congruence. (a)
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(b) Use Part 4a to solve the following system of congruences.

t = 2 (mod 3) (3)
t = 1 (mod 5) (4)
t = 0(mod7) (5)
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5. (12 points) The natural numbers a, b satisfy ged(a,b) = 2 and lem(a,b) = 600.
Find all possible pairs of natural numbers satisfying these conditions. (\
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6. (12 points) Let a,b be integers, not both zero. Set d v= ged(a,b). Prove that
ged ( = d) 1. Hint: Same as the hint for Problem 1.
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7. (15 points)
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(a ) Use the Extended Euclidean Algorithm to find the general solution of the
Diophantine equation 23z + 20y = 1 (with z, y integers).
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(c) Find all solutions to the Diophantine equation in Part 7b with both z and y
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8. (12 points)
(a) For which integers a does the Diophantine equation az + (a + 7)y = 1 has a
solution (with z,y integers)? Justify your answer!
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Write a = 3¢ + 1.
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