SOLUTIONS FOR HOMEWORK SECTION 6.4 AND 6.5

Problem 1: For each of the following functions do the following: (i) Write the function as
a piecewise function and sketch its graph, (ii) Write the function as a combination of terms
of the form u,(t)k(t — a) and compute the Laplace transform

(a) f(t) =t(1 —ur(t)) + €' (ur(t) — ua(t))
(b) h(t) = sin(2t) + uy (£)(t/7 — sin(2t)) + uon (£)(27 — 1) /7
() g(t) = uo(t) + > p_y (—1)Fux(t)

Solution:
(a)
t 0<t<«1
ft)=4q e 1<t<2
0 t>2

The graph is sketched in figure 1.
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FIGURE 1. graph of f(t)

To find the Laplace transform of f(t), rewrite f(t) as
ft) =t+ (e = t)us(t) — e'us(t)

L{f} = £{t} + L{e"u1 ()} — L{tua (1)} — L{e"ua(t)}
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Apply t-shifting theorem (Theorem 6.3.1 in the textbook) or s-shifting theorem if needed,
finding the Laplace transform for each term:

1
L{t} = 2
6(17‘9)
L{etui(t)} = eL{e " Duy(t)} = e- e *L{e'} = .
5 —
e e’
Litu(t)} = L{(t — D ()} + Ll ()} = —5 + —
e(2725)
L{euy(t)} = L{e"Duy(t)} = €2 - e 2 L{e'} = .
s —
Combining all terms yields
1 e(1=8) =5 s o(2-2s)
R
(b)
sin(2t) 0<t<m
h(t)=1< t/m T<t<2m
2 T > 2
The graph is sketched in figure 2.
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FIGURE 2. graph of h(t)

To find the Laplace transform of h(t),
L{h} = L{sin(2t)} + L{u,(t)(t/m — sin(2t))} + L{ua(t)(2m — )/}
Apply t-shifting theorem if needed, and find the Laplace transform of each term:

Lisin(20)} = 2+ ;
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L{ux(t)(t/m — sin(2t))} = e”/i{(HT7T —sin(2(t+ 1)} = e (——

s

2 — (t+ 2
E{Ugﬂ(t)(Qﬂ' — t)/ﬂ'} = e”“ﬁ{ﬂ} — _eTms_—
Combining all terms yields
2 1 1 2
Lih}) = ——— I — _ _ ,—2ms_—
{} 52+4+€ (7T82+5 82+4) e 2

(c) Here ug(t) = 1 since we are only interested in the domain ¢ > 0.

(1 0<t<1
1<t<?2
2<t<3
3<t<4
4<t<b
t>5

g(t) = <

O = O = O

The graph is sketched in figure 3.

035

FIGURE 3. graph of g(t)

To find the Laplace transform of g(t),

L{g} = £{1} + ) L{(-=1)*u(t)}

ks

::%4—22(—1V6;

Problem 2: Solve the initial value problem
0 fo<t<1

y + 6y =g(t) where g(t)=<¢ 12 if1<t<7
0 ifo<t
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with initial value y(0) =4
Solution:

Use step function to represent g(t) as
9(t) = 12(ur(t) — ur(t))

Take the Laplace transform of the differential equation and plug in initial value to get

e~ s 6775
sY(s) —446Y(s) =12(— — )
s s
Solving for Y'(s) yields
12¢7° 12¢77 4
Y(s) = —
(5) s(s+6) s(s+6) * s+6
Let H(s) = m, by partial fraction, we can rewrite H(s) as
1.1 1
H(s) = —(= —
&) =56 "5+

The inverse Laplace transform of H(s) is
1
h(t) =L Y{H} = 6(1 — e %)

Hence, by using t-shifting theorem if necessary, we can find the solution
y(t) = L{Y} = 12u () h(t — 1) — 12u7(t)h(t — 7) + 4e*

Problem 3: Solve the initial value problem
" _ o t fo<t<l1
V=) wiee g0 ={§ 115
and with y(0) = 0 and ¢/(0) = 0.
Solution:

Firstly we can rewrite g(t) as
g(t) = t(1 —w (1))
To find the Laplace transform of g(¢), we need use t-shifting theorem

L9} = L) — Llm()} =~ L{E+ 1) =~ e (5 4 )

sz s

Then take the Laplace transform of the differential equation and plug in initial values to get

Solving for Y'(s) yields
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Let
1

s(s?+1) s2(s2+ 1)
We could use the method of undetermined coefficients method to find the partial fraction
for H(s):

H(s) = and F(s) =

1 S 1 1
H(s) =~ — d F(s)=— —
(5) s s2+1 0 (5) 2 241
The inverse Laplace transform of them are
h(t) =1—cos(t) and f(t) =t — sin(t)
By applying t-shifting theorem if necessary, the inverse Laplace transform of Y (s) is:

y(t) = L{H(s)} — L{e " H(s)} — L{e"F(s)}
= h(t) —u ()t = 1) —uw () f(t = 1)

Problem 4: Consider the mass-spring system described by the initial value problem
Y + 4y = sint + u,o(t) cost; y(0) =0, y'(0) = 0.

Find the solution of the initial value problem.

Hint: Rewrite cost using a trigonometric identity.

Solution:

First need to write w,/o(t) cost in the form wu.(t)f(t — ¢). To do this use the trig identities
cosf = sin(7/2 — 0) and sin(—0) = —sin . This gives

Uz j2(t) cOst = ur/o(t) sin <z - t) = —Ugr/2(t) sin (t — g)

2
Substituting this into the ODE and taking the Laplace transform gives us
1 e 2"
2+ 4)Y(s) = —
(S+ ) (8) $24+1 s2+1
Solving for Y yields
1 7r
Y(s) = 1—e2°
= et e
Let
1
H(s) =

(s2+1)(s%2+4)
We use partial fractions to rewrite H:
1 _As+B  Cs+D

(s2+1)(s24+4) s2+4 * s2+1
= 1= (As+ B)(s* + 1) + (Cs + D)(s* + 4)
— 1= (A4+C)s*+ (B +D)s*> + (A+4C)s + (B + 4D)
Equating coefficients yields the four equations

A+C=0, B+D=0, A+4C=0, B+4D =1
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which has the solution A =C =0, B= —1/3 and D = 1/3. Therefore we can write

1 2 1 1
H(s) = —= . -
(5) 6 82—|—4+382+1

and so
1 L. L.
h(t)=L{H} = ~5 sin(2t) + 3 sin(t).
It follows (using the t-shifting theorem where necessary) that

y(t) = h(t) = urp2()(t — 7/2)

Problem 5: Determine the value of the following integrals
(a) [ 6(t+1)dt.

(b) [T, 8(t—1)dt.

(¢) [T In(t2)5(t — e)dt.

(d) [*, (2" — 3 + 712 — 1) 8(t — 5) dt.

Solution:

To evaluate the above integrals, we will be using the well-known formula derived in class
which is given by

/_ 5t — o) f(t) dt = F(to).

o0

It should be noted in passing that the value of ¢y must lie within the interval of integration.
Otherwise, the value of the definite integral will be zero.

(a) 0
(b) 1
(c) 2
(d) 0

Problem 6: Find the solution of the initial value problem and sketch the graph of the
solution for

y' + 2y +2y=06(t—m); y(0)=1,9(0)=0. (0.1)

Solution:



SOLUTIONS FOR HOMEWORK SECTION 6.4 AND 6.5 7

Let us take initially the Laplace transform of the IVP given and solve for Y (s) = L{y(¢)}
afterwards:
542 e "’

2 —7s
Y — 2sY —242Y = =Y = =
s S+ es + ¢ 52+25+2+32+23+2

s+2 n e "* N
(s+1)°+1 (s+1)7+1
s+1 1 e "
Y = s + s + R (0.2)
(s+1)"+1 (s+1)"+1 (s+1)"+1
Next, note that the inverse of the first two terms in Eq. (0.2) can be obtained by utilizing
the s-shifting theorem, that is,

s+1 o _y s -1 _
E{m} = € £{S2+1} =€ COS(t), (03)

1 - » 1oyt
L{m} = e £{52+1} = e 'sin (t). (0.4)

Note that we could use the formulas 9 and 10 in p.g. 252 in the textbook for the above
inverses.

Finally, and as far as the last term in Eq. (0.2) is concerned, we will apply a combination of
the ¢- and s- shifting theorems:

E{m} = L‘{H(s + 1)6_”5} = u(t)h(t — m), (0.5)

where h(t) = e 'sin (¢) and u, represents the Heaviside function for ¢ = 7. As a side note,
H(s) = w7 and h(t) = L{H(s + 1)} " = e7'sin (t), see Eq. (0.4).

Thus, upon combining all the above terms, the solution to the IVP is given by

y = y(t) = e ' [cos (t) + sin ()] — ux(t)e” "™ sin () | (0.6)

The graph of the solution given by Eq. (0.6) is shown in Fig. 4.
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FI1GURE 4. Graph of the solution to the IVP of Question 1.
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Problem 7: Find the solution of the initial value problem and sketch the graph of the
solution for

y'+y=0(t—2m)cos(t); y(0)=0,4(0)=1
Solution:
Take the Laplace transform of the equation to get
s?Y (s) — sy(0) — ¢/ (0) + Y (s) = L{5(t — 27)cos(t)}

To find L{d(t — 27m)cos(t)}, by definition of the Laplace transform and use the property of
delta function to get

L{(t — 2m)cos(t)} = /000 §(t — 2m)cos(t)e *'dt = cos(2m)e *™ = ¢~

Plugging initial values yields
(2 +1)Y(s) —1=e2"
Solving for Y(s) to get

672773 1
Vi(s) —
(5) s2+1 * s2+1
Let H(s) = ﬁ, then h(t) = L7'{H} = sin(t). Apply t-shifting theorem to get

LHe ™ H(5)} = upr(t)h(t — 27) = uor(t)sin(t — 27) = g, (t)sin(t)

So the solution is
y(t) = L7HY} = uge (t)sin(t) + sin(t)
The graph is sketched in figure 5

F1GURE 5. Graph of the solution

Problem 8: Consider the initial value problem
v+ 2y +y=Fko(t—1), y(0)=0, 3 (0)=0.
(a) Find the solution of the initial value problem.

(b) Find the value of k for which the response has a peak value of 2.
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Solution:

(a) Take the Laplace transform of the differential equation to get
(s> +25+1)Y(s) = ke *
so that after noting that s? + 2s + 1 = (s + 1)? and solving for Y we have
1
(s+1)%
We recognize 1/(s+1)? as 1/s? shifted by the value ¢ = —1. Applying the s-shifting theorem

gives us
1
L1 ——— b =te!
{(3+1)2} ’

Now applying the t-shifting theorem gives us the solution
y(t) =k -u(t) - (t = 1)

Y (s) = ke™?

(b) As y(t) = 0 for t < 1, we ignore this region and look for extreme values on the interval
t > 1. For this time range, we may replace u;(t) with 1. Now

Y (t) = ke " — k(t — 1)e !
and setting equal to zero gives the equation
ke T —k(t—1)e " =0 = keT"(2-1)=0
so that we conclude the extreme value occurs at ¢t = 2. Computing y(2) and setting equal

to 2 gives us the equation for k:

k
—=2 = k=2¢
e



