1. The line L through the points A and B is parallel to the vector
—
AB = (3,2,—1) and has parametric equations x = 3t + 2, y = 2t + 1,
z = —t — 1. Therefore, the intersection point of the line with the plane
should satisfy:

23t 4+2) —3(2t+1)+4(—t—1) =13.
Solving the last equation with respect to the parameter ¢, we obtain ¢t = —4
and the coordinates of the intersection point are
(3(=4) +2,2(—4) +1,—(—4) — 1) = (10,7, 3).

2. (a) The curves meet at the point C' if and only if components of the
vectors ri(t) and ra(t) coincide, i.e.

t=3—s,
1-t=5-2,
34+t2=s%

From the first and last equations, we have 3 4 (3 — 5)? = s2, solving which

we obtain s = 2. Now from the first equation ¢t = 1 which also satisfy the
second equation. The conclusion is that the point (1,0,4) is the point of
intersection of the curves.

(b) Let’s find the tangent vectors of the curves: for C; the tangent vector
is r'(t) = (1,—1,2t) and for the curve Cy the tangent vector is r'(s) =
(—1,1,2s). At the intersection of C; and Cs one has t = 1 and s = 2, so
L, is parallel to the vector (1, —1,2) and Lo is parallel to r'(s) = (—1,1,4).
Since both lines contain the point (1,0,4), the equations of the lines are

Li: xz=t+1,y=—t, z=2t+4,
and
Lo: z=-s+1,y=s,2=4s+4.
3. Suppose that C has coordinates (x, y, z). Then from the vector equality

e

AC = BD, one has

(x—2,y—5,z—1)=(5—-3,2—-1,-3 —4),
andx—4 y:6.,>z: —6. R
( ) Since AB = (—1,—1,2) and AC = (—2,1, 1), the scalar projection
of AC onto AB is
AB-AC  (-1)(=2)+ (=D(1) +2(1) 3
comp. 3 = ABAC _ (D) + (DM 2 _ 3
|AB| V(D2 (-1)2 422 V6

Therefore, the vector projection is this scalar projection times the unit vector
—
in the direction of AB:

%zl

proj 3 AC = - %E = (~1/2,-1/2,1)
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(b) The area S of the triangle ABC' is the half of the area of the paral-
lelogram with adjacent sides AB and AC' which is the length of the cross
product:

g_ - — 1 3\/§
B 2

4B x AC| = [(-3,-3,-3)| =

N

(¢c) The line L containing A(2,1,0) and parallel to the vector AB =
(—1,—1,2) has parametric equations

r=—t+2, y=—t+1, 2=2¢t

The square of the distance from the arbitrary point D on the line to the
point C is a function depending on the parameter ¢:

F(t)=|CDP = (—t+2)2 4+ (—t—1)2+ (2t —1)> =62 — 6t +6

To minimize the distance, set % F(t) =0, and solve for ¢ to obtain t = 1/2.
Hence, the required distance from the point C' to the line L is d = F(1/2) =
9/2.

5. First, note that any direction vector of the line L is perpendicular
both of the normal vectors n; = (1,—2,1) and ny = (2,1,1). Hence, L is
parallel to the vector

v=n; xny=(-3,1,5)

Now, it is sufficient to find any point on L, i.e. a point satisfying x—2y+z =1
and 2x +y + z = 1. Let, for example, x = 0. Then, solving the system of
equations —2y + z = 1 and y + z = 1, we obtain solutions y = 0 and z = 1,
so the point (0,0, 1) is on the line and the parametric equations of L are

x=-3t y=t, z=5t+1
6. The line L; is parallel to the vector
vi=(-1-1,4-0,1-1)=2-(-1,2,0),
and Lo is parallel to the vector
vo=(4-2,4-3,-3—(-1)) =(2,1,-2)

We see that the lines L1 and Lo are not parallel to each other, because the
vectors vi and ve are not proportional: there is no such a k& # 0 so that
vy = k- vy (one can also check that vi x vo # 0). The parametric equations
of Ly through (1,0, 1) are

r=—t+1, y=2t 2z=1
and the line Ly containing (2,3, —1) has parametric equations

r=2s+2, y=s+3, z=-25—1



To find intersection point of L; and Lo, we should find values of ¢ and s
such that

—t+1 = 2542,
2t = s+ 3,
1 = —2s—1

Solving the last two equations, we get t = 1 and s = —1 which satisfy the
first equation. Therefore, the lines L; and Ls intersect at the point (0,2, 1).
—

— ——
7. (a) First, compute the components of the vectors AB, AC, and AD:

—_—
AB = (3—1,1—-4,-2-2)=(2,-3, —4)
—

AC = (4-1,3—-4,-3-2)=(3,—1,-5)

—
AD = (1-1,0—4,—1—2)=(0,—4,—3).

The volume V of the parallelepiped is the absolute value of the scalar triple
product

2 -3 —4

—_— —  —

AB-(AC x AB) =13 —1 —5/=-13
0 —4 -3

and V is equal to 13.
(b) The equation of the plane through A, B, and D is given by the
determinant

r—1 y—4 z-2 r—1 y—4 z-2
3—1 1-4 -2-2|=]| 2 -3 -4 1=0,
1-1 0—-4 —-1-2 0 —4 -3

or —7r + 6y — 8z = 1.
(c) The plane through A, B, and C is

r—1 y—4 z-2 r—1 y—4 z-2
3—1 1-4 -2-2|=]| 2 -3 -4 1 =0,
4-1 3—-4 -3-2 3 -1 -5

or 11z —2y+7z—17 = 0 with the normal vector n = (11, —2,7). The normal
vector to the plane zy is k = (0,0, 1) and cosine of the angle between the
planes is

o8 n-k _ 7
YT ok T ViTa

8. (a) The position vector of the particle whose velocity is v(t) and initial
position is ro = r(tp) can be found as

r(t) =ro+ /t v(t) dt.

to



Since tg = 0, and rg and v are given, one has
4

r(4) = (—1,5,4) +/ (2t,2v/t,1) dt = (—1,5,4) + (16,32/3,4) = (15,47/3,8).
0

(b) The tangent line to the curve at ¢t = 4 is parallel to the vector v(4) =
(8,4,1), and the equation of the line is
x=8t+ 15,y =4t +47/3, z =t + 8.
(¢) The position vector of the particle is

r(t) =1y + /t v(t)dt = (=1,5,4) + (3/3,4/3t%/% 1),

to

so the particle pass through P: r(9) = (80,41, 13).
(d) The length of the arc traveled from t =1 to t = 2 is

L:/12 \/(2t)2+(2\/£)2+12dt:/12(2t+1)dt:4.

9. The surface is a hyperboloid of one sheet

$2 y2 2,2

— + — =1
2 1/ve)?2 (1/v2)?
10. The generic equation of the tangent plane to the graph of z =y Inx
at the point where (z,y) = (20, o) is

Yo
z=yo Inxg+ ;O(x —x0) +Inzo(y — o)

and at (1,4,0) it is z =4(z —4), or 4o — z — 4 = 0.

11. To find the distance between the planes, fix any point on the first
plane (i.e. any point A(x,y, z) such that z = 2z 4y —1) and find a distance
from this point to the second plane. Let, for example A(1,0,1). Then the
distance d from the point A to the plane is

DA+ +M)@) -3 5
VA + (22 + 22 V24
Another method to solve the problem is the following. Find the equations

of the line through A perpendicular to the second plane (parallel to it’s
normal vector):

d=

r=-4t+1, y=-2t, z2z=2t+1
and the point of intersection with the plane B solving the equation
—4(—4t+1)—2(-2t)+2(2t+1) =3

for t. It’s easy to see that ¢t =5/24 and B(1/6,—5/12,17/12) and

~—

d=+/(1/6 —1)24 (=5/12 = 0)2 + (17/12 — 1)2 =

S
=~



12. The surface is a hyperboloid of one sheet. Indeed, by completing the
squares, we have

4a® +4(F -2y +1) —4— 2% =0,
and after division by 4:

14. The limit
(2.y)—(0,0) 22% +y
does not exist because if we consider two different directions along two dif-
ferent lines x = 0 and y = z, we obtain different answers:

3-0%z?
alongx:O: m:()—ﬂ)

3222 3zt
alongy:x: _— = —— —1

2ot + 24 32t
15. It is easy to find two different points on the line by letting ¢ = 0 and
t=1: Q(2,1,2) and R(5,0,4). Now the plane through the points P, @ and
R is
z—1 y—1 z-0
2—-1 1-1 2-0|=0,
5—-1 0-1 4-0
or 2z + 4y — z = 6.
16. (a) f, =322 —¢?, f, = —2zy+ 1, fo = —2y.

_ 1 _ Yy - _ Yy
(b) fz - \/m7 fy - \/:1:2+y2(m+ Z2+y2)’ and fxy T T (@2ry?)3e
(c) Let z = f(x,y) be f(z,y) = 2% cosz?y. Then
fz = 2z cos 2%y — 223y sin 2%y, [y = —z4 sin 2%y,
and
Jfoy = —4g23 sin 2%y — 22y cos 2%y

17. The linear approximation of f(z,y) at (1,1) is

L(z,y) = fLD+ (L)@ -1+ f,(L1)(y —1) =e+2e(z—1) +e(y — 1)
since f, = ye®(1+ x) and f, = ze®. Therefore f(1.1,0.9) is approximately
L(1.1,0.9) = 2.99.

18. Find the parametrization of the curve: let z = t, then y = t? and
z =3t so r(t) = (t,12,2t> + t4).



