Communications in
Commun. Math. Phys. 108, 535-589 (1987) Mathematical

Physics

© Springer-Verlag 1987

Hyperkihler Metrics and Supersymmetry

N. J. Hitchin!, A. Karlhede? *, U. Lindstrém?, and M. Ro&ek 3-**

! Mathematical Institute, University of Oxford, 24-29 St. Giles, Oxford OX1 3LB,

United Kingdom

2 Institute of Theoretical Physics, University of Stockholm, Vanadisvigen 9,

S-11346 Stockholm, Sweden

3 Institute for Theoretical Physics, State University of New York, Stony Brook, NY 11794, USA

Abstract. We describe two constructions of hyperkéhler manifolds, one based
on a Legendre transform, and one on a symplectic quotient. These construc-
tions arose in the context of supersymmetric nonlinear g-models, but can be
described entirely geometrically. In this general setting, we attempt to clarify
the relation between supersymmetry and aspects of modern differential
geometry, along the way reviewing many basic and well known ideas in the
hope of making them accessible to a new audience.
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1. Introduction

In this article, we describe two constructions of new hyperkihler manifolds?.
These constructions, which arose first in the context of certain supersymmetric
models [4, 5], have a clear geometric meaning. We attempt to clarify the relation of
supersymmetry and modern differential geometry (at least in this particular
context), and to break down the language barrier between geometers and
supersymmetrists via the description of these constructions. To this end, we review
many basic and well known notions in terms intended to make them accessible to a
new audience.

After sketching the structure of the article we end this section by reviewing
basic notions of Kéahler and hyperkahler geometry and establishing some
notation. In the following section, we describe our constructions, without using
supersymmetry, and give examples. The first construction uses a Legendre
transform to relate the Kéahler potentials of certain hyperkdhler manifolds to a
linear space. The second construction is based on a symplectic quotient of a
hyperkéhler manifold. We give a number of examples. We also discuss in detail the
cases when both constructions are applicable. In Sect. 3, we give some background
needed to explain the geometric meaning of the constructions: quotients,
symplectic and Kédhler quotients, and twistor theory, and then give the geometric
interpretation. In Sect. 4 we describe nonlinear o-models and related material
needed as a background for subsequent sections. In Sect. 5, we describe essential
aspects of supersymmetry and, in Sect. 6, we use supersymmetry to derive the
constructions. The most common use of various index types is indicated in Table 1.

On a 2n (real) dimensional Kéhler manifold (see discussion above (3.20)) we
choose holomorphic coordinates z%, z%, g=1, ..., n in which the complex structure

18
(2 0
I—z<0 —5g>' (1.1)

1 Reviews of Kéhler and hyperkahler geometry for physicists can be found in [1-3]
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Table 1. Most common use of indices throughout the paper. All dimensions indicated are real

Indices Description Range
Cofr oo Coordinates on a manifold M 1,...,dimM
2 Holomorphic coordinates on a complex manifold M 1,...,+dimM
7.4 ... Antiholomorphic coordinates
By e Generic; Varied
Often, a restricted range of coordinates 1,...,3dimM
on a hyperkdhler manifold M
a,b, ... Spacetime coordinates Usually 1, 2, 3
o B, ... Spacetime spinor indices Usually 1, 2
A,B,... Basis elements of a Lie algebra g 1,...,dimg

In these coordinates the metric g=g, dx‘®dx’ ({x’} ={z,77}) is expressed in
terms of a Kéhler potential K,

g=2K,dz'®dz?, (1.2)
where K,,=0?K/0z%0z" and the Kéhler form is the nondegenerate symplectic
2-form 0 =2i00K =2iK dz" A dZP = — g, Jdx' A dx*. (1.3)

A vector field is Hamiltonian, holomorphic or Killing if it preserves w, I or g
tivel
respectively Lyw=0, LJg=0, or Lyg=0, (1.4)

where Ly is the Lie derivative along X. Any two of these conditions imply the third.
In particular, the last condition implies that a Killing vector fulfills Killing’s

equation
X, ,+X,,.=0. (1.5

We can expand an arbitrary Killing vector field over a basis of Killing vector fields
k, that generate the Lie algebra of the isometry group

X =X4k,, (1.6)
[k 4, kgl =c45%c, (1.7)

where X“ and c ;€ are constants. A holomorphic Killing vector in holomorphic
coordinates can be split into a holomorphic and an antiholomorphic piece

X —iIX)= X*K5(2)0,, (X +iIX)= X4KE(2)7,. (1.8)

On any manifold with a symplectic structure w the relation Lyw=0 is the
integrability condition for the existence of a Hamiltonian function p* for the vector

field X, A
e Xew,,=p* . (1.9)

4
‘When the manifold is Kéhler, a holomorphic Hamiltonian vector field is a Killing
vector field and (1.9) becomes (in holomorphic coordinates)
0 X kG = —iK Xk, =p* ,, pF=X"pu,. (1.10)

In this case we call u* a Killing potential and {y,,} is a basis corresponding to {k ,}.
Equation (1.10) defines the Killing potential only up to a real constant. Up to
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abelian factors in the algebra, we fix this constant by requiring that p* is
equivariant, X uy= #[X’Y] < k2, T k2, Up.p= CABCMc- (1.11)

If the relevant Lie algebra cohomology class is nontrivial, there may be
obstructions, i.e., irremovable constants on the right-hand side of (1.11), (for
examples, see [6,3]). If the Lie algebra is semisimple, we can compute u,
algebraically from (1.11) using (1.10). The potentials u , are maps from the manifold
to the dual of the Lie algebra; when u , are equivariant we call them moment maps.
[See discussion from (3.8) to (3.13).]

A 4n (real) dimensional hyperkéhler manifold has three independent complex
structures I, J, and K satisfying the quaternion algebra identities:

IP=J=K*=-1, WIJ=-JI=K, etc (1.12)

We call the corresponding symplectic forms wp, P=1,2,3, wp= —(gI, gJ, gK). If we
choose holomorphic coordinates with respect to I, the combinations

ot =(0,tin;), of=0/(2)d?rdl, o =0 (1.13)

are holomorphic and antiholomorphic. A triholomorphic Killing vector X
preserves all three symplectic forms

Lywp=0. (1.14)

This implies the existence of three independent Killing potentials ufp = X*uP for a
Killing vector field X. We can choose one to be defined with respect to the Kahler
form, cf. (1.10), and holomorphic and antiholomorphic potentials defined with

respect to o™ [
(DK (Z) =g [(2), nT=p". (1.15)

Again, Eq. (1.15) defines u* only up to a complex constant, which we fix (except for
abelian factors) by requiring equivariance, cf. (1.11):

Xulpy= iy = Kaug, ,=3c45°us , ete. (1.16)

As before, there may be obstructions to (1.16).

2. Constructions of New Hyperkihler Metrics

(A) Legendre Transform

We start with 3n real dimensional flat space E=R"xC" (we may choose
coordinates x'eR, z'eC, i=1,...,n). We consider a real function F: E—R, i.e.,
F(x', 7', 7%, that satisfies the system of linear differential equations

inxj"l"infj:O. (21)

This implies that F satisfies the three-dimensional Laplace equation on all three-
dimensional subspaces (X, Z, Z) with X =a,x’, Z=a,;z’, Z=a;z’ determined by an
n-vector with real components a;. A characterization of F, equivalent to (2.1),isasa
contour integral in an auxiliary variable { [7],

P, 7 =Re 5 § GO0, 0, 02
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where o . .
=z —{x'-{37. (2.3)

Then the n-dimensional Legendre transform of F with respect to the real coordinates
x' gives the Kdhler potential K(u',w',z",Z) of a 4n real dimensional hyperkdhler
manifold [5]:

K@, i@, 7', 7)) = F(x', 2\, Z) — (' + i) x* (2.4)
where x' is a function of z, 7', and u’+#* determined by
F S
L mu 2.5)

The metric of the manifold is computed as usual from the Kéhler potential (1.2)

1o =K, pid' @AW + K i, du' @ dZ + K ,1ydz Qdit’ + K :,,dZ2'@dZI . (2.6)
From (2.4, 5), the Kéhler potential is independent of «' —#', and hence the metric
(2.6) has n abelian holomorphic Killing vectors [cf. (1.4)(1.8)]. (Actually, the
Killing vectors are triholomorphic, see below [22].)

The line element can be computed explicitly in nonholomorphic coordinates
even when Eq. (2.5) cannot be solved explicitly for x'. We use the original
coordinates x', z%, and Z', and n additional real coordinates, e.g., y' =i(ii' — ‘). The
line element in these coordinates is (2.6) with [8]:

Kyigi= —(Fyix1)” 1’ Kyizi=(Fyexi)” ! Ficzi 5
Keizs= — (F it FotgdF )™ Flaz), @7
2dut=F i dx? +F ,i,;dz" + F ;A7 +idy'.
The construction also explicitly generates the quaternionic structure of the
hyperkdhler manifold [cf. (1.12)]. The corresponding 2-forms are [cf. (1.3, 13)]
L' =i(K i@t A dit? + K yigsdti' A A7 + K igidZ' A div' + K iz,d2" A dZY),
lot =dul Adz'— (K ip5) " Kpipdz' A dZF, (2.8)
o =o',
The isometries generated by
k=i <i — —a_—> 2.9
out o

clearly preserve the 2-forms w*, and hence are triholomorphic [cf. (1.14)].

We now describe several examples. The basic ingredients are the different
descriptions of flat four dimensional space given by the functions G(#,{) and
contours C [see (2.2)] [7]:

G- 1, with any contour enclosing the origin once (2.10)
TE 1 in anti-clockwise direction ’

and 1
G,= o nlny  with the contour in Fig. 1. (2.11)
The corresponding function F(x, z,z)= F(F), r* =x>+4zz, are:
Fy=—ix*+23, 2.12)
Fy=r—xIn(x+r)+3xIn(4zz). (2.13)
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Fig. 1. Contour of integration. {, are the roots of #({): n=—z({—-{)({=(-),
{o=—(1)22)(xt7), rP=x>+4zz

The last term in (2.13), $x In(4zz) = 3 x(In(2z) + In(22)), can be dropped, as, after the
Legendre transform (2.4, 5), it merely generates a holomorphic coordinate
transformation, u—u+ 1In(2z).

A number of interesting manifolds can be constructed as various superpo-
sitions of F, and F,. For example, the multi-Eguchi-Hanson family of self-dual
instantons [9, 10] is found by superposing F, with itself about different (mass)

points g 4: mi1

Fey= Agl Fy(f—ay). (2.14)

The Taub-NUT family of self-dual instantons [10] is found by adding an F, as
well: . m L.

Fin=F,(A)+ AZI Fy(F—a4)- (2.15)

In higher dimensions, the metrics due to Calabi [11] are constructed as follows:
Fe= Y Fy(+F, <§— y f"’). (2.16)
i=1 i=1

New metrics can be found by adding more mass points to (2.16) as in (2.14), and by
adding F, terms as in (2.15) [5, §].

The global properties of manifolds constructed by the Legendre transform
have not been investigated in general. However, the examples given here can also
be constructed by the quotient construction discussed below, which allows a
global analysis.

(B) Symplectic Quotient

In this construction, we start with a hyperkdhler manifold M, for example,
M =C"x C" with one or more triholomorphic isometries acting on it. A new,
lower dimensional, hyperkdhler manifold is constructed as the quotient of a
real subspace of M by some subgroup of the isometry group. Alternatively we can
view the construction as the quotient of a holomorphic subspace of M by a sub-
group of the complexification of the isometry group. (The geometric pictures
of these alternatives are presented in Sect. 3.) In either case the subspace is defined
by a set of algebraic equations. If the equations are well behaved (free of cusps,
etc.) and if the quotient group is compact and acts freely (i.., has trivial isotropy
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group) on the subspace the equation define, then the manifold is complete. Of
course, the construction can be used even when the manifold is incomplete,
e.g., has singularities; in particular, if the isotropy group on some subspace has
only a finite number of elements, the resulting quotient space is a hyperkéhler
orbifold. We work with holomorphic coordinates z?, z¥, p=1,...,2n, cf. (1.1-3).

We assume that the manifold has triholomorphic Killing vectors X = X4k, [cf.
(1.6-8)] where k,=k40,+k40, A=1,...,k is a basis for the Lie algebra of the
subgroup of the isometry group by which we wish to divide.

We can consider the construction as the quotient of the real subspace u§’ =0
[cf. (1.14-15)] by the quotient group. This quotient is well defined because moment
maps are equivariant (1.16). The holomorphic view of the construction gives the
Kéhler potential explicitly. The holomorphic subspace is defined by the conditions

i =ps=0. 2.17)

Note that because (1) u* is (anti-) holomorphic the constraint (2.17) is preserved
by the complexification of the isometry group, which acts by

Z=etz, Z=ez, (2.18)

where A=A*2)k0,, A=A%Z)K50,. (2.19)

The relation u{) =0is preserved only by the real action. We introduce a real vector
field V that is an (in general different) Killing vector at each point:

V=V4z,2) (K50,+K53,). (2.20)

We also introduce the complementary real vector field Y that together with V
generates the complexified group at each point:

Y=—11y=— % VAL, —KE,) 2.21)

We use V4 to enlarge the submanifold u{}’ = 0 to a higher dimensional submanifold
uP=0, (2.22)

which is preserved by the complexified action provided that V is chosen
appropriately. The k equations (2.22) are to be solved for the k components V4,
which determines the vector field V. (In ¥, Y does not act on ¥4) The Kihler
potential K of the new manifold is defined on the quotient of the subspace (2.17) in
terms of auxiliary real functions V4(z, z) [3]:

., ! Y_1q
R=K(z9— [dte"w =K(z.9— —— ", (2.23)
0
where p¥ = VA,
Equation (2.22) can be found by treating V' as an independent variable and
extremizing K with respect to arbitrary variations of it:
oK
%

This gives the symplectic quotient on hyperkéhler manifolds.

=0 <« e'uP=0. (2.24)
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As an example we consider M =flat C" x C" with coordinates ({', &) i=1,...,n
[5]. The holomorphic symplectic structure is w* =4d¢& A d{*. We study a compact
group with k generators acting on M by some antihermitian matrix representation
(T A=1, ...k, with

ky=—(Ty; <C‘ 30 —61 5 -7 E)_C’ + & 65’) (2.25)

This defines a triholomorphic action. The Killing potentials for the Killing vectors
are

WP = =TTy +iE(T)i & +cas (2.26)

pi == 2Tyl + b4, (2.27)

where ¢,=¢, and b, b, are arbitrary constants for each U(1) factor. The Kéhler
potential for M is

K= 488, (2.28)
whereas the Kéhler potential for the quotient manifold is [cf. (2.23)]
R =Zi(eiv)ijcj + & "')i,fj —c V4, (2:29)
where V =V4T, is determined by the algebraic equations
il T —iéTe VE—c,=0. (2.30)
The holomorphic subspace (2.17) is the quadric
ET(+b,=0. (2.31)

(C) Quotients and Legendre Transforms

In this subsection we apply the quotient construction to hyperkdhler manifolds
obtained by the Legendre transform method; such (4n dimensional) manifolds
have n commuting triholomorphic isometries, and thus we can divide by k<n U(1)
factors to get a 4(n—k) dimensional manifold. In the special nonholomorphic
coordinates x, y, z, z [cf. (24-7)] Eqs. (2.17-19) that define the hyperkdhler
quotient become linear, and the construction can be carried out explicitly.

We start from K(u'+it,z',7) as defined in (2.4) and divide by a linear
combination of k of the isometries (2.9):

(0 8\ i=1,..4n
kﬁ455=lq,4(ﬁ-ﬁ> ‘

i=1,...,n
A=1,...k<n. (2.32)
From (1.10) we calculate
0K -
WP =—qy—— Eo —Cq5  C4q=Cy (2.33)

and from (1.15), (2.8): . S
uy=2(q"z'+b,). (2.34)



Hyperkdhler Metrics and Supersymmetry 543

Evaluating (2.23) we then find

R, d,2,2,V)=c VA+ KW +@ + Vi, 2, 7, (2.35)
where V4 are the auxiliary real functions and Vi=g}, V4. Now (2.4) gives
R=c,VA+F(x,2,2)— @+ + Vi)xi. (2.36)
The quotient (2.17, 22) reduces to restricting (x, z, Z) to the hyperplanes
P =q x'—c,=0, (2.37a)
tut =iq4z'+b,=0. (2.37b)

The relation (2.37a) makes K [cf. (2.36)] independent of V. Since x, z, and Z are inert
under the isometry, this defines the quotient. The examples given at the end of Sect.
2.A arise as quotients of flat space in its Legendre transform description, with the
constants c,, b,, and b, assembled into the vector g, (2.15).

3. Geometric Interpretation

(A) Quotient Manifolds

If X is a topological space with an action of a group G, then the quotient space X/G
— the space of orbits — has a natural topology with respect to which the projection
map

p:X—X/G (3.1)

is continuous. Bad actions of groups, such as the irrational flow on a torus, can give
non-Hausdorff quotient spaces, but if G is compact and X is Hausdorff, then so is
X/G.

Suppose now we replace X by a manifold M and assume that G is a compact
Lie group acting smoothly on M. If G acts freely, i.e., the identity element is the
only one with fixed points, then the quotient space M/G can be given the structure
of a manifold with respect to which the projection p is a smooth submersion.
Because the action is free, non-zero vector fields generated by the Lie algebra g
have no zeroes and so through each point me M there is a subspace V,, (with
dim V,,=dimg) of the tangent space T,, spanned by the vector fields in g. This space,
called the vertical space, is the tangent space to the orbit of G through m. The
tangent space to p(m) € M/G is then isomorphic to the quotient vector space T,,/V,,
(see Fig. 2).

Now let M be given a Riemannian metric g, and suppose G acts as isometries.
[In this case the vector fields k, in (1.6) form a basis for V,,.] We may define an
induced Riemannian metric on M/G as follows. Let H,,C T,, be the subspace of
vectors orthogonal to V,,, called the horizontal space. Then the derivative of p maps
H,, isomorphically to the tangent space of the quotient at p(m). A tangent vector
X € Ty, then has a unique horizontal lift XeH,CT,, and we define an inner
product h on T,,, by

WX, V)=2X, 7). (3.2)
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Tpim) p(m)
Fig. 2. The total space M and its projection to the quotient space M/G

Since G preserves the metric g, this is independent of the choice of point m in the
orbit p~}(p(m)).

This family of horizontal subspaces has an interpretation in terms of
connections. The manifold M is, by definition of the free action of G, a principal
G-bundle over M/G. Also, the vector fields corresponding to a basis of the Lie
algebra g form a basis for V,, at each point me M, hence the orthogonal projection
from T, to V,, defines a 1-form 6 with values in g and transforming under the
adjoint representation of G. This is therefore a connection form for the principal
bundle (see [2]).

In more concrete terms, if k , (1 < A <dim G) are the vector fields corresponding
to a basis of g, and x‘ are local coordinates on M,

i d
A _ , AB
0 <ax¢.> g<kB axi>H , (3.3)

where H48=[g(k,, k)]~ '. Given a local gauge, i.e., section s of p: M—M/G, the
usual connection form is

ALdy: =s*(04dx?). (3.4)

The pullback of A4 to spacetime is the connection in (4.16).

Now suppose M is endowed with some extra differential geometric structure
compatible with the metric, then M/G will not in general inherit the same structure.
For example if M is a Kdhler manifold and G=U(1), then M/G is odd-dimensional
and never Kéhlerian. There is nevertheless a means of obtaining one Kéhler
manifold from another with a group action, which generalizes in a straightforward
way to the hyperkahler case. This is based on the symplectic quotient or reduced
phase space of Marsden and Weinstein [12].

(B) Symplectic Quotients

Let M?" be a symplectic manifold, i.e., a manifold with a closed, non-degenerate
2-form w. Suppose also that the Lie group G acts on M preserving the symplectic
form. Then, if X is a vector field generated by this action, the Lie derivative Lyw
vanishes.
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Now for any differential form w of degree p
Lyo=i(X)dw+d(i(X)w), (3.5)

where i(X)w denotes the (p—1)-form obtained by taking the interior product
(contraction) with X. We therefore have, for the symplectic 2-form w,

0=Lyw=d(i(X)o), (3.6)

hence the 1-form i(X)w is closed, and if the first cohomology group H!(M, R)
vanishes, then by de Rham’s theorem there is a function u* on M such that [cf.

1.9)]
¥ =i(X)o. (3.7)

(Locally, this is always true, but we require u* to exist globally.) Since w is non-

degenerate, the vector field X is equally determined by the 1-form i(X)w, and hence

by the Hamiltonian function u*. Adding a constant to u* clearly leaves (3.7)

unchanged and this (if M is connected) is the only ambiguity in the choice of u*.
Putting all these functions together, we obtain a map

uw:M-g* (3.8)
to the dual space g* of the Lie algebra defined by
Cplm), &y = p¥(m), (3.9)

where X is the vector field generated by £eg.

There is a natural action of G both on M and g* and we should like to adjust the
ambiguity in the definition of u to make u equivariant, i.e., commute with the two
actions [cf. (1.11)]. For a general Lie group G there may be an obstruction to doing
this which lies in a cohomology group of the Lie algebra, but if G is semi-simple or a
torus this obstruction vanishes [12]. In any case, if G is compact we may assume
that u is equivariant.

When an equivariant function p exists, it is called a moment map for the
symplectic action of G on M. The remaining ambiguity in the choice of u is now
simply the addition of a constant element in g* which is left fixed by G, i.e., a
character of G. If we have an invariant inner product on g, then identifying g*~g
we are allowed to modify x by adding a constant in the center of g.

The nomenclature is clear if we take M = T*R?, the cotangent bundle of R3
with its canonical symplectic structure

Lw=dx! Adp* +dx* Andp*+dx> ndp®. (3.10)
A vector field X =a'd/0x" corresponding to a translation satisfies
i(X)w=d'dp'=d(a'p). (3.11)
Hence u: T*R3—g*=R> is
WX, p)=p, (3.12)

giving the linear momentum.
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For the natural action of SO(3), where g*=~R3, we obtain
HX, p)=Xxp, (3.13)

giving the angular momentum.
Consider now the submanifold N =y~ !(u(m)) (the points in M that map into
the same element of g*) and let Y be a tangent vector to N. Then

du(Y)=0, (3.14)
and hence
0=du*(Y)=w(X,Y) (3.15)

for all vector fields X generated by g. As the form w is non-degenerate this gives
dim G independent equations for Y giving

dimKerdy=2n—dimG (3.16)

so N is a submanifold of dimension 2n—dimG.

Now suppose there exists m e M such that u(m)=0, and let N =~ *(0). Since G
certainly keeps the origin in g* fixed, and u is equivariant, G acts on the manifold
N. We form the quotient N/G which is a manifold of dimension 2n—2dimG. It
posesses a natural 2-form ¢ defined by

Q(Yla Y2)=w(?1> ?Z)a (317)

where Y is any tangent vector to N which projects to Y, a tangent vector to N/G.
We must check that this is well-defined. However, if X is a vector field generated by
g, then (X + Y, ¥)=w(X, ¥,)+ oY, ¥,)=w(¥,, ¥,) from (3.15).

The form ¢ is in fact a symplectic form on N/G. We first check its non-
degeneracy.

If o(Y,, Y)=0 for all Y, then by the definition of ¢, w(Y;, Y)=0 for all ¥
tangent to N. But from (3.15), the only vectors which annihilate the (2n—dimG)
dimensional tangent space to N at m are those generated by g, hence Y; is the
restriction at m of some vector field X from g, so that Y;, the projection of Y;, to
N/G, is zero. Thus g is non-degenerate.

Secondly we prove that g is closed. If we let j: N— M denote the inclusion map,
then by the definition (3.17),

pfo=j*w, (3.18)
where p: N—N/G is the projection. Applying the exterior derivative,
p*(de)=d(p*e)=d(*w)=j*(dw)=0. (3.19)

Since p is a submersion (p* is injective on forms), the 3-form dg on N/G is itself zero,
0 g is closed.

We have thus produced a “quotient” of one symplectic manifold by a group of
symplectic transformations to obtain another whose dimension is 2dimG less.
More generally, if we take a point x € g* which is not fixed by G, but has isotropy
subgroup H, then u~*(x)/H has a symplectic structure in the same way.
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(C) Kdbhler Quotients

Let M?" now be a Kdhler manifold, i.e., a complex manifold whose complex
structure I is covariantly constant with respect to the Levi-Civita connection of a
metric g invariant under I (i.e., a hermitian metric). Under these circumstances

o(X,Y)=g(IX,Y) (3.20)

defines a closed (in fact covariantly constant), non-degenerate 2-form and so M is
in particular a symplectic manifold. The form w is called the fundamental 2-form
or Kéhler form.

Suppose G is a compact Lie group acting freely on M and preserving both the
metric and the symplectic form [and hence by (3.20) the complex structure] [cf.
(1.4)]. We can produce, as above, the symplectic quotient M, which is a symplectic
manifold. It also has a naturally induced metric since M = N/G, where NCM is
endowed with the metric g restricted to N, and in Sect. 3A we saw how to put a
metric on a quotient. We show:

Theorem 3.1. The induced metric on M is Kdihlerian, with Kdhler form g.

Proof. We consider first N =~ !(0)C M with its induced metric. The construction
of the Levi-Civita connection on N is standard in differential geometry [2]: Take a
tangent vector field Y on N. This is a section of TM restricted to N. Using the Levi-
Civita connection on TM of the metric g we take its covariant derivative. This will
in general no longer lie in the subbundle TN C T M|, but by orthogonal projection
we push it back into TN and obtain a connection on TN which is the Levi-Civita
connection. All that is required is to check that it preserves the metric and is
torsion-free, which is straightforward.

Finding the Levi-Civita connection of the quotient metric on N/G is similar,
but less familiar. Here we have the horizontal bundle HC TN over N which is
identified by the projection p: N— N/G with T(N/G). The Levi-Civita connection
on T(N/G) with the metric h defined in Sect. 3A then pulls back to a G-invariant
connection on H over N. This, we claim, is the connection V¥ on H obtained by
orthogonal projection of the Levi-Civita connection on TN. To prove this we need
to check that V¥ preserves the metric 4 on H (which is clear) and is torsion-free for
horizontal vector fields. So let X, Y be two commuting vector fields on N/G. Lift
them to horizontal fields X, ¥ on N. They no longer commute, but from the
principal bundle formalism of connections [2], their Lie bracket is vertical. In fact

[X,Y]=F(X,Y), (3.21)

where F is the curvature of the connection 6 defined in Sect. 3A by the horizontal
subspaces. Consequently,

VEY —VEX =P, (VY — V3 X)=Py(F(X,Y)), (3.22)

where Py is the projection onto H.

Putting these two constructions together we see that the Levi-Civita connec-
tion of M = N/G may be described by the orthogonal projection of the Levi-Civita
connection of M from TM over N to the horizontal subbundle H.
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Consider, however, the orthogonal complement of H in TM. The complement
of TN in TM is spanned at me N by the normal vectors gradu,, A=1,...,dimG
and the complement of H in TN is spanned by the vertical vectors k ,, where the
vector fields k, arise from a basis of g. But

g(grad iX, V) =dpX(Y)= (X, Y)=g(IX, Y), (3.23)

and so grad * =1X . (3.24)

Thus the vector space spanned by grad u, and k , is a complex vector space, and so
the complement of H and hence H itself is a complex vector bundle.

The metric on M was Kahlerian, so I commutes with the covariant derivative.
Since H is complex, I commutes with the orthogonal projection and so I commutes
with the connection FZ. Thus the induced metric on M is Kéhlerian.

This infinitesimal calculation disguises one essential aspect of the problem: the
vector fields X, 1X generate a complex Lie algebra of holomorphic vector fields and
hence a local holomorphic action of the complex group G obtained from the
complex Lie algebra g® C. Suppose this extends to a global action (equivalent to
the completeness of the vector fields 1X) then the symplectic quotient M,
considered as a complex manifold, is simply the ordinary manifold quotient as in
Sect. 3A in the holomorphic setting. However, since G¢ is not compact, we would
obtain non-Hausdorff behaviour in this quotient, unless we restrict the action of
G€ to a suitable open set of points in M. This open set consists of those points
whose G€ orbits meet N and are called stable points (see Fig. 3). In many cases in
algebraic geometry [13] this idea of stability coincides with a pre-existing
algebraic definition called Mumford stability.

(D) Hyperkdhler Quotients

Suppose finally that M*" is a hyperkdihler manifold having a metric g and
covariantly constant complex structures I, J, K which behave algebraically like
quaternions:

I’=)=K’=-1, WIJ=-JI=K etc. (3.25)

G®-orbit

G -orbit
w'o)

Fig. 3. The orbits of the group G and of its complexification G€. G acts on x~(0) and M is the
quotient space corresponding to this action. The same space is obtained if one considers the
extension of 1~ (0) by exp(IX) and takes the quotient by G¢
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Let G be a compact Lie group of isometries acting freely on M and preserving the
structures I, J, K. The group G preserves the three Kdhler forms w;, w,, w;
corresponding to the three complex structures, so we may define three moment
maps U, iy, Uz More invariantly these can be written as a single map

w:M-g*®R?3. (3.26)
The basic theorem, generalizing Theorem 3.1 is the following:

Theorem 3.2. The quotient metric on pu~1(0)/G is hyperkdihlerian.

Proof. We first focus attention on one complex structure I, with Kéhler form w,.
Consider the complex function

By =pa+ipy: M—g*®C. (3.27)
Now
dpX(Y)=wy(X, Y)+iws(X, Y)=g(JX,Y)+ig(KX,Y), (3.28)
and
dpX(IY)=g(JX,1Y)+ig(KX,IY)= —g(KX, Y)+ig(JX, Y). (3.29)
Thus

Ay (XY)=idp’(Y) (3.30)

for each vector field Y.
Let 0/0z* be a basic complex vector field arising from a local coordinate system
{z?}, holomorphic with respect to I, on M. Then

0 .0
Iﬁ__l@’ (3.31)
and so from (3.30, 31)
ok e @\ L ouk
e =du’y I@ =—lom (3.32)

and hence p is a holomorphic function.

Thus N=pu7; 1(0)=pu; }(0)nu; 1(0) is a complex submanifold of M, with respect
to the complex structure I, and so its induced metric is Kdhlerian.

The group G acts on N preserving the Kédhler form and its moment map is
clearly the restriction of u; to N. Hence by Theorem 3.1 the quotient metric on
Nnp7*(0)/G=p"1(0)/G is Kéhlerian with respect to the complex structure L

To complete the proof, repeat the argument with the complex structures J and
K.

To interpret the function p, which arose in the proof, consider the complex
2-form

W, =w,+iw;. (3.33)
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Then
0 0 ) 0
[ (5, Y) =g (J@’ Y> +ig <K£I;, Y>
. 0 . 0

=ig <JI 25 Y) +ig <K 5 Y)

=—i K—a— Y ) +i Ki =0 (3.34)

=—ig a7 g 277 =V. .
Thus w, is a 2-form of type (2,0), i.e., in local coordinates

04 =W, dzP Adz?. (3.35)

Since it is covariantly constant it is holomorphic and easily seen to be non-
degenerate in the complex sense:

" £0. (3.36)
The action of G on M preserves o and the function
U, :M-g*®C (3.37)

is the complex moment map for this action. Thus the hyperkdhler quotient
u~Y0)/G is the symplectic quotient of Sect. 3B but in a holomorphic setting.

The procedure for finding new examples of hyperkdhler manifolds in Sect. 2
involves taking M to be a flat hyperkdhler manifold — a vector space over the
quaternions — and considering the actions of groups on this. In particular any
subgroup G=Sp(k) may be taken. The group requires a center to produce a
moment map for which the origin in the vector space (which is clearly not acted on
freely by G) is not contained in u~*(0).

(E) Kdhler Potentials

For the relationship with the supersymmetric o-model, it is important to find the
Kihler potential K of the quotient space M of Sect. 3C, i.e., a real function such

that ~
0=2i00K, (3.38)

where ¢ is the Kéhler form of M. The function K is well-defined modulo the
addition of a function f+ f, where f is an arbitrary holomorphic function. The
geometrical interpretation of the Kéahler potential is via connections on complex
line bundles.

Let M be a Kédhler manifold with Kéhler form w, and suppose o represents an
integral class in the de Rham cohomology group H%(M, R). We may then interpret
2miew as the curvature form of a connection on a hermitian line bundle L over M.
Moreover, since w is of type (1, 1) we can take this to be a holomorphic line bundle.

Remark. The condition that the cohomology class of the Kéhler form be integral is
not strictly necessary: One can interpret @ as the curvature form of a connection
on a principal bundle with the translation group R (rather than its quotient
U(1)=R/Z). However, connections on vector bundles are more familiar than
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connections on affine bundles, and so we use this language below [the affine
description is used in Sect. 6, Egs. (6.50-53)].

Let s be a local non-vanishing holomorphic section of the line bundle L; then
we define the connection by

o alsl?
sl

This is the unique connection compatible with (i.e., preserving) both the
holomorphic structure and the hermitian metric ||s||> = hss. The curvature F of the
connection is

=0s. (3.39)

F=d0=ddlog|s|*>= —adlog|s|>. (3.40)
Thus
i

w=27t

ddlog|s|?, (3.41)

giving K= e log|s|* as a Kahler potential. Changing K by adding a function

f+ f corresponds to changing the local holomorphic section s.
Now suppose we have a compact group G acting as in Sect. 3C, preserving the
metric and complex structure and with a moment map

u:M-g*. (3.42)

Under these circumstances we obtain an action of the Lie algebra of G, and of G
itself under suitable completeness conditions on the line bundle L. We define the
Lie derivative of a section s of L by a vector field X generated by g according to the

rule [12] Lys=Vys+4nip*s=4mv’s, (3.43)
where v¥ is a holomorphic function. To see that this is an action, note that
[Ly, Ly]=[Vx+4mipg*, Vy+anipg* 1 =[Vy, Vy] +4mi(Xp¥ — Yu¥).  (3.44)

But the curvature F of the connection ¥ gives

drion(X,Y)=2F(X,Y)=VyxVy—VyVx—Vix v1> (3.45)
hence,
[Ly, Ly]=Vx n+4mio(X,Y)+4mi(Xp’ — Yu¥). (3.46)
On the other hand, by the equivariance of the moment map,
Xp¥ = px 11 (3.47)
and by the definition of u*,
W =dp¥(Y)=w(X, Y). (3.48)

Thus from (3.46) we obtain
[Lyx, Lyl =Vix,y+4mip™ = Liy v, (3.49)
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showing the existence of an action of the Lie algebra. In a similar manner we can
check that this action extends to an action of g® C by setting

Lle = Vle - 47tﬂXS . (3-50)

Note that from (3.50), the vector fields IX do not preserve the hermitian form 4 on
L. Infact, since the connection V does preserve it, it follows directly from (3.50) that

Lixh=8mnu*h. (3.51)

Returning to the quotient construction of a Kéhler manifold in Sect. 3C we
have the diagram in Fig. 3. The holomorphic map from a point me M to
M =~ 1(0)/G is obtained by first taking m to u~ !(0) by a group element of the form
exp(IX)e G€ and then assigning to it the G-orbit in x~*(0) in which it lies. The
holomorphic map therefore factors as

M5 um1(0)—5 1~ Y(0)/G (3.52)
with
n(m)=exp(IX(m)) -m. (3.53)
The Kihler form ¢ of M satisfies, from Sect. 3B,
pro=j*w, (3.54)

where j: 1~ 1(0)— M is the inclusion, so pulling back ¢ from M to M is the same as
restricting w to u~1(0) and pulling back by =. Call this form &.

To find the corresponding Kéihler potential, pulled back to M, we use the
curvature interpretation of the symplectic form. Then, parallel to the description of
o above, we see that 27id) is the curvature form of the connection ¥ obtained by
restricting to u~ *(0) and pulling back to M via the projection . Since the fibers of 7
are contained in G€ orbits and L is acted on by G, the connection ¥ is defined on
the same line bundle L.

The hermitian metric which defines the Kéhler potential is left invariant by G
but not by G€. In fact if h denotes the hermitian metric on L and ge G, we may
define a function c(m, g) on M x G by exponentiating (3.51)

(g*h) (m)=e""™9h(m). (3.55)
Now if s is a local non-vanishing holomorphic section of L on the quotient M, the
Kaihler potential is
1
4n

where £ is the hermitian metric preserved by V. But this, by the description of the
connection above is

K=—loghss, (3.56)

h(m)=(g*h)(m), (3.57)
where g =exp(LX) is the element of G¢ which takes m to .~ (0). Hence from (3.55),

. 1 1
—_ = — * = —
K—K y log(g*h/h) P c(m, g), (3.58)
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SO

. 1
K=K+ Ec(m, 2), (3.59)

where g =g(m) is defined as above. Note that, from (3.55), c satisfies the condition

c(gym, g2)+c(m, g1)=c(m, g,8,), (3.60)
and hence
c(e®m, &™)+ c(m, &)= c(m, ¥ e'¥). (3.61)

Differentiating with respect to Y and setting Y =0 we see that the derivative of
c(m,g) with respect to the second variable, in the direction Y is equal to the
derivative of c(g-m,e™) in the direction Y and from (3.51) and (3.55) this is
8nu¥(g-m). Thus the choice of g(m) to make u(g-m)=0 may be interpreted as
making the function c(m, g) independent of the second variable, as discussed in
(2.24). The formal expression for c(m, g) in (2.23) is essentially the integration of
(3.51)3.55).
Calculating the Kéhler potential thus involves solving the equation

w(eX - m)=0 (3.62)

for X.

In the hyperkihler case this is all carried out on the Kihler manifold u3 (0).
There is, however, one special case in the realm of hyperkéhler geometry where the
Kihler potential arises in a simpler manner. Suppose M*" is a hyperkihler
manifold with an isometric action of the circle which acts non-trivially on the
3-dimensional space of covariant constant 2-forms spanned by @, ®,, w5. There is
only one non-trivial action, i.e., the circle fixes w, and rotates the w,, w; plane. If X
is the corresponding Killing field then

an)1=0, LXCO2=CO3, wa3= —CUZ- (3.63)

Now let u be the moment map of this action with respect to the preserved
symplectic form w,. Consider the complex structure J with Kahler form w,. Now,

duJY)=(0p+ow)IY)=i(0p—du(Y), (3.64)
where 0 and 0 are the (1,0) and (0, 1) parts of d with respect to J. But
duJY)=i(X)oJY)=g(IX,JY)=g(KX, Y)=w4(X, Y). (3.65)
Thus from (3.64),
i(X)w;=i(0u—op). (3.66)
Hence
—2idop=d(i(X)ws)=Lyw;= —w,, (3.67)
ie.,

w,=2i004. (3.68)
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Hence the moment map for w, is a Kahler potential for w,. This is a situation
which arises quite frequently in examples, such as the Taub-NUT metric, Eguchi-
Hanson metric, and Calabi metric.

(F) Twistor Spaces

The Legendre transform construction of Sect.2 produces hyperkdhler metrics
from holomorphic functions. The natural setting for this is a generalization of
Penrose’s non-linear graviton construction [14] to hyperkéhler manifolds, which
we describe here. This itself forms part of a theory of quaternionic manifolds
developed by Salamon [15, 16].

Let M*" be a hyperkéihler manifold with complex structures I, J, K. Then if
(a,b,¢) is a unit vector in R3, the multiplicative properties of I, J, and K imply

(@l +bJ+cKP?=—1, (3.69)

and so there is a whole 2-sphere of complex structures compatible with the metric
and connection. The idea of the twistor approach is to incorporate all these
structures into one complex structure on a larger manifold, the twistor space of M.
In turn, its holomorphic structure contains all the metric information of the
hyperkéhler manifold. In the case of the Legendre transform this structure depends
on a single holomorphic function of (n+ 1) variables.

We begin by considering the complex structure of the Riemann sphere S,
considered as the complex projective line CP'. This is the complex manifold
obtained by patching together two copies U, U of the complex plane C with
coordinates {, { related by {={"' on UnU=C\{0}. Relative to the coordinates
(a,b,c) of % in R3 the complex coordinate { is given by

1=+ =9
(¢b”y_<1+(F1+CF1+(5>' G710

Define now the twistor space Z of M*" to be the product manifold M*" x §?
equipped with a complex structure I defined on the tangent space of Z at (m, {) as
follows: express the tangent space as a direct sum T,,® T; and define

(1= e+l =T
I= <1+CC_I+ 1+CZJ+11+CC_K,IO>, (3.71)

where I, is the operation of multiplication by i on the tangent space T; of { € 2.
To show that Z actually admits complex coordinates, and is thus a complex
manifold, we need the Newlander-Nirenberg theorem [17].
This theorem says that complex coordinates exist if for each (1,0) form (i.e.,
complex 1-form 6 such that 10 =i6), the exterior derivative may be written in the

form d0=0, Ao, (3.72)

for (1,0) forms 6, and general 1-forms o;. This is a complex version of the Frobenius
integrability condition.

What, then, are the (1, 0) forms for the complex structure I? Let ¢ be a (1,0)
form for I on M, so that Ip =i, and set

0=0p+Ko. (3.73)
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Then,
(1+2DI10=((1—LD1I+(C+ DI +i¢—0K)0=(1 - ()T — (1 —()KIg
+(+DKIp+ (¢ +DIp+i((— DKo —il((—Do
=i(14+{)(p+Ko), (3.74)

where we have used I =i@. Thus if ¢4, ..., ¢,, is a local basis of (1, 0) forms for I,
then @; + (Ko, (1 =i <2n) and d{ give a basis for the (1, 0) forms of Z. Now consider

d0=d(¢ + (K@) =dx' A V(@ +Ko)+d{ rKep. (3.75)
Since I is covariantly constant with respect to V5.,
105 + (K@) =1V 0.(0 + (Kg),, (3.76)

so the first term in (3.75) is of the form dx’ A 0, for (1, 0) forms 6,. The second term is
the product of the (1, 0) form d{ and another 1-form, so the whole expression is of
the form (3.72) and the complex structure is integrable. Hence, by the Newlander-
Nirenberg theorem, the twistor space Z has the structure of a complex manifold of
dimension (2n+1). The projection

p:Z—CP! (3.77)

is holomorphic and each copy (m, CP') of the projective line is a holomorphic
section of this projection. We call the sections twistor lines.

From the purely differential geometric point of view, the twistor space is still
the product M x S%, and so the normal bundle to each twistor line (the vector
bundle obtained as the quotient of the tangent vectors to Z over the line by the
tangent vectors to the line) is simply the trivial product bundle S? x T,,, where T, is
the 4n-dimensional tangent space at me M. As a holomorphic vector bundle it is
not trivial, however, and it is important in inverting the construction above to
know what it is.

We take the 4n-dimensional vector space T,, and represent the action of I, J, K
on T,,=~R*"~C?" by the complex matrices

i1, 0 0 1, 0 i,

1 (-0«
(S _aw) o7

and so

This matrix describes the complex structure on 7,, at a point { € S?, so that the
complex vectors over { consist of the eigenspace of I acting on R*"®C
corresponding to the eigenvalue i, and these are vectors of the form:

v
(l_&) . (3.80)
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In fact, (3.73) tells us this: <i2’v> —(1+{K) <g> Rewriting (3.79) in terms of the

coordinate {={"", the complex vectors may be written as

(‘izw>, (3.81)
w

so the vector bundle is obtained by taking U x C*" and U x C*" and patching
together over U U with the transition matrix i{ - 1,, or equivalently by change of
basis (- 1.

Denote by O(k) the holomorphic line bundle over CP* with transition function
¢*, then what we have found is that the normal bundle of each twistor line is
holomorphically equivalent to C2*®O(1) [which we write as C?"(1)]. Since we
have a holomorphic projection p: Z—CP* we may pull back the bundle O(k) from
CP! to Z. We shall still denote it by the same symbol.

We are here collecting the essential holomorphic properties of the twistor
space. The next one concerns the interpretation of the covariant constant 2-forms
w4, 0,, w5 We saw in Sect. 3D that w . =, +iw; was a holomorphic 2-form of
type (2, 0) with respect to the complex structure I. We may locally find a basis {¢;}
of (1,0) forms for I such that

30, = ‘Zl PiN Pt (3.82)

Consider now the complex 2-form (suppressing the summation symbol)
30=(0;+ K@) A (@11 Koy 1)) (3.83)

From (3.73), s a 2-form of type (2, 0) for the complex structure I({). It is quadratic
in {:
0= A Ppii+ KO A @i+ 0 A K9, )+ Ko A K, ;- (3.84)

Now, evaluating on vectors X, Y,
2(Kpi A @it 0 AK@y 1) (X, Y)=0(KX) 0, . {Y)— @(KY) 9, 1 (X)
+0dX) @+ {KY) — 0(Y) 0, (KX)
=0,.KX,Y)+w,(X,KY)
=(w, +iw;) (KX, Y)+(w, +in;) (X,KY)
=g(JKX,Y)+ig(K*X,Y)+g(JX,KY)+ig(KX,KY)
=2g(IX,Y)=2w,(X,Y), (3.85)
where the quaternionic relation on I, J, K has been used. Similarly,
2(Kp; A Ko, ) (X, Y)=0(KX) g, (KY)—¢(KY)p, (KX)
=(w; +iw;) (KX, KY)=g(JKX,KY)+ig(K*X,KY)
=—g(JX,V)+igKX,Y)= —(0,—iw;)(X,Y). (3.86)
Thus (3.83) may be written as
0 =(0, +iw,)+ 2o, — o, —iws). (3.87)
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For each { € CP, w, which defines a holomorphic (in fact covariantly constant)
complex symplectic form on the fibers of the projection p:Z—CP*, depends
holomorphically on { in a quadratic manner. In global terms, w is a holomorphic
section of the vector bundle 42T;*(2) over Z, where

Tr=Kerdp: TZ—TCP* (3.88)

is the tangent bundle along the fibers. The O(2) twist is a consequence of the
quadratic dependence of w on (.
The final piece of information is the map

T:MxS*->MxS?, (3.89)
defined by the antipodal map on the S factor
1

w(m, )= <m, — z) (3.90)

This takes the complex structure I to its conjugate —I. We call this a real structure
(it may be compared with the action of complex conjugation on a complex
manifold given by an equation with real coefficients). All the holomorphic data we
have given (and in particular the twistor lines) are compatible with 7.

The idea of twistor theory is not only to extract holomorphic objects from
differential equations, but also to encode the original equations (in this case for a
hyperkahler metric) in holomorphic form. What we have here extracted in terms of
holomorphic properties of the twistor space is in fact sufficient to reconstruct the
hyperkahler metric. This is expressed by the following theorem:

Theorem 3.3. Let Z*"*! be a complex manifold such that
(i) Z is a holomorphic fiber bundle p: Z—CP* over the projective line,

(i) the bundle admits a family of holomorphic sections each with normal bundle
isomorphic to C*"®O0(1),

(i) there exists a holomorphic section w of A*TF(2) defining a symplectic
form on each fiber,

(iv) Z has a real structure © compatible with (1), (i), and (iii) and inducing the
antipodal map on CP!,
Then the parameter space of real sections is a 4n-dimensional manifold with a natural
hyperkdhler metric for which Z is the twistor space.

Proof. To prove the theorem we first show that the parameter space of real sections
(we will call them twistor lines) is a smooth manifold of dimension 4n, secondly
construct a metric on it and thirdly prove that the metric is hyperkahlerian.
Let M denote the parameter space of twistor lines and P,, a line corresponding
to me M. An infinitesimal deformation of the section P,, of p:Z—CP! can be
thought of as a holomorphic vector field X over P,, pointing along the fibers (see
Fig. 4). This is a holomorphic section of the normal bundle N of P, in Z. This way
of thinking is made precise by a theorem of Kodaira [18] which asserts that if the
sheaf cohomology group H!(CP!; N) vanishes then every holomorphic section of
the normal bundle may be integrated to a deformation of the twistor line, which
makes the parameter space of all holomorphic sections of Z a complex manifold
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P Z

\p
CP!
Fig. 4. The twistor space Z, viewed as a fibration over CP*, and a deformation of a twistor line
P,, by a holomorphic vector field X, pointing along the fibers

with tangent space at a point m isomorphic to the vector space of global
holomorphic sections of N along P,,. This space can also be written as H(P,,; N).
In our case by assumption N=C*"®O(1) and the sheaf cohomology group
HY(CP';N)=~C*"®H'(CP*;0(1)) does indeed vanish.

A global section of O(1) on CP! is defined by holomorphic functions f on U
and f on U such that (recall {={"1)

FO=07 @ o

on the region UnU, where { +0. Expanding f and [ in power series, this forces f
to be linear and so every holomorphic section of N =~ C?"(1) on P,, is of the form

s(Q)=a+bl (a,beC?™). (3.92)

These sections form a 4n-dimensional complex vector space, so by the Kodaira
theorem the twistor line P, lies in a 4n-dimensional family. The twistor lines which
are real (i.e. preserved by 1) are parametrized by a real 4n-dimensional
submanifold M whose tangent space at me M is T,,, where

T,@C=H(P,; N)=H"(P,; Ty), (3.93)

recalling that T is the tangent bundle along the fibers (or vertical bundle) of the
fiber bundle p: Z—CP!.

We have thus constructed a manifold M and identified its tangent space in
terms of holomorphic data. Now we define the metric g on M.

First note that by assumption, on P,, we have

T,=C*"®O0(1), (3.94)

hence T(—1)=C?", (3.95)
and we may rewrite (3.93) naturally as

T,®C=H(P,; T(—1)@H(P,; 0(1) = C*"®C?. (3.96)

Now by hypothesis, the form weH%Z; A%T#(2)) defines a non-
degenerate skew form on the 2n-dimensional space H°(P,,; T,(—1)) as we may
regard it as a 2-form with values in O(2). Also, the 2-dimensional space
H°(P,,;0(1))=~ H%(CP*; O(1)) has its own natural symplectic structure

<a1 +b1€,a2+bzc>=alb2—a2b1. (3.97)
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We therefore define a complex inner product on 7,,® C using these two symplectic
forms:

gla+bl,a+bl)=2w(a,b). (3.98)

Formula (3.98) defines a complex inner product — we need to know the real tangent
vectors, which will be tangential to the space of real lines.

A real structure on a complex vector space V is an operation of complex
conjugation. It is a real linear map t:V—V such that t?=1 and t(lv)=At(v).
Closely related to this is the notion of quaternionic structure on V. This is a real
linear map j: V-V such that

=1, j0)=j). (3.99)

Since ji= —ij, the transformations i, j, ij=k generate an operation of the
quaternions on V.

From this point of view it is easy to see that the tensor product of two complex
vector spaces with quaternionic structures is a vector space with a real structure.
Since the tangent space T,,® C is expressed in (3.96) as the tensor product of two
complex vector spaces, we may define a real structure on T,®C by taking
quaternionic structures on the spaces H%(P,,; Ty(—1)) and H%(P,,; O(1)). Consider
first the 2-dimensional space H%(CP*';0(1)). The map j defined by

ja+bl)=b—al (3.100)

is a quaternionic structure. It is obtained from the unique (modulo +) action of the
holomorphic line bundle O(1) which covers the action t: CP'—CP*! given by
wQ)=—-1/1.

The real structure © preserves the tangent bundle along the fibers and the
natural decomposition (3.96) and so induces a quaternionic structure j on the
2n-dimensional complex vector space H(P,,; T(—1)). Thus, in the form (3.92) the
real structure is

tla+bl)=jb—jal, (3.101)
and so a real tangent vector can be written as
X=a—jal, aeHP,;Ty(—1)), (3.102)
and then from (3.98) the metric is given by
g(X, X)=—2w(a,ja). (3.103)

The compatibility of w with 7 in the theorem is the statement that this is a positive
definite metric.

Thus far we have obtained the 4n-dimensional manifold M as an abstract
parameter space of real twistor lines, and constructed a metric on M. In fact the
foregoing arguments allow us a more explicit identification of M: namely with an
open set in any one of the fibers of the bundle p: Z— CP!.

We consider a real holomorphic section of the normal bundle of P, This is
written as

X=a—(ja). (3.104)
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Suppose X vanishes at {={,, then from (3.103),
2(X, X)= —2w(,(a),ja)= —2{,w(ja,ja)=0. (3.105)

But g is positive definite, so X must vanish identically. Consequently infinitesimal
deformations of real twistor lines do not vanish anywhere along the line. They
therefore separate points in the fibers of Z, and neighbouring real lines intersect the
fibers of Z in distinct points. Thus the 4n-dimensional manifold M of real lines can
(locally) be identified with any one of the fibers of Z. We shall use this fact to help in
proving the metric defined above is hyperkéahlerian, which is the final step in the
proof.

First identify M with the fiber Z, over {=0 in CP". Then the real tangent
vector X =a—(ja){ at {=0 is identified with ae H%(P,,; T(—1)). Since TH(—1)
=~ C?" the trivial bundle, the section a is determined by its value at any point
{ e CP! and in particular at { =0. Here Ty is just the tangent bundle of the fiber Z,,.
The map X —a is the derivative of the identification of M with Z,.

The fiber Z,, is a complex manifold and so defines a complex structure [ on M
under the identification, corresponding to multiplying a by i. Hence, considering
the compatibility of I with the metric g, we have

g(X, Y)= —w(ia, jb)— w(b,jia) = —iw(a,jb) + iw(b,ja)
=w(a,jib)+ w(ib, ja)= — g(X,1Y). (3.106)
Thus the metric g is hermitian with respect to the integrable complex structure L

Consider next the complex symplectic 2-form w on the fiber over { = — 1. This
defines a form on M

11X, Y)=w(a+ja,b+jb), (3.107)
and at {=+1
0..(X,Y)=w(a—ja,b—jb). (3.108)
Thus
Ho_1— o)X, Y)=w(ja,b)+ w(a,jb)=ig(IX, Y). (3.109)

Now both ¢, and ¢ _; were closed, so the hermitian form g(LX, Y) is closed, and
thus the metric g is Kéhler with respect to L

Repeating with J and K shows the metric to be hyperkéhlerian, which
concludes the proof of Theorem 3.3.

This twistorial setting provides a natural context for the hyperkahler quotient
construction of Sect. 3D. We may ask how the twistor spaces Z and Z of a
hyperkihler manifold M and its quotient M by a group G are related. If G is a
group of isometries of M which preserve I, J, and K, then the vector fields generated
by G are actually holomorphic on Z =M x S? with the complex structure L If we
suppose that this Lie algebra action extends to an action of the complexified group
GS, then the quotient construction produces the twistor space Z from Z by taking
the holomorphic symplectic quotient along the fibers of Z, with respect to the
holomorphic symplectic form w. Note that since @ is a section of A*T#(2)
and is a symplectic form twisted by O(2), the holomorphic moment map for the
action of G€ is a holomorphic section of g*®O(2) over Z.
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(G) The Legendre Transform

We shall next use the twistor space approach to derive the Legendre transform
construction of hyperkédhler metrics. We shall see how the contour integral
expression (2.2) arises naturally in this framework. The holomorphic function
which appears in the contour integral arises in the twistor theory approach as the
Hamiltonian function H for a symplectic vector field which we exponentiate to
obtain a symplectic diffcomorphism. This diffcomorphism patches together two
copies of C*"*! to get a non-trivial twistor space. The function H depends
holomorphically on n+1 variables, and in some sense the most general twistor
space for a hyperkdhler manifold is obtained by extending the construction to a
holomorphic function of all 2n+1 variables. The explicit form of the Kéahler
potential is, however, more readily obtained in the restricted situation which
follows. What the Legendre transform constructs is the general hyperkéhler metric
in dimension 4n with n commuting Killing fields which preserve I, J, and K.

We begin then with a hyperkihler manifold M*" with a free action of the
additive Lie group R" on it, preserving the hyperkadhler structure. Let Z be the
twistor space of M and assume that the holomorphic action of R" extends to a free
action of C". As discussed above, we then obtain moment maps ;, ..., 4, which are
holomorphic sections of O(2) on Z.

Since the group is abelian, each y; is invariant under the group and they define a

hol hi
olomorphic map Wz, (3.110)

where Y = C"®0(2)is the total space of the vector bundle over CP! with transition
matrix {?-1,. The map u is invariant under the action of C”, and each
n-dimensional fiber is an orbit of the group. In other words, assuming the map u is
surjective, we have represented Z as a principal bundle over Y with structure group
the additive group C".

Now Y is obtained by patching together C"x U and C" x U with transition
function {2 - 1,, so we have holomorphic coordinates (', {) on C" x U and (7, ) on

C"x U related by . o
=", (=("1 (3.111)

on C"x UnU. In these coordinates, the projection y is just #.
The principal bundle Z over Y can equally be given in terms of transition
functions. We have coordinates (¢, 7, {) on C?" x U and (&, 7', {) on C?" x U related

by Ti__ i i J Si =20 7 _r—1

¢=8+1m.0, =", (=( (3.112)
on C?"x UnU. The functions f represent the group action (translation) for the
abelian group C". Looking again at the group action it is clear that the vector fields

generated by it are, in these coordinates, the fields 6/0¢%. The moment map p; in
these coordinates is #’, and hence the symplectic form along the fibers is given by

w=24E Adn'=202dF Adifi  (modulo dl), (3.113)

where the last equality follows because w is O(2)-valued. Hence, from (3.112)

o
o dn’ Adn'=0, (3.114)




562 N. J. Hitchin, A. Karlhede, U. Lindstrom, and M. Rocek

and we may write
0H

f=aﬂi‘

(3.115)

Note that the symplectic transformation (3.112) which patches together the two
copies of C?"*! is obtained by exponentiating the symplectic vector field

0H 0
o' 08"

corresponding to the Hamiltonian H.

To calculate the hyperkdhler metric according to the procedure of Theorem 3.3
we need the real structure. Modulo a sign (or a choice of new coordinates) this is
determined by the antipodal map {— — 1/{ and the transition relation (3.112). We
obtain

(3.116)

()= — %- ()= — é% (&)= —&. (3.117)

We now find the twistor lines. Each one when projected by uto Y=C"®0(2)

becomes a holomorphic section of this vector bundle. A holomorphic section of
0(2) over CP! is given by functions f on U and f on U such that

ey <%> =f() when {+0. (3.118)

Again (as in Theorem 3.3) comparing coefficients in the power series of each, the
only global sections are quadratic polynomials:

fQ=a+b{+c(. (3.119)
Consequently, the twistor lines satisfy

n'=d +b{+c(?, (3.120)
and the real ones from (3.117) can be written

n'=z'—xi{ -7 (3.121)

for x'e R, z'€ C. The function (x', z’)— R*®R" is actually the moment map for the
group R" acting on M.

We know now the projections of the twistor lines to Y. They are given by (3.121)
and depend on the 3n parameters (x’,z')e R" x C". To find the full 4n-parameter
family we require a 1-parameter family of lines in Z which project to a fixed line in
Y. From the description of the twistor space Z in terms of the patching function
(3.112) this requires finding a holomorphic function & of { and a function & of {
which satisfy

i 1 £l 6I{ 1 n
g (Z) =&+ o 07, ..., ). (3.122)

where #({)=z'—x'( —z'¢? for fixed x', z'. Expanding in power series,

F— ¥ al™ and &= Y b, (3.123)
n=0 n=0
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where the coefficients are determined by considering the Laurent expansion of

0H
on'

' 0) (3.124)

in positive and negative powers of { and assigning to &' the negative powers and to
&' the positive powers. The only coefficients that are not uniquely determined are
the (°~coefficients ai, and bi. The 1-dimensional ambiguity in choice (for each i)
gives the extra degree of freedom to obtain a 4n-dimensional parameter space. The
reality condition (3.117) forces this choice to be one real dimension: more
explicitly, reality gives

ah= —b}. (3.125)
Thus a constant ¢ can be added to both sides of (3.122) to preserve reality only if
c=—C¢C. (3.126)

Equation (3.122) gives the following relation between a, and bi:

oo L

O 0 dmic oy

where C is a contour separating { =0 and { = co. We shall use this expression to

find the metric using the prescription of Theorem 3.3 in terms of the complex
structure at {=0.

The real twistor lines intersect the fiber of Z—CP* over {=0 at a point with
coordinates [cf. (3.121)]

(3.127)

n0)=z, &(0)=u' (3.128)

which we know by construction are holomorphic with respect to the complex
structure [=1({=0). The function x'in (3.121) is now defined as a function of z/and
w’ which we need to determine. This is achieved by (3.127). If we set

i 0 iy 1 1 n dC
F(X,Z,Z)——%gH(r[ s oo ] uC)C_za (3129)
and put #'=z'—x'{ —z(* in this expression, then from (3.127)
oOF 1 o0H 4l ., .
ﬁ—ﬁg%—i(—f)c—z——(ao—bo)' (3.130)
But
U= E(0)=b, (3.131)
and from (3.125) ) )
= —if, (3.132)
hence
oF
oy =u (3.133)

This is the equation which determines x' as a function of u' and z'.
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To find the Kéhler form corresponding to I we take the holomorphic form

To=dE Ady' (3.134)
along the fibers of Z. From (3.117) and (3.113) the reality condition
*o=o 2, (3.135)
where 7* is the usual pull-back operation on forms along the fibers. For
Q=(w,+iw3)+2w,{ —(w,—iw3)(?, (3.136)
we find
*Q=(w, +iw;)—2w,0 ' —(w,—iwz) 2= —pl 2. (3.137)

Hence, up to a real constant, we have the Kéhler form w, determined by the
coefficient of { in

%wzidé‘/\dr,"=i(dui+dbi1(:+...)A(dz"—dx"é’+...)

=idu' Adz' +i(db} A dz'—du' Adx))+ ... (3.138)

Now b}, is the coefficient of { in £/({) and this, by the definition of &(¢) above is the
negative of the corresponding coefficient in dH/dn'. Thus, from (3.129)

\ OHd{  oF

b= T o5 — — <~ 7. '1
b 2mi g on' (? oz (3:139)
Thus from (3.134) and (3.138) the Kéhler form w, is given by
w,=—2i <d (g) Adz' +du' A dxi). (3.140)
But if
. OF
= —_ l—. . 1
K=F-x'77, (3.141)
then
oF , . OF ;, OF in(OF\ OF . . (O0F
0K = p dz'+ p Ox'—0x ERa 0 <6xi> = Edz —x'0 <§>, (3.142)
and

2 2
00K = i Azl A dz + oF 5xjAdzi—5xiA6<a—F> —xi6_6<aF)

07907 0x/oz' ox' ox'!
~(0F . S
=0 )" dz' +du' A 0X', (3.143)

using (3.133) to write 0F/0x'=u'+#'. Thus, knowing that (3.140) is of type (1, 1),
this gives K as the Kédhler potential.
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Remark. The above geometrical description has made some regularity assump-
tions [e.g., the existence of a free C"-action and the description of the correspond-
ing principal bundle over the whole of Y= C"®0(2)]. This is an aspect of twistor
theory which is useful in making particular boundary conditions correspond to
different regularity conditions on the holomorphic objects which describe them. In
practice, however, some of the more interesting hyperkédhler metrics constructed
by the Legendre transform do not satisfy these conditions. This means that we
must analyze what we have done here purely in terms of differential equations, and
note that the equation
; OF

K=F—x'— (3.144)
0x

for a function F(x', Z!, z%) defined by a contour integral
1 L N4
F= EiH(” Iy ,C) C2

does indeed provide the Kéhler potential for a hyperkdhler metric, even if H is not
a single-valued holomorphic function defined on the whole of C" x C\{0}. This
allows the more complicated integrals described in Sect. 2A.

(3.145)

4. Nonlinear 6-Models

In this section we introduce the basics of nonlinear g-models and discuss duality
and gauging of isometries. The constructions of hyperkéhler manifolds follow
directly from the supersymmetric generalization of these concepts.

(A) Basics

Fields ¢ in a field theory are sections of a bundle E with fiber F over a base space M.
We will call the fiber F the target space for the maps ¢. In familiar examples M is
the space-time manifold, and, for scalar field theory F is a linear space, for spinor
field theory E is a spin bundle, and for Yang-Mills theory with gauge group G, E is
an affine bundle whose sections are connections on a principal G-bundle over M.
In general, the base space has a metric and the target space is also assumed to have
some geometrical properties. In our case, the base space will be either flat
Minkowski or Euclidean space or superspace (see next section), while the target
space will be a Riemannian space or a direct product of a Riemannian space and
some other space.
The dynamics of the fields ¢ are determined by an action functional S

S= [ Lip(x)), xeM, o¢(x)eF. (4.1)
M
The Lagrangian density L is a function of ¢(x) and its derivatives. For the scalar

field theories we consider, the action is (here the bundle E is trivial, i.e., a direct
product M x F) [19]

S=—3[d’xg, (9)0°p0,07, 0,= . a=1,...D, 4.2)
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where M is D-dimensional Euclidean or Minkowski space with (Cartesian)
coordinates x and g, , is the metric on the target space F with coordinates ¢’.
For historical reasons, theories such as (4.2) are called nonlinear o-models. F is
often taken to be a coset space. If g is the flat metric, then the theory is free.
Field equations follow from extremizing the action functional with respect to ¢.
For the action (4.2):

0°0,0°+I,40°9? 0,0 =0, 4.3)

where I ;.4 is the Levi-Civita (Christoffel) connection on F. Mathematicians call ¢’s
that satisfy (4.3) harmonic maps because they satisfy a generalized Laplace
equation, and physicists think of them as being on-shell? fields because they satisfy
a field equation. For a free theory, in suitable coordinates ¢° on F, the field
equations (4.3) are linear and the general solution is a superposition of plane
waves.

In general, one considers action functionals that are invariant (modulo
boundary terms) under some symmetries. Continuous symmetries are most often
given as infinitesimal transformations of the fields. For example, translations in a
flat space M can be written as

op=—E,0, (4.4)

where £“is a constant parameter of the transformation. Under this transformation
the Lagrangian varies as a total derivative:

8S=— | &9,L. 4.5)
M

Such terms are usually thrown away by assuming that derivatives of fields fall off
sufficiently fast at infinity. This is a space-time symmetry, i.e., a symmetry of the
base space M. An internal symmetry acts on ¢ at each point of M, i.e, it acts
without space-time derivative. For example, a U(1)-algebra acts on a complex field
@ as:

dp=ile. (4.6)

If the transformation parameters, e.g., £* and 4, are constants over M (and hence of
course, over F) then the transformations are called global or rigid. This use of these
words must not be confused with their mathematical usage. The group of
transformations is called local if the parameters are arbitrary functions over M,
A=A(x)(e.g., gauge transformations of Yang-Mills fields). Sometimes, it is possible
to modify a theory and promote a global symmetry to a local one; the prescription
for doing this is called gauging the symmetry, and is discussed extensively below.

Given two or more infinitesimal symmetry transformations of ¢, the commu-
tator [04,0,]0=0,(0,0)—,(0,¢) generates another symmetry. The algebra of
symmetry transformations may be finite or infinite dimensional. In many cases of
interest it is finite dimensional, e.g. (4.4) and (4.6) above. Even if it is infinite
dimensional when acting on arbitrary fields ¢, it may happen that it acts as a finite

2 Note that, in scattering theory, on-shell is used for a field satisfying a free field equation even
when the theory is nonlinear



Hyperkéhler Metrics and Supersymmetry 567

dimensional algebra on fields that are solutions to the field equations (4.3),i.e., on
harmonic maps. In this case the transformations are said to form an on-shell
realization of the finite algebra. The distinction between on-shell and off-shell
realizations of an algebra is important in supersymmetry [20]. Whereas for on-
shell realizations the transformations d¢ depend on the detailed form of the action
functional, for off-shell realizations the transformation laws are general, and
typically leave families of actions invariant.

We now specialize the discussion of symmetries to the nonlinear g-models in
(4.2). The space-time symmetries of these models are the isometries of the flat
D-dimensional Euclidean or Minkowski space M, i.e., the Poincaré group. The
internal symmetries are the isometries of the target space F. These are global
symmetries generated by the Killing vectors of F:

5¢£=XAkA(Pi=XAk2 . (4.7)

where X“ are constant parameters and k,=k0, satisfy Killing’s Eq. (1.5) and
generate the Lie algebra of the isometry group (1.7).

(B) Duality

We now discuss duality transformations, for refs. see [21, 22]. The Legendre
transform construction of hyperkdhler metrics of Sect. 6 is the naive supersym-
metric extension of the procedure described in this subsection. If the action (4.2)
has a continuous internal symmetry, i.e., the target space F has a Killing vector
field, then we can perform a duality transformation of the action. This replaces a
scalar field by a gauge (D-2)-form and interchanges the role of the field equations
and Bianchi identities. As this affects the field equations, it may change an off-shell
realization into an on-shell one, or vice versa.

When there is a Killing vector field, we can choose (local) coordinates on F such
that the Killing vector is k=0/d¢p°. The components of the metric g are then
independent of ¢°, and hence the action depends on ¢° only through 6,¢0°. We can
then rewrite the action in first order® form by substituting for d,¢° a new field V,
and introducing a Lagrange multiplier T*:

S=—31d"X(gooVV,+280.V 00" + 8. ,0°0°0,07 + T8, V), (4.8)

where ¢, ; +0 and T® = — T**. Extremizing (4.8) with respect to T gives d;,V;;=0
and hence, locally, V,=8,¢°. Substituting this solution into (4.8) gives (4.2) back.
Extremizing (4.8) with respect to V, we find V, as a function of T* and ¢':

Vo=—(200) ' 30, T, +20.0.9") - (4.9)

Substituting (4.9) into the first order action (4.8) gives (modulo boundary terms)
S=—3[d"x[(800) (= 20" T;'0°T,0 + 800" 00" )

+(2:,~(800) " ' 80.80,) 0“0 0,907]. (4.10)

3 It is called first order because the term (3,¢0°)?, which is second order in derivatives, has been
replaced by terms at most first order in derivatives
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Observe that the procedure we have followed is precisely a Legendre transfor-
mation of the Lagrangian in (4.2) with respect to 9,¢°. The scalar field ¢° has now
been completely removed from the action and replaced by the antisymmetric
tensor T, which enters (4.10) through 9, 7. This can be rewritten as a field
strength, i.e., as the exterior derivative of a tensor, by introducing the Hodge dual
*T:

* =1
’1;1..‘CD—2=28

c;.‘,cD_zabTab>
a 1 abc cp-2
ab’Iwb:(D_z)!gbl”.D a’ll;’zzx

4.11)

Cp-2"

*T is a (D —2)-form, which, via the Legendre transformation, is said to be dual to
the scalar field ¢°. The field equation that follows from extremizing the original
action (4.2) with respect to ¢° is

0800V (9°) +80.0"0)=0,  V(p°)=0"°, (4.12)

whereas the field equation that follows from extremizing the dual action (4.10) with
respect to T is

AV T)=0 (4.13)

with V4T) given by (4.9). For V%¢°) as in (4.12), (4.13) is a Bianchi identity,
whereas for V4T) as in (4.9), (4.12) is a Bianchi identity. Thus the duality
transformation has interchanged the field equation and the Bianchi identity.

If the target space F has several commuting Killing vector fields then each of the
corresponding scalar fields can be exchanged for a (D —2)-form by a Legendre
transformation.

(C) Gauging

We now discuss local internal symmetries and gauging. The quotient construction
of hyperkéhler metrics of Sect. 6 is the naive supersymmetric extension of the
procedure described in this subsection. The basic idea is to promote a global
symmetry of the action to a local symmetry by introducing a connection for the
symmetry group. Explicitly, the action (4.2) is made invariant under the
transformations (4.7) with X4 =X*(x) by replacing ordinary derivatives with
covariant derivatives

0,0° >V, 0°=0,0° + A2kj, (4.14)
where A2 transforms as
SAB= — 3, XP(x)+ cpPASXP(x) (4.15)

which guarantees the invariance of the action. The fields A2 are gauge connections
or Yang-Mills potentials and are components of Lie-algebra valued 1-forms. The
substitution (4.14) is known as minimal coupling. The space-time dependent gauge
transformation parameters X“(x) can be used to eliminate some scalar fields ¢°
from the action [cf. (4.7)]. The remaining scalar fields parametrize the space of
G-orbits on F. We do not include a kinetic term 1 F,, F*°, where F ,, is the curvature
(field strength) of the connection A.
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We can reduce the gauged model to a nonlinear o-model with target space F|,
(the space of G-orbits on F) by choosing a special connection that is a function of
the scalar fields and substituting this connection back into the action. This
connection is obtained by extremizing the gauged action with respect to A42:

AF=A70,0°= _gijkéHBcaaﬁoi,

H— (g, likd) @19

The connection A%=¢p*(4%) is the pullback to spacetime of the connection
discussed in (3.4). Substituting (4.16) into the gauged action gives the action for the
nonlinear o-model with target space F:

S=—31d"X(g, ;— 8.8 ;. ki kH*P)0°0%0,07 . (4.17)

(D) CP(1)
To illustrate the previous discussion we consider the CP(1)-model. This model
exhibits two features characteristic of supersymmetric constructions: Nonlinear
constraints are imposed by Lagrange multipliers and the group action is extended
to its complexification.

We start with the target space S*: We use complex coordinates z?, p=1,2,

constrained by
Y l2PP =22 =1. (4.18)
p

The Lagrangian L, is
L,=—10,2|*. (4.19)

The constraint (4.18) induces the metric on S* [cf. (4.2)]. The Lagrangian is
invariant under an obvious global U(2) acting linearly on z? and hence, through
(4.18), nonlinearly on the coordinates of S3. The full isometry group of $2 is SO(4),
but U(2) is the maximal subgroup that acts analytically on z?. To construct the
CP(1)-model we gauge the diagonal U(1)-subgroup in U(2). Under this U(1) the
coordinates transform as

0zP=ijzP, 0z2P=—ilzP, A real, (4.20)
and using (4.14) the gauged Lagrangian is
L= —|0,+i4,)z|*=L,+iA(373°z?)— A°A,, @.21)

where we have used (4.18) and 70z =20z — 207, Extremizing the action we find the
gauge connection

A,= %(Z_’_’gaz"). (4.22)

Substituting (4.22) into L, we find
Lo=L,—(270,z")*. (4.23)

This Lagrangian is invariant under local U(1)-transformations (4.20), which can be
used, e.g., to make z! real. The constraint (4.18) induces the metric on the orbit
space CP(1).
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The constraint (4.18) is awkward as it makes the action of the U(2) on §3
nonlinear. It is useful to relax the constraint and impose it through a Lagrange
multiplier Y in the Lagrangian L,:

Lo—Lo+Y(|z2—1). (4.24)

As the theory is now described in terms of unconstrained complex fields z? it is
natural to extend the U(1)-transformation (4.20) to the complexified
transformations:

6zP=idzP, 0zP=—idz?, A complex. 4.25)

To make the Lagrangian invariant under (4.25) we introduce a new real field v with
transformation

Sv= % (A— ). (4.26)

The fields e ¥z and e ~*Z* then transform under the complexified U(1) with the real
parameter A=ReA [cf. (4.20)]. Substituting z'—e °z' and Z'—e 'z into the
Lagrangian (4.24) we find

L,= —|0,(e™%2)* — 1e~*(282)* + Ye~2%(|z|> — ?). 4.27)

In this form, the constraint imposed by the Lagrange multiplier can be solved for v
in a manifestly U(2)-covariant way: e?" =|z|%. The Lagrangian (4.27) is a function of
the complex variables z', z* and is invariant under local complex rescalings [cf.
(4.25)]. It thus describes CP(1). Substituting for v, the Lagrangian becomes

P4
L=— <5M zZ > 0°270,2%, (4.28)

CEP\T P

which gives the standard metric on CP(1) in the gauge z' =1.

5. Supersymmetry

In this section we attempt to introduce supersymmetry to mathematicians in a self-
contained and, hopefully, pedagogical way. For reviews of supersymmetry see, €.g.,
[23, 24]. In particular we present the supersymmetric versions of the nonlinear
g-models of Sect. 4 and material needed for their gauging. This section should
make it possible to understand the constructions of the hyperkahler manifolds in
Sect. 6.

(A) Introduction

A supersymmetry algebra is a graded version of the Poincar¢ algebra. It appends to
the even generators of space-time motions P, J odd generators Q, which transform
as spinors of the Lorentz group (generated by J). The simple supersymmetry
algebra in D dimensions has one odd charge; the N-extended algebra has N such
charges. The structure of the algebra is

[p,P1=0, [J,J]1~J, [P, J]~P,

5.1
[J,01~9, [P.Q]=0, {Q.Q}~P, >0
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where [ , ] is the usual antisymmetric Lie-bracket and { , } is a symmetric (super)
Lie-bracket. The interesting feature is the creature Q: It generates an internal
symmetry, cf. (4.6), but it transforms under rotations J, and hence Q mixes different
spins, i.e., different representations of the Lorentz group. Supersymmetry therefore
relates wave operators (and their spectra) for different spins, e.g., Laplace and
Dirac operators. The even part (i.e., P, J) of the algebra in (5.1) is an ordinary Lie-
algebra: The isometry group for flat space. Other superalgebras, based on larger
even algebras, have been studied. These can all be viewed as subalgebras of the
graded version of the conformal algebra, and include supersymmetry on a
hyperboloid and flat space-time supersymmetry with central extensions.

Here we focus on Poincaré supersymmetry in three space-time dimensions.
The detailed superalgebra is given below. To find off-shell (cf. Sect. 4) represen-
tations of supersymmetry we introduce superspace as the coset space (super-
Poincaré group)/(Lorentz group). This has coordinates x, 6, where x are even and 6
odd, thus reflecting the properties of the generators P and Q. The group action on
the coset space gives a representation of the generators of the superalgebra as
differential operators. This realizes supersymmetry transformations as rotations
and translations in superspace. Representations of supersymmetry are obtained as
fields over superspace, superfields. We assume analyticity in 6 and can define a
superfield by its Taylor expansion in . This has only a finite number of terms as 6 is
nilpotent. The x-dependent coefficients in the f-expansion are called components of
the superfield. Each one of them is a representation of the Lorentz group while the
entire set of components (the multiplet) is a representation of supersymmetry. This
is an off-shell representation, i.e., the component fields do not have to fulfill field
equations (cf. Sect. 4).

Superfields are in general reducible representations of supersymmetry. How-
ever, irreducible representations can be constructed by imposing constraints on
the superfields using a spinorial derivative D that anticommutes with the generator

After discussing various N =1, 2 superfields as fields over N =1, 2 superspace
respectively, we describe N =2 supersymmetry in N = 1 superspace. This amounts
to expanding the N =2 superfields in half of the &’s with coefficients that are
functions of the remaining &’s (and x). Each one of these coefficients is a
representation of N=1 supersymmetry while the entire set of coefficients is a
representation of N = 2 supersymmetry (cf., the components of a superfield above).
This technique has several advantages; one is that N =2 superfields restrict one to
holomorphic coordinates on the target manifold of nonlinear g-models, whereas
N =1 superfields allow arbitrary coordinates. For N =4 supersymmetry a finite
dimensional description of one of the representations needed for the nonlinear
o-model is not known in N =4 superspace (see footnote 4 in Sect. SM below), and
we use N =1,2 superspace.

We introduce action functionals in superspace [cf. (4.1)] that are invariant (up
to a boundary term) under supersymmetry transformations and give the action
functional for the N=1 supersymmetric nonlinear o-model in superspace.
Expanding in components we find that this is an extension of (4.2). The target
manifold is a general Riemannian manifold. If the action functional is required to
be invariant under additional supersymmetries, it is found that it is N=2
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supersymmetric if and only if the target manifold is Kdhler and N =4 supersym-
metric if and only if the target manifold is hyperkéhler.

(B) Preliminaries

Our notation follows essentially that of [24]. In three dimensional space-time
(with signature — + +) the Lorentz group is SL(2,R) and the corresponding
fundamental representation acts on real (Majorana) two-component spinors
p*=(p*,p~). We use spinor notation for all Lorentz representations, denoting
spinor indices by Greek letters. Thus vectors (the three-dimensional represen-
tation) are described by symmetric second-rank spinors Vi-V¥=(V** V*-,
V'~ ") or, equivalently, traceless second rank spinors V2. All our odd rank spinors
are anticommuting ( Grassman).

Spinor indices are raised and lowered by the second-rank antisymmetric
symbol C,;, which also defines the spinor inner product:

Cop=—Cpy=—C¥= (? Bl>,
CyC"°=061,00,=0105—0}0,
Va=Cpp,  p*=CPyy,
VA=Y= 2= — 1 w7).
Note that we (anti)symmetrize without a combinatorial factor. We often use the
identity

(5.2)

A[aBp] = — CaﬁAyBy s (5.3)

which follows from (5.2). We use C,; (instead of the real ¢,4) to simplify the rules for
hermitian conjugation. In particular, it makes yp*p, hermitian (recall p* and v,
anticommute). Note however that whereas * is real, y, is imaginary.

(C) Superalgebras and Superspace

The N-extended superalgebra in three dimensions is

i
[Py Pl =0, [Jp%]=— 5 30T,

i
[Jaﬂ’ PV&] =- 5 5811)?) >
) (5.9
. . 1 .
[Q;s Pﬂy] =0 5 [Jaﬂ’ Q;] = E Cy(azQ;i) 5

{Qi’ Qi}} =2Paﬂ5ij‘
Here, i,j=1, ..., N label the odd generators; P,,= P;,«<>P, are the generators of
translations and J,;=J;,J,=3¢,,J™ generate rotations.

A convenient way of obtaining off-shell representations of supersymmetry is to
use superspace. Ordinary space-time can be defined as the coset space (Poincaré
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group)/(Lorentz group). Similarly, superspace can be defined as (super-Poincaré
group)/(Lorentz group). We parametrize this coset space as

h(x, 0) = /=" Pan +61°0%) (5.5)

The parameters x and 6 are the coordinates of superspace. Reflecting the grading of
the generators P and Q, x takes its values in the even part of a Grassman algebra
and 0 in the odd part:

[x,x]=[x,0]={6,0}={0,0}=[6, P]=[x, P]=0. (5.6)

We find a representation R of a super-Poincaré group element g by letting it act on
superspace as
h(Rx, RO)= g~ 'h(x,0) mod (Lorentz group). (5.7
Considering
gw=e—iw51g’ g‘:=e—i5aﬁp,,ﬁ’ gzze—isiagg‘, (5.8)

respectively, we find, using the Baker-Hausdorff formula e4e? = e4*5+314. 51 ywhen

[A, B] commutes with 4 and B:
[R(g,) X1 =(e?),%(e”)s"x",
[R(g,)01%=(e"),"0",
o (5.9)
[R(g)x]*=x*+&%, [R(g)0]1*=06",

[R(g)x]"=x*— %e’“ei’” . [R(g)0]"=0"+e".

Supersymmetry transformations are thus realized as rotations and translations in
superspace.

(D) Superfields and Spinor Derivatives

We define superfields as a generalization of the fields defined in Sect. 4. Thus a
scalar superfield &(x, 0) is a map from superspace into the even part of a Grassman
algebra; a spinor superfield ¥ (x, 0) is a space-time spinor with values in the odd
part of a Grassman algebra. The 6-dependence in a superfield is formal: We
assume analyticity in 6, which, because of the nilpotency of 6, implies that a
superfield is a polynomial in 8. We can find representations of the supersymmetry
algebra acting on superfields @ by defining these fields to transform as coordinate
scalars under (5.9):

gP(R(g)x, R(g)0)=2(x,0) (5.10)
or, infinitesimally,
0P = —i[E"P 4+ il +67QL, O]. (5.11)
From (5.9) we find the representation of the generators as differential operators:
r(P)=i0y,
)= = 5 (< + Oidly), (5.12)

HQ)=i0i+6"0,,,.
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Here 0 is the anticommuting partial 0-derivative: 0,0’ = §"6%. As everything is
polynomial in 6 this algebraic definition is adequate. In general, when acting on
spinor superfields, etc., we must add a matrix representation of the Lorentz group
to r(J), e.g., ; ;
¥, =~ 3 [x0,05)5+ 00,051 ¥, — 5 Co¥p)- (5.13)

Given a superfield that transforms covariantly, i.e., according to (5.10-13), we
want to define differentiation that preserves the transformation properties. In (flat)
space-time 0, is such a derivative; it transforms covariantly in (flat) superspace as
well. However, the spinorial derivatives 0, do not transform covariantly [they do
not anticommute with r(Q)]. The (Q) was induced by left multiplication (5.7); right
multiplication gives the spinorial derivative D}

Di=0.+i6"0,,, (5.14)

which anticommutes with #(Q). The D’s obey an algebra isomorphic to the algebra
of the Q’s: o B

{Di, D}} =2id,50" . (5.15)
Superfields are in general reducible representations of supersymmetry. A systema-
tic construction of the irreducible representations is possible using the spinor
derivatives D!. Here we give a heuristic discussion of the simplest N=1,2
superfields in three dimensions. When discussing N =4 supersymmetry we do not
use N =4 superspace, but instead we use representations in terms of N=1,2
superfields (see below).

(E) N=1 Scalar Superfield

The N=1 real scalar superfield @ is an irreducible representation of N=1
supersymmetry. To make contact with formulations in ordinary space-time we
need to relate superfields to ordinary space-time fields. As mentioned above, a
supetfield is polynomial in 6. The space-time dependent coefficients in this
expansion are the ordinary fields. Instead of doing the Taylor expansion of a
superfield using the partial derivative d,, we use the spinorial derivative D,. We
define the components of @ as 6-independent parts of @ and of spinor derivatives of
b:

A=d|, y,=D,®, F=4iD?q|, (5.16)
here | denotes the f-independent part. Higher order spinor derivatives lead only to
space-time derivatives of the components in (5.16) because, for N=1,

{D,,D;}=2i0,5, (5.17)
which implies
D,D;=id,,—%+C,4D*, D*DyD,=0,
D*D,= —D,D*=2i9,,D". (5.18)

The superfield @ contains a multiplet of component fields: A is a real scalar (in
ordinary space-time), , is a spinor and F is another real scalar. We will see later
that A and F play very different roles.
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(F) N=1 Gauge Superfield

The other N =1 superfield we use is a real gauge spinor potential I',. This contains a
component vector gauge potential (see below) and hence enters both in the
Legendre construction (a vector is dual to a scalar in three dimensions) and in the
quotient construction. In the abelian case the gauge transformation is

or,=—iD,X, (5.19)

where X is a real scalar superfield [cf. (5.16)]. From I', we can construct a vector
potential

i
Fpyp=— ED("‘F’” (5.20)
transforming as
Ol 5= —i0,,X (5.21)
and a divergence free gauge invariant spinor field strength
F,=iD’D,l'y, D°F,=0 (5.22)

[invariance follows from (5.18)]. The usual vector field strength F,z«>F, =¢&,,.0,1 ",
can be found from F,,

Fop=iDoF gy~ 0Ll (5.23)

The components can be obtained by differentiation and projection onto the
f-independent sector as for @. The gauge invariant components are obtained from
F

a

4a=F,|s  fup=iDFpl=F,l. (5.24)

Because D*F, =0, there is no independent D*F| component (D*F,|= +2id1).
The potential I', has a natural interpretation as the spinor component of a
connection super 1-form I,

I'=T,d0*+ T, dx* (5.25)
B

[I,p, I, are superfields; the notion of components used here must not be confused
with the components of a superfield discussed above, cf. (5.16).] The connection
can be used to define a gauge covariant derivative V,=(V,, V)

Vi=Dy+T,, Vy=0,+T,. (5.26)
It satisfies the algebra
(Vo V) =2iV,, (5.27)
cf. (5.17), and
[Ve Vﬁy] = %Ca(ﬂFy) >
[Vaps V351 =3(Coi, F s+ CpisF ) » (5.28)

where the curvatures F,, F,; are the spinor and vector field strengths defined in
(5.22,23). Note that (5.27) expresses the vector connection I,z in terms of the
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spinor connection I',, cf. (5.20), and that (5.28) follows from (5.27) via the super
Bianchi identity,

0=(=)*LLV 4, s}, Ve} +(=)*P [V, Vi) V) +(=)P [V Va}s Vi) s (5.29)
where the super bracket is
[V VB} = VAVB_(_)ABVBVA > (5.30)

and (—)*®=—1if A=«, B=f and (—)*= +1 otherwise.
The nonabelian case is defined by (5.26-28) where the connections and
curvatures are Lie-algebra valued.

(G) N=1 Supersymmetry Transformations

From the transformations (5.11) we find the supersymmetry transformations of the
component fields. For a scalar superfield we find

0pA=—¢"p,,
OgW,=¢6,F —icfd, A, (5.31)
8oF = —icf 35y, .

The transformation of F has the form of a Dirac-operator acting on ,. This is a
general feature of supersymmetry: The highest component (in the f-expansion)
always transforms as a Dirac-operator acting on the second highest component.

The supersymmetry transformations relate the wave operators (and their
spectra) for the component fields in a superfield. For example, for a scalar
superfield the free (i.e., linear) field equations are:

F=mA, idy'=—-myp*, $0A4A=mF, [O=0%0,. (5.32)

These equations rotate into each other under supersymmetry. This holds also
when nonlinear terms are present. Note that the F-field equation is algebraic. F is
an auxiliary field that is needed for the closure of the algebra [off-sheil
representation, cf. discussion following (4.6)]: When it is eliminated through its
field equation, the algebra closes on the remaining fields only if they satisfy their
field equations (on-shell representation) (actually, it is sufficient that the spinor
field equation is satisfied). An important feature of superspace is that superfields
provide auxiliary fields for off-shell closure of the algebra.

(H) N =2 Spinor Derivatives and Superfields

For N=2 the situation is considerably more involved: A scalar superfield
decomposes into three irreducible projections. We define complex spinor
derivatives

DaE%(Dolz_i-iD?z)a EaE%(D;_in)a (533)
with the algebra
{Da, D_ﬂ}=iaa,;, {Da’Dﬂ}={Dw D—p}=0, (5.34)
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which implies
(D, D*]=-2iD*0,;, D*D,=D°D,, (D°D,)*=—3D*D*D,;D,. (5.35)
For a scalar superfield we can impose a covariant constraint

D,6=0, (5.36)

which implies, because D*=0, 3
o=DY¥ (5.37)

for arbitrary V. & is called a chiral superfield and is irreducible. (¢ must be
complex, otherwise D¢ =DP=0= {D,,D;} #=id,,®=0.) Another characteriza-
tion of a chiral superfield @ is [as follows from (5.34-36)]

1D*D*o=[1d. (5.38)

The other irreducible representation we use is the real linear superfield G which
obeys

D*G=D*G=0, (5.39)
or, equivalentl _
d y D*D2D,G= —[1G, (5.40)
which implies _
G=D"D,V (5.41)

for arbitrary real V. The superfields @, & (D,$=0) and G are the complete
decomposition into irreducible parts of scalar superfields because of (5.38, 40) and

1D2D?— D*D*D, ++D*D*=[]. (5.42)

(1) N=2 Components and Supersymmetry Transformations

We define the components of a chiral superfield @ as the f-independent parts of @
and its complex spinor derivatives:

A=®|, y,=D,P|, F=1D@|. (5.43)

D,®=0 because @ is chiral and from (5.34,35) we see that all mixed D,D-
components of @ are expressible as spacetime derivatives of the components in
(5.43). The chiral superfield @ contains a multiplet of component fields: 4 is a
complex scalar, y, is a complex spinor and F is another complex scalar. Note that
an N =2 chiral superfield is just a complex version of an N =1 real superfield [cf.
(5.16)], which is why the chiral superfields appear in N =2 nonlinear g-models and
why these have a natural complex structure. A real scalar superfield has the
components

C—__VI’ Xa=iDaV|’ ia=_iD—aV|>

M=1iDp*V|, M=4iD?V|, A,=1i[D,D,]VI,
| 2DV s=%[DwDplV| (5.44)

A=D"D,V|, /la=%D_2DaV|, Z,;—%DZD_“V},

E=1D"D*D,V|.
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We emphasize that V contains a vector 4,; and that it is a reducible superfield [see
(5.42)]. For the particular case when V=G is linear we find

M=0, 0%4,=0, Al=—id,1", E=-%0C, (5.45)
leaving
C=G|, y,=iD,G|, A,u=%[D,DylGl, A=D"D,G| (5.46)

as the components in G. From the transformation (5.11) we find the N=2
supersymmetry transformations of the component fields. For example, the
components of the chiral superfield transform as

OpA=—e"p,, Opp,=¢,F—ield,,A, 0,F=—ied5p,. (5.47)

(J) N=2 Gauge Fields

We now consider N =2 gauge fields. We expect real scalar superfields to enter, as
they contain vector components A4,; (5.44). As for the nonabelian N=1 gauge
spinor we define the N =2 gauge multiplet by giving the algebra of its covariant
derivatives:

(Vo Vi) ={V V5} =0, (5.48)
{Va, Vﬁ} = iVap + CaﬂF . (5.49)

Equation (5.49) defines the vector connection in terms of the spinor connection [cf.,
the N =1 case (5.27)]. F is the fundamental field strength; in the abelian case the
Bianchi identities imply that it is linear (5.39-41, 46) (in the nonabelian case it is
covariantly linear V*V,F =V*V,F =0). The Bianchi identities give the remaining
graded commutators where the field strengths are covariant derivatives of F, e.g.,
F,=V,F [cf. (528)].

Equation (5.48) is a nontrivial constraint on the spinor connection; it has no
analog in the N=1 case. It is the integrability condition for the existence of
covariantly chiral superfields

V,2=0 = {V,V,} ®=0. (5.50)
A particular solution to the constraint (5.48) is

V,=e VD", V,=D,, (5.51)
where V=V4iT, is a hermitian Lie-algebra valued scalar superfield. The most

general solution is found from (5.51) by an arbitrary complexified gauge
transformation

Vi=e "e VD,e"e", V =e "D,e". (5.52)
The solution (5.51) is called chiral representation and is not hermitian; (5.52)

allows for hermitian solutions (choose e”e” =¢~ 7). Clearly, we can also use
(5.52) to find an antichiral representation (choose W= —V)

V,=D,, V,=e"De". (5.53)
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(K) N =2 Gauge Transformations

We now consider the transformations of chiral superfields. The most natural local
(i.e., superspace dependent, see Sect. 4A) representation of a Lie-group on chiral
superfields @ is with chiral group elements e,

gA)P=e"D, A=id'T,, (5.54)
D, A=0, (5.55)
where T, is the appropriate matrix representation of the generators acting on the

vector space of @’s. Recall that, because 4 is chiral and non-constant, it must be
complex A+ A. The antichiral superfield @ transforms with A

gA)P=Pe 4, A=idT,, D, A=0. (5.56)

This means that the group naturally acts on chiral superfields through its
complexification. The covariant derivative can be chosen to transform covariantly
with respect to A4 or A but not with respect to both. The A-covariant
transformation follows from (5.54)

g AV, =eV e, (5.57)
Because A is chiral, this is compatible with the chiral representation (5.51) if we let
V transform as . .

g(A)e” =ete’e 4, (5.58)

The A-covariant transformations which follow from (5.56) are compatible with the
antichiral representation (5.53) with V transforming as in (5.58).

(L) N=1 Form of N =2 Supersymmetry

We formulate N =2 supersymmetry in terms of N =1 superfields because N =2
superfields restrict one to holomorphic coordinates on the target space for
nonlinear o-models, whereas N=1 superfields allow arbitrary coordinates.
Expressing N =2 superfields in terms of N=1 superfields is analogous to
expressing superfields in terms of components [cf. (5.16)]. This amounts to
explicitly expanding an N =2 superfield in terms of half of the ’s with coefficients
that depend on the rest of the #’s (and x), and hence are N=1 superfields.
Technically, we split the N=2 spinorial derivative D, into an N=1 spinorial
derivative D, and an orthogonal operator ,,

D,=D,+D,=D}, (5.59)
Qva:_i(D—a_Da):Dozz' (560)

D, is the usual N =1 derivative obeying the algebra (5.17). In N =1 superspace,
only one supersymmetry is manifest; the other supersymmetry mixes different
superfields [this is analogous to component transformations (5.31)]. The latter
supersymmetry is generated by (. We also use 0 to define the N =1 superfield
components of an N =2 superfield.

The discussion above is a sketch of the decomposition of N = 2 superfields into
N =1 superfields. Here we give the results for the N =2 chiral and gauge multiplets,



580 N. J. Hitchin, A. Karlhede, U. Lindstr6m, and M. Roéek

for details see [25]. A model with p N =2 chiral superfields decomposes into 2p real
scalar N = 1 superfields & (the real and imaginary parts). In arbitrary coordinates,
the second supersymmetry is

3,9 = (1D, 9L, (5.61)

The supersymmetry algebra (5.4) requires that I is an integrable complex structure.
The N =2 (nonabelian) gauge multiplet [cf. (5.48, 49, 51, 58)] decomposes into an
N =1 gauge multiplet I'2T, [cf. (5.26)] and a real Lie algebra valued N =1 scalar
superfield & = 4T, with supersymmetry transformations

0d=n'FL, Ori=nd*, (5.62)

where F2 is the field strength in (5.28) and ¢# are coordinates chosen to transform
linearly under the gauge transformations (5.54).

(M) N =4 Supersymmetry
We now consider N =4 supersymmetry. The off-shell N =4 superspace description
of N =4 gauge multiplets is known; however, such a description is not known for
the N =4 scalar multiplet needed to describe N =4 nonlinear g-models*. We
therefore describe N =4 superfields in terms of N=1,2 superfields. This also
allows a formulation in terms of the Kéhler potential.

A model with k N =4 scalar multiplets can be described by 4k real scalar N =1
superfields @°. The three nonmanifest supersymmetries are

0,9°=LniD, 07 + 3 n3D,97 + K’ ng D, 97 . (5.63)

7
The supersymmetry algebra (5.4) requires that I, J, K are three integrable complex
structures that generate the algebra of the quaternions. The N =2 description
selects one complex structure, e.g. I, and puts it in canonical form. We can then
describe a model with k N =4 scalar multiplets in terms of 2k chiral N=2
superfields @7, where p runs over holomorphic indices only. The two nonmanifest
supersymmetries are (1 complex) [3]

6,87 =D*(7X?), (5.64)
where 7 is a complex constant chiral superfield parameter satisfying
Dj=D*1=0,=0, (5.65)

and X?(®,P) is (locally) a vector field from which, as a consequence of the
supersymmetry algebra (5.4), the integrable complex structures J and K are
constructed as follows:

0 X4, 0 iXe,
= 2 ’ K=( .., 7. :
! (X",p 0 ) <—iX",p 0 ) (369

4 This was the case at the time when these lines were written. In the intervening years an interesting
off-shell formulation (but with an infinite number of components) of N =4 scalar multiplets has
been developed [26]. Unfortunately, the problem of extracting the geometry (i.e., the metric) of the
g-model in this formulation has not been solved
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The N =4 gauge multiplet is described by an N =2 gauge superfield V= V4T,
and a Lie algebra valued N =2 chiral superfield @ = @“T,. The two nonmanifest
supersymmetries are [27, 5]

6¢4=—(V"F)D,n, e =i’ d+nde”, (5.67)

where F4is the field strength (5.49) and # is as above. Whereas the transformation
(5.67) generate an off-shell algebra, the algebra of (5.64-66) closes only on fields
satisfying the field equations (see below).

(N ) Actions in Superspace

We now turn to action functionals in superspace. Supersymmetrically invariant
actions in N =1 superspace can be written as

S=[d*xD*L(®). (5.68)

When L is a function of @ and its spinorial (D) and spacetime derivatives, it
transforms as a superfield, and, in particular, its highest component, DL,
transforms into a spacetime divergence [see the discussion following (5.31)].
Discarding this boundary term, the action functional is invariant under
supersymmetry.

The action for supersymmetric nonlinear o-models is [cf. (4.2)]

S=—14[d*xD*(g, (®)D°®'D, %), (5.69)

where g, (@]) is a metric on a Riemannian manifold. Using the definitions of the
components (5.16) and eliminating the auxiliary field F using its field equation, we
find the component action

S=—3[d’x[g; (A)(0* A0, A7 + ip VP p3)+ §R, 0™ Wiy, (5.70)
where
Vg Wy = 0ol 4 T (0,5 A7) 05 . (5.71)

Here I';, and R, ,, are the Christoffel connection and Riemann tensor of the target
manifold with metric g, . The fields A° are the coordinates of the target manifold,
whereas the y?’s take their values in the tensor product space of spacetime spinors
and tangent vectors at the point A° of the target manifold.

One can also add an arbitrary function of &*, P(%), to the Lagrangian (5.69).
This adds nonderivative interaction terms.

If we require the action (5.69) to be invariant under extra supersymmetry
transformations (5.61), we find that the metric g is hermitian with respect to the
complex structure I, and that I is covariantly constant. Thus the manifold is
Kaihler. In the same way, if we require (5.69) to be invariant under the three extra
supersymmetries (5.63), we find that the manifold is hyperkahler. Indeed, one can
use these arguments to prove the following classification theorem: For irreducible
target manifolds, the action (5.69) has N=1 supersymmetry for an arbitrary
Riemannian manifold, has N =2 supersymmetry if and only if the manifold is
Kéhler [28], and has N =4 supersymmetry if and only if the manifold is
hyperkdhler [29]. The supersymmetries beyond N =1 are associated with complex
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Table 2. Theorem due to Zumino [28] and Alvarez-Gaumé and Freedman [29] relating the
number of supersymmetries on the base space and the geometry of the target space

Number of supersymmetries Type of manifold
1 Riemannian

2 Kihler

Jor4 Hyperkédhler

structures on the manifold. Thus N =3 supersymmetry implies N =4 because two
anticommuting complex structures imply the existence of a third. We summarize
the theorem in Table 2.°

N =2 supersymmetric actions for chiral superfields have the form [28]

S=[d®xD*D*K(®, P), (5.72)

where K is a real function of @ and . This describes a nonlinear g-model if and
only if K depends algebraically on @ and & but not on their derivatives.
Computing the component or N =1 action one discovers that this has the form
(5.70) or (5.69) where the metric is a Kdhler metric with Kahler potential K.

One can also add nonderivative interaction terms to (5.72). These involve an
arbitrary holomorphic function P(®) and have the form

Sivr= | d*x(D*P(®) + D*P()). (5.73)

Note that the nonderivative interaction terms involve a chiral superspace
“measure” D? rather than D2D? as in (5.72).

If we impose invariance of the action (5.72) under the two additional
supersymmetry transformations (5.64) we recover the condition that K is the
Kihler potential of a hyperkéhler manifold. We then also find an expression for X*
in (5.64) [3]:

XP= LK, (J—iK)g?. (5.74)

This gives the N =4 supersymmetry in terms of the complex structures in N =2
superspace.

Superspace field equations can be derived from superspace actions by formally
(because the action involves anticommuting quantities) extremizing with respect
to the superfields. Care must be taken to first express constrained superfields
(5.36, 39) in terms of unconstrained ones (5.37, 41).

6. The Supersymmetric Construction of Hyperkiihler Metrics

(A) The Supersymmetric Legendre Transform Construction

The Legendre transform construction of hyperkédhler manifolds of Sect.2
originates in the correspondence between N =4 supersymmetric nonlinear
og-models and hyperkdhler manifolds discussed in Sect.5. Here we give this

5 The classification depends on the dimension of the spacetime M, see, e.g., [8]
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supersymmetric construction [5]. It is a generalization of the duality of Sect. 4B to
a supersymmetric Legendre transform that interchanges chiral and linear N =2

superfields.
Duality in N =1 superspace closely parallels the bosonic duality. The general
supersymmetric o-model action is (5.69)

S=—1]d*xD¥(g, (&) D*®*D,d7). (6.1)

The component action (5.70) shows that g, j((pé’ ) is a metric of a bosonic nonlinear
o-model. Hence any bosonic o-model in (three dimensions) has an N=1
supersymmetric extension. We assume the existence of a non-null Killing vector
field and choose coordinates @ such that g, ; is independent of @°. A first order
action is [cf. (4.8)]

= — L] d*xDX(goo "I, + 28, "D, & + g, D*®D,d7 + T*D’D,T;), (6.2)

where ¢, 740 and I'* and T* are spinor superfields. (Formally) extremizing (6.2)

w.r.t. T* gives
D*D,I'y=0, (6.3)

which is solved by [see (5.18)]
r,=D,®°, (6.4)

where @° is a general real scalar superfield. Substituting (6.4) in (6.2) we recover
(6.1). Extremizing w.r.t. I', [cf. (4.9)] and substituting the result in (6.2) we find the
dual action [cf. (4.10)]

S=—3{d*xD*[(g00)” ' GF*F,+iF*go,D,P’)
+(g¢‘;‘_(g00)—lgOZng)DadyDa@j] (6.5)

with F,=iD’D, T} (5.22). The actions (6.5) and (6.1) are related via a Legendre
transform w.r.t. D*@°,

A supersymmetric nonlinear g-model has N =2 supersymmetry if and only if
the target space F is Kéhler (see Table 2). The action in terms of N =2 superfields is
then (5.72)

S= [d*xD*D*K(®?, %), (6.6)

where K is the Kéhler potential. Expanding (6.6) in components using (5.36, 43) we
recognize a supersymmetric extension of the bosonic g-model with metric
(02K /0dP0P7)|. We assume the existence of a U(1) isometry generated by a
holomorphic Killing vector (1.4-8) and choose coordinates such that
K=K(P°+D°, @7, §7), p,q+0. A first order action is

S= [ d®*xD*D*[K(V,d?, 59— VG], 6.7)

where V is a real and G a linear superfield (5.39). Extremizing (6.7) w.r.t. G gives
[using (5.41)]

D*D, V=0, (6.8)
which implies

V=34 PO, (6.9)
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Substituting (6.9) in (6.7) we recover (6.6). Extremizing w.r.t. V we find

0K

W:KV=—G. (6.10)
This determines V as a function of G (and &%, &%, p, g +0). The action obtained by
substituting V(G, %, &%) into (6.7) is

S= [d3xD*D2[K(V,d", 3 — VG] = [d*xD*Df(G, %, &Y.  (6.11)

The relation of K to f is via a Legendre transform. The Legendre transform from f
to K can be performed for any f(G, ®?, #%) while the transform from K to f
requires the existence of a holomorphic Killing vector. For a general isometry
group acting on M the Legendre transform can be carried out for each commuting
holomorphic Killing vector [22].

A supersymmetric nonlinear o-model has N =4 supersymmetry if and only if
the target space F is hyperkdhler (see Table 2). The action in terms of N=2
superfields is the action (6.6) with the additional requirement that K is a Kahler
potential for a hyperkdhler manifold. The two nonmanifest supersymmetry
transformations are given by (5.64). In this case we find it more instructive to
describe the dualization starting from the N =4 linear multiplet, which consists of
an N =2 chiral superfield y and an N =2 linear superfield G. The action for a set of
linear multiplets is

Se=[d&°xD*D*f(G', 1, 7). (6.12)
It is invariant under the two nonmanifest supersymmetries
ox'=D*iiG'), 6G'=—D*(x'D,n)—D*(¥'D,) (6.13)
[where n obeys (5.65)] if and only if
Joigit fri=0,  Vi,j (6.14)

This is a set of linear partial differential equations; for one N =4 multiplet (6.14)
reduces to the three dimensional Laplace equation.
A first order action is

S= [d*xD2D2[f (¥, ¥, 7')— Pi(' + &')] . (6.15)

Extremizing S w.r.t. ® and @ we find that ¥* are linear (¥* = G') and recover (6.12).

Extremizing w.r.t. ¥ we find o
Jpi=D'+ D (6.16)

Solving for ¥, ¥i=W!(®/+ &/, y*, ), and substituting into S gives
So= [d*xD*DLf (¥, ¥/, #/)—(&'+ &) P] = [ d*xD*D*K(®' + &, 1, 7).
6.17)

This is an N =4 supersymmetric nonlinear g-model with n abelian holomorphic
isometries. K is the Legendre transform of f. The nonmanifest supersymmetries are

or'=—D*(iiK4),
5¢i = D_2 {ﬁ[KXI + K¢j(Klj@k(K¢k<§i)_ - Kqu‘;k(Kq‘;kq;j)_ 1)]} (618)
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and the constraint (6.14) becomes
Kz = (Kas) ™ + K pgm(Koman) ™' Konys - (6.19)

This is a set of nonlinear partial differential equations. For one N =4 linear
multiplet (6.19) is the Monge-Amperé equation.

According to Table 1 in Sect. 5 the action (6.17) gives 4n (real) dimensional
hyperkédhler manifolds. These are obtained by solving the linear partial differential
equations (6.14). Note that the constraint (6.19) on K corresponding to (6.14) is
nonlinear. The two noncanonical (integrable) complex structures J and K can be
read off from the supersymmetry transformations (6.18) by comparison to
(5.64, 66); this is how (2.8) was found.

The hyperkdhler manifold has n abelian holomorphic isometries. It can be
shown that these are triholomorphic (1.14) [22], and that all 4 (real) dimensional
hyperkéhler manifolds with n abelian triholomorphic isometries can be obtained
via the Legendre transform.

(B) Gauging of Isometries and the Quotient Construction

In this section we discuss N =1, 2, and 4 supersymmetric extensions of the gauging
procedure and quotient construction of Sect. 4C. The N =1 quotient leads to an
ordinary quotient (Sect. 3). The N =2 quotient automatically leads to the Ké&hler
quotient of Sect. 2B [3]. This follows directly because we work in N =2 superspace,
and thus supersymmetry is preserved at every stage of the construction and the
classification theorem in Sect. 5 implies that the quotient manifold is Kéhler. A key
feature is the complex action of the gauge group on chiral superfields. The N =4
construction is a simple extension from N =2; however, since we do not use N =4
superfields, the N =4 supersymmetry has to be verified explicitly [3].

The gauging of isometries of N=1 o-models precisely parallels the gauging
described in Sect. 4C. We consider a supersymmetric o-model with action (5.69)

S=—}({d*xD?[g, (®)D*®*D, 8], (6.20)

where the metric g, , is invariant under isometries generated by a vector field X [cf.
1.5-7)]

X&' =Xk, . (6.21)
Note that k‘(®7) are functions of superfields. Using minimal coupling, (4.14), we
obtain the gauged action by replacing

D, &~ V& =D,d + 'k, (6.22)

where I'4 is the spinor component superfield of a connection super one-form [see
(5.25)]. We take the quotient by formally extremizing the action w.r.t. I'Z. We find
[cf. (4.16)]

ry=—g. k4H**D,®*, H""=(g kikf)™'; (6.23)
I is the pullback to superspace of the connection discussed in Sect. 3A. Substi-
tuting (6.23) into the gauged action, we find the nonlinear o-model with the
induced metric for the quotient manifold

S=—3[d*xD? [(g.,— gzmg,’nkﬁlkﬁHAB)Da¢iDa(pj] . (6.24)
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This construction gives the ordinary quotient on the bosonic components (4.17),
and it constrains the fermions to lie in the tangent space of this quotient manifold.
The action of an N =2 supersymmetric g-model is (5.72)

S= [d3xD*D*K(®, P), (6.25)

where @ and & are chiral superfields corresponding to holomorphic and
antiholomorphic coordinates z and z. When we attempt to gauge the holomorphic
isometries (1.4, 5), since there are no explicit derivatives in (6.25), we can not use the
minimal coupling prescription (6.22).

Under an isometry the Kéhler potential K transforms as

XK =v¥+7, (6.26)
where v¥ = X4y (@) is a holomorphic function. From (1.10) it follows that
L(X —ilX)K = XAKEK =¥ — iy, (6.27)

where u* is the Hamiltonian function. As discussed in (5.54-56), in N =2
supersymmetric systems, the gauge group G acts through its complexification G¢
as a consequence of the chiral structure of N =2 superspace. The basic gauge field
in N=2 superspace is a hermitian Lie-algebra valued superfield potential
V=VA4T,, where T, are the Lie-algebra generators. We define the superfield
generalization of (2.21),

Y=—11v=— % VAKLD, —KET,). (6.28)

To gauge the action [3], we introduce an extra complex coordinate {(=(1/4r) Ins
in the language of Sect. 3E), and let it transform as [cf. (3.43)]

dxl=v%. (6.29)
That this is an action (i.e, a realization of the symmetry group) follows
immediately from (6.27) and the equivariance of u [cf. (1.7, 10, 11)]:
[0x, 0y 1{=XV — W =4(X —iIX)V/ - XY
= (XA YP— XB YA) kg{((kll—;Kp)q + i“B, q)
= XAYP(kfl kB, K p + ikiatip, o)
=X*Y"¢, 5" (kHK ,+iup)
=yx1, (6.30)

Clearly, this gives a realization of the entire complexified group ({ is a holomorphic
coordinate). We now define

R=K—(-T (6.31)

L 1 .. . . .
<K =in Inh of Sect. 3E). This is manifestly invariant under the real group [but

transforms under the complex group as IXK =24%, cf. (3.51)]. As K is invariant, it
is sufficient to go to a representation where all fields transform with the same
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parameter. This we do with Y, and write the gauged K as
R=e'R= K(®, d)— jdte'Y -(-C. (6.32)

Since the coordinate { is holomorphic, it can be dropped. Then the gauged action is
given by the super Lagrange density [cf. (2.23)]

R(®,3,V)=K(®,P)— jdte‘Y v, (6.33)

where u” =V4u,. Again we take the quotient by formally extremizing w.r.t. the
gauge potential, in this case V4. We find

efu,=0 (6.34)

which is to be solved for V(®, ®). The Kihler potential K(®, @, V(®P, )) is defined
[up to irrelevant holomorphic and antiholomorphic pieces, cf. (6.26)] on the orbit
space M =M/GC of the complexified group. This is the symplectic (Kéhler)
quotient discussed in Sect. 3.

As an example of the construction we consider CP(1). We start from the flat
space Kihler potential for C2

K(®,d)=d*P?, p=1,2. (6.35)
We consider the U(1) isometry generated by
XPP=ilPP, XPP= —iiPP. (6.36)

(Since this isometry has a fixed point, v¢+ 7* vanishes.) The moment map has the
special form u¢= —¢(K —c), where c is the arbitrary real constant discussed in
Sect. 1. We find the gauged Lagrange density (6.33)

R(®,®,V)=®?PPe” — V. (6.37)
Extremizing w.r.t. V gives
- PP PP
e’PPPP=c = V= —In ) (6.38)

and hence the Kéhler potential on the quotient manifold is

PP

d > +1J =cln(1+L)+ f(@)+ F(®), (6.39)

R(®,®,V(d,P)=c [m <@

where we have introduced inhomogenous coordinates (=®!/®* and

f= c(ln(@z/f) +1/2)is an irrelevant holomorphic function. The K&hler potential
K in (6.39) is the familiar one for CP(1).

We now turn to the N=4 construction. As discussed in Sect. 5, an N=4
supersymmetric o-model can be described in terms of N =2 superfields and has the
action (6.25), where now K is the Kéahler potential of a hyperkdhler manifold. The
description in terms of N =2 superfields selects one of the complex structures to
have its canonical form (1.1). Corresponding to this canonical complex structure
there is a real moment map u* for each holomorphic isometry (1.10). From the
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remaining complex structures we also construct a holomorphic and an anti-
holomorphic moment map u* and u~ for each triholomorphic isometry (1.15). As
discussed in Sect. 5, the N =4 gauge multiplet is described by an N=2 gauge
multiplet ¥V and an N =2 chiral multiplet S. The gauged action is

S=[d*>x[D*D*R(®, D, V)+1D?*5 +1D%5 ], (6.40)

where K is given by (6.33) and p5. = S“u . The crucial point is that the action (6.40)
is N =4 supersymmetric: The nonmanifest supersymmetries are given by (5.67)
and the gauge covariantizations of (5.64)

507 =D2(jje’X?), PP =Dne?X?), Z=iV4kio,. (6.41)

Extremizing (6.40) w.r.t. V gives the condition (6.35) as before; extremizing w.r.t. S

and S gives
fe=p_=0. (6.42)

This is the hyperkahler quotient of Sect. 2. By the classification theorem (Table 2)
the hyperkahler property is ensured by the N =4 supersymmetry of the action. The
noncanonical complex structures J and K can be read off from the supersymmetry
transformations (6.41) [cf. (5.64, 66)].
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