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81.6.1
1)

Ry = vegioa ¥1 | foc =12, . ,0
Qc%rms are \oowded by ¢
Ex Ro s Vounded \()6 the %Q,\\D\/\) red avd Qu« ()\1, UL%QS

pl



§1.5.1
2) Cont.cd)
a) Make R the extentr vegion
“Shretdn | vertex 2 so thaw 3(«9\n looks \ike -

W
A
R

3

—_—

\\\

b) Mate R, the exterior regi o
() “Fold" vertex 2 inside A WXY
M) "Fold" wedex T oiasde A WXY
Nofie that () Forees vertices P and B to fold naide AWXY (5o
verkex X ady as o pivet).
Then e q)mg*\ looks ke :




§1.5.1
9) (cont.ed )
¢) Make Rz the exdenne region
"Seetch ' vertex G o obtain Hae 3mp\/\ :

d) Mare Ry fhe ecdedor region
"ot dark Vv edge conneding verties Woand T over the rest of the
%raq\r\ Yo obtain ¢

03



8151
2) (wat.ed)
e) Make R the exdenior region
l‘(J\x\\ " e prak UL%,Q MM\S verfices P and T over e vesy of ti gmph :

P4



() # of vertices i G = 24
Fadn verkex 15 of degree 3
D deg () = EXS edcgzs nG )

vedexve

So B(24)= 2 (#of edges inG )

=2 06 has 3¢ Q‘k%-ES

By Fulers Foctnala (Tam 131, p.8)
3 of cegions of G= 224436 =14

3) Llet G be the ijg\/\ Ve low -

N

Q

Then n=06

g~ ¢
r=3

Bud n-o+r= (-(+3=372

10)



$1.6.3
t) Labelling The vertites o e odaledven as:

ab

We Moty redruo g gm{)\/\ﬁ; e thod it o CG(V\Q\Q}Q mdﬁ\pqﬁk qmp\f\i

Qa €
C.m b
J'Z §5

a P dom Graph
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2) Kovatowskis Treorem Aels s :
)% o G_qu\(\ G s Q\nm( e G wontaine no Shad Mo of \43/5 or Y
W) ¥ a Ofafn G coains Mo clpdMton & 3,3 o L e G ¢ P\O\V\o\(‘_
e @ntupositve of () & also Trug , Poal is
1 G does confodn o SuladMSoN K 3 0c kg, Than G & act Q\Wf.
Supose. we ladse T verNees i G oas-




Pt

§16.4

2) (wal.ed)
Now tonsider the graph  H

Then B % a seodvisipn of Yz n G, so W Vuvadowdi's Tneoem | G & not Planar,
U

4) We it age that I 125, T Q will watain a sabdivikion of L 5 i this

se . Covadowsttts Wuoren Y\s us That 6 & oot Planar.

Thws 54, so G must be of The tollowing Toems

Kr,,cg or Kooy O° Y\f.,“LQ,Q

We also noye thad there cany be af mest one M osuda that 0 23 (cthenume
G owld centain o swediiaon of s,z and Cuonsh's Thoorem wowdd \anua
ok 6 16 ot plavar) . So we hawe e follewing cases
(ase )V G=¥e,n,

Cose 1o G= K, 4 1S p(omox foc any ¢ N

We can always daw G as:
o Vi './':?V\,Vz,u—,\/ri

WEETR

‘\.] = ?\Ilj\lll“'/\}(\}

V\j - 2W-)WLi




81.6.4
4) (wnt.ed)
Case fe G =Ko, n, foc 123 % Qlanar it 0 <2
G=Kirn Ko,y and G= Ko v, = Ke,p ac ()\cmqr \)3
Cases {a and 1b, res pechively .
But 23 taen G K¢ 3 willl have a sWodivsivn of ¥, 3,
\03 Cuvado wokie Teaem G will net e planae tn this case.
Gse 2 G=Kee,e
Gase 20 Gi=Ke iy 19 plavar Foc any e N

Ll

\\’/ :ﬁt\}\l\ll e ,."“x

A

W= 2wt

Case2 G=Ke,o,2 1o planar iff v, =1 o =2

Q: K‘;Z»Z ‘2'«": ?\JIB

C= Kz 02 (se 81.5.3 exeice 1)

i\ green

P8



§1.5.4
4) (cont.ed)

Case2e G=Krre, whet o023 % ot plavar T any nel,
0,0 23, e G eotwins Ks,a
Cose 3 G-= Lq,vz,ra,q
Case3a Bz Kevny 1o flanar ¥ vy =1 or =2

G: K\,\,\,\
x Wy t‘j:?v'}
| A= 3y
W= iw,
X =23

v,
G= Kz,\,m
X

Bud i 0,23 tan G wi\l contain \L3,5'-

G2 Ky, s V=3V, v,,v, 3
< U= g
W= 1w ]
X= 1%

Fq
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81.G.4

4) (conY.ed )
Case3b =Ky 5,2 is 0o planar foc ang 06N since thase @rtain ks 5

V=R, v, 3
W= {w, wzd
X= $x,, 1.5
2=%2%

Gsede  G= Ky e e e Whare 05,0 23 15 not net \')\ow\ar%r any eN
S\(\(,Q,J‘V\Q.Aj (.e(\\’a}(\ K5)3_

i

5L6L
Ia) G tree
W)= 1, ey X&) =1
Othawise X(G) =2 5 s an be ()V’Wﬁ()\ by e ctron én N(,C‘H :
Basis Sﬁg@ 1€ WGV = 2, e we an 2-wlor G l
nduhive Siep  Suppose ok we can 2-mlor o free with n-1 veriees |
Ler G Voo a Tree with 0 verfices. Choose any lead Lot G, and
coloc it P\)r(‘)\k‘ Suppose That L s adjacent o oo verted v. Then
tolor U green.

&~

¥ we remore L fom G, than we geta tree
of n-{ Vertices, whidn @i be 2-wlered \0«3
ewr Nt \(\3()0\‘\/\,&5(&.

tree G

L

Than we jast add & bade o tas (n-1)-tree o geb & 2-colored trep
of v verhices. By ddurcion , any Treg, can be 2-coloced .
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31.6.
1) Conted)
b) G\ partite gragh
S)quse G= Ko, Tren Q) =2 5 we can Jusy wlop all vertiees of eadiy
A The sa wloc , stnce veries of e same et ave net tacedent 1o
Dne anot\nec

Ay G: M parhite graph
S\W%e G= Koo e Then NG) = £ 5 becawse Theve ave t s
ond eadn ertex of o &t is inddent fo eveny Jertex_of oy o¥ingset,
we fzed a mintmum of + colers .
O

4) G feercen %ra\)\/\
Since the feexcen graph wntadns an odd eyde, it s not 2-wloable .
BuY we can toloc the vertices with 3 wlor

<
v

S0 X(G)=3.



8.0
1) Cont-ed)
e) G+ Birkihott Dinmond
AR)=2: ( B not 2-wlocadale sine. it WrnS an (ociriwsclc)

AN
PO
.

7) G - Aevcadredvon gag

G Qe %(«Q\(\

2(a) = 2 N/
i
/

J

G+ octalredwon graph
K(a) =3 (capnet oe 2 k@ & odd o@eﬂ

T\
G: dode caludivon Cﬁ‘\‘*?\” \/ \

e

P12
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810,
1) Ceont.ed)

\ (0\?\/\
i \;O:Z\,\Li:li\ma ave edd ydes . i >
G \ e .
XG) #3 \ecavse of fnis Pt in W grap

\
Bt o 4‘m\oﬁ(\q works ©

So X(@) =4

s (d be (q
el Y feve and. show!
3) Three awas @ e Meane That those yertices toder
9 vertices
( edgp ‘e hreen

Swo:}ﬁ reYiDNS)

Jown

Lowvﬁ

® Joit

Mike,

Moe,
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31.6.)

4) Soppose we sact withh a %ra&)\l\ QG ond add an edge e bhween two verhices w and v
40 arake a New ‘3‘\‘*?\" G The pichures below Show an ex«mp‘c with sample colors.

uv ~
S AP
' v

(olecs 1o, G ‘...,. | Co\orsil\’éi'oooo;?
Case | M the wlors & v and v weve different in G, Hien e additton of e
dses, (\oj ntroduce any @nflicte, 50 notining dr\aw\%es.

2 (G 1Q)

~ U : g
G N\
o ' Vo

(o2 Suppost tnot tne wlors of W amd v were e same 1n G T
odditon of ¢ canses o onflict. We will need o Q\/\o\\f\%& aither tae color of U oC

Y oo of v i G

u ;
S

WLOG let's Q\/\_CW\%QM wloc of .
let's look ot vertex V. o vedtx of
Cose2a \f v is adjacent W“m}j ofher color 10 G, Then we are forced o
assign U Yo a ww colar, increasing tne cwomatic e by 1 -
x@) = X(Q) +y

P e new oloe

No PN Neignoeds

RN » a VQP\\(X O%

Cose 2b It v i \o} adjucent o' ona_coloc n G, thanwe CV\QLL*\/\LV\QJ%V\\OO@ of u.
Qe 2bu) § n iy net adjacent o o vertex of This same wlot, Fnan

L safete asign TR clee o w i G Then X(G) 7 ACG).

A Y

. no \)\\‘L N{%‘V\\Y)ws
Safe oloe A



RANCAN

4) (wont-ed)
Gose 2b () W i adjacent Yo @ vedex of thic same color already
en we ot wable Yo assign w do tis wlor,
It we tesk all colofs fhnat salisfy case 2b ond end up I case 206i) oo
eadn one of thuse , Yhen we ave forced o assign U @ Nnew coloc.

pink
naigpor =Y

Then %G ) = ACa) +1
S iy covers all cases, Wwe see that KC\G) 2V ACCORRT

31.6.2
2) X(Q)= G

(4
These thnee mugr all be
1 Co\ored, cx\mﬂ% sinee,
T S-cycle Forees Ty @l onned Wit eadn olnec
e o lors and with vertees of ecadn wloe

in the Sayde

Pl5
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2) Cuont.ed)
w(G)=5:
8\6 Theorem 1.4 (0A2) | we Yinow that €(G) 2 w(G).
So w(G) £ 6.

W order Yo e K¢ as a S\J\oqmp\/\ , we need Yo pick oud six veches
NG el ave all odjacent fo eadn ofhar and eadn Must e of degree > 5 10 G

ke

Consider the dagrees of verfices in Q-

Suppose. G s a ¥ S\k\(ﬂdﬂ(‘)h (e 'l sow this, s §alee)
(F we gick all Wvee of tine degree 3 vertices

then we must dhove o dagree 5 vertiees

Yo e in owr ¥ sd\o%m(}\n~ But the d{g)\r‘ee S

verfices are all linked Yooptler, and. stace '\Wuo

are ot exodly degree 5, we Need o tndude

all of Them W our s\)\o%mg\n . Now o K &Ml\@b\
has 3 4 5 = g vyerheg ! >

f ? Canvet Vuppen |
digd  dgys

i we anly cheost ons oc o of e degree T wedices, tran we mugt include sovm
degrec 5 verfices, Witdh ave all linted so ol dagree 5 vertices, must Ve includied .
Bud ‘ML\N’Q S verfces Wl d\msd o all OU_GJWQ . verfices | So cxdcdr\ our ¥ S\)\’Id‘“\()\'\
has & verfices — <—

W& we oy deose degree & verties — again Tney witl e indlusivn of degree
erices W eve K, Makiog an g-vertex K¢ —<—

Thws w(@) #6.

However we on fnd K in Gt



81.6.9.

2) Cwont.ed)

G

Ks &k\ﬂcj(af)h @

4) Suppose by contradiction thad T(G) < X (@) .
i
levgtln of longest pathn in G
Say P a patn of length TCR). Sine we assumed faf T(GQ) ¢X(QY, ot
ey wlee vsed to coloc all of G 1o induded i e colong o P otinee
words , there existis o vertlex v in G ket dees ot lie gn padin 0 and i of
@ ditkerent coloc than all vedies on P

all vertices oa P Woure diffavent colors
— )

o o .. _o o Poth P of TG) vertees

v new color

Bud stne v ts of o different (olor Than all veries on P, veden v must Yo

odjaeny Yo eveny vertex en P. Reason: § this weve not towe, e 3§ were

Aot adjacent Yo some verex 15 on P, Ten we ould hate Just wolered weelices g
and V) the same Glo¢ using less olo Than X(G) ™

Then we ot a gadin of length one greater than lengtin of ©. Bub we assumed,

frod P i a patn o} makimall lengtin ta G < o

= WG) £ UG). \é )

pl?
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8103
N A2 A (whee B= tmap & S Wnited Staleg)
® Malne
Waghing'o Mottana  North DaXota Vesmont New Hamgenire
» Wisnsin M,,ﬁom/ \ MassadnusseHs
N\M’ﬁﬂ“ o Rhode \s\and
L) Connafiwt
: Qﬁ NewJersey
» Delawave
uq\w\d
V\*rg\rxm
No rth Cavolionn
South Caroling
Gcorgw\
Lovisiara Flonda
We need X(Q) 2 4 \rcause tais portion of W\(W\A? req w es 4 colors -
|dabno
Om%cm Whala

Calfnia

Razona
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81.6.3

2) ¥(6)=4 [ anave Q=m¢9 0f Sogtln Amevica)

\Iwaudlq
Columioia Gu\dow\ﬁ
\‘ T(‘QV\(,\'\ Quiona
Ecundor g; //
\vm\ me
Ymg y
’W«%umé

Argenting

We need X(6) 24 bvewauve tNis Poctiv o e map vequires 4 wlors

Brazl




31.6.4
1 a) Ki,a
|Yevattoy &\ﬂj@\_mgmwﬁz@m of Cele)
1 (= 1-1=]

()7

(LT A D)

then Cotied < ((R3-1)- (- k*)) - | (-k2) - (=)

3]

(k- 23+ 13) - (- 212 +)
kA- 33 310 -

0l

Tne numlaer ot 5 woloings 08 G equals Cg (5)
I

04-3(5)°+3(5)*- 5 = g

Basic \dea *
© Starck with given c&mp\l\ G
" ln eadn eradon Coe Q*ﬁg\ , we ook at the "Qiua(s) " from the frevious Slrtg
and do w‘%\\w&(\% foc eadn piece - L T dvew thase in Lvackets
* Pt any edge e from trat piece G
* Gread® fwo naw pleces fom G
1) G=¢
To get this, we Just remove edge < from G
2) Gle
To 9} e, we “colapse e emkpo\(\’?s ot e Yo ong vertex
and remnove angy MR ple tdges et might show vp.

[720



51.6.4
) Conted) Rty ()= (&) ove dont stondaly o (a)

) K-k r 10w 10K +si - e
() -4k + ™3|

) & -sv A+ o’ 10k 14k
le) W'-5% %58k -4\

(£) £ -qrt 9l -3 vigk

N we flog in =2, Wwe gt
M -hQY +3)* = -4 <o
Bat davomadyc pelynomials o Qos\h\m \\t\\t%zrs hould a\w@gg givg. v\e\/\\/\p_cjcd\m valegs,
So s cannst e q  davomaiic Pyromiad for odny %MP\,\_

i



