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An algebraic number field is a finite extension of QQ; an algebraic number is an element
of an algebraic number field. Algebraic number theory studies the arithmetic of algebraic
number fields — the ring of integers in the number field, the ideals and units in the ring of
integers, the extent to which unique factorization holds, and so on.

An abelian extension of a field is a Galois extension of the field with abelian Galois
group. Class field theory describes the abelian extensions of a number field in terms of the
arithmetic of the field.

These notes are concerned with algebraic number theory, and the sequel with class field
theory.
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Notation

We use the standard (Bourbaki) notation: N = {0,1,2,...}; Z = ring of integers; R = field
of real numbers; C = field of complex numbers; IF, = Z/ pZ = field with p elements, p a
prime number.

For integers m and n, m|n means that m divides n, i.e., n € mZ. Throughout the notes,
p is a prime number, i.e., p = 2,3,5,....

Given an equivalence relation, [*] denotes the equivalence class containing *. The empty
set is denoted by @. The cardinality of a set S is denoted by |S| (so |.S| is the number of
elements in S when S is finite). Let / and A be sets; a family of elements of A indexed by
1, denoted (a;);eyg, is a function i — a;: 1 — A.

XCY X is a subset of Y (not necessarily proper);

X=Y X is defined to be Y, or equals Y by definition;

X~Y X is isomorphic to Y

X~Y X and Y are canonically isomorphic (or there is a given or unique isomorphism);
> denotes an injective map;

—» denotes a surjective map.

monnnnn question nnnnn in mathoverflow.net
It is standard to use Gothic (fraktur) letters for ideals:

a bcmmngpgqgAB MNP Q
a b ¢c mnpgqg A B C M N P Q

Prerequisites

The algebra usually covered in a first-year graduate course, for example, Galois theory, group
theory, and multilinear algebra. An undergraduate number theory course will also be helpful.

References

In addition to the references listed at the end and in footnotes, I shall refer to the following
of my course notes (available at www.jmilne.org/math/):

FT Fields and Galois Theory, v4.61, 2020.
GT Group Theory, v3.16, 2020.
CFT Class Field Theory, v4.02, 2013.

Acknowledgements

I thank the following for providing corrections and comments for earlier versions of these
notes: Vincenzo Acciaro; Michael Adler; Giedrius Alkauskas; Baraksha; Omar Baratelli;
Francesc Castella; Kwangho Choiy; Dustin Clausen; Keith Conrad; Edgar Costa, Sean
Eberhard, Paul Federbush; Marco Antonio Flores Martinez; Nathan Kaplan, Nevin Guo;
Georg Hein; Florian Herzig; Dieter Hink; Hau-wen Huang; Enis Kaya; Keenan Kidwell;
Jianing Li; Roger Lipsett; Loy Jiabao, Jasper; Lee M. Goswick; Samir Hasan; Lawrence
Howe; Lars Kindler; Franz Lemmermeyer; Milan Malci¢; Siddharth Mathur; Bijan Mohebi;
Yogesh More; Scott Mullane; Safak Ozden; Wai Yan Pong; Nicol4s Sirolli; Sam Spiro;
Thomas Stoll; Bhupendra Nath Tiwari; Vishne Uzi; and others.

PARI is an open source computer algebra system freely available from http://pari.math.u-
bordeaux.fr/.



DRAMATIS PERSONAE

FERMAT (1601-1665). Stated his last “theorem”, and proved it for m = 4. He also posed
the problem of finding integer solutions to the equation,

X2—AY?=1, A€z, (D)

which is essentially the problem' of finding the units in Z[+/A]. Brouncker found an
algorithm for solving the problem, but neglected to prove that the algorithm always works.
EULER (1707-1783). He introduced analysis into the study of the prime numbers, and he
discovered an early version of the quadratic reciprocity law.

LAGRANGE (1736-1813). He proved that the algorithm for solving (1) always leads to a
solution, and he proved that every positive integer is a sum of four squares.

LEGENDRE (1752-1833). He introduced the “Legendre symbol” (%) and he found the
complete form of the quadratic reciprocity law,

<£> (ﬁ) = (=1)@=DE=D/4 5 4 odd primes.
q/\p

He proved a result that implies the following local-global principle for quadratic forms in
three variables over Q: such a form Q(X,Y, Z) has a nontrivial zero in Q if and only if it
has one in R and the congruence Q = 0 mod p” has a nontrivial solution for all p and n.
GAUSS (1777-1855). He found the first complete proofs of the quadratic reciprocity law.
He studied the Gaussian integers Z[i] in order to find a quartic reciprocity law. He studied
the classification of binary quadratic forms over Z, which is closely related to the problem
of finding the class numbers of quadratic fields.

DIRICHLET (1805-1859). He introduced L-series, and used them to prove an analytic for-
mula for the class number and a density theorem for the primes in an arithmetic progression.
He proved the following “unit theorem™: let o be a root of a monic irreducible polynomial
f(X) with integer coefficients; suppose that f(X) has r real roots and 2s complex roots;
then Z[w«]* is a finitely generated group of rank r + s — 1.

KUMMER (1810-1893). He made a deep study of the arithmetic of cyclotomic fields,
motivated by a search for higher reciprocity laws, and showed that unique factorization could
be recovered by the introduction of “ideal numbers”. He proved that Fermat’s last theorem
holds for regular primes.

HERMITE (1822-1901). He made important contributions to quadratic forms, and he showed
that the roots of a polynomial of degree 5 can be expressed in terms of elliptic functions.
EISENSTEIN (1823-1852). He published the first complete proofs for the cubic and quartic
reciprocity laws.

KRONECKER (1823-1891). He developed an alternative to Dedekind’s ideals. He also had
one of the most beautiful ideas in mathematics for generating abelian extensions of number
fields (the Kronecker liebster Jugendtraum).

RIEMANN (1826-1866). Studied the Riemann zeta function, and made the Riemann hypoth-
esis.

DEDEKIND (1831-1916). He laid the modern foundations of algebraic number theory by
finding the correct definition of the ring of integers in a number field, by proving that ideals

I'The Indian mathematician Bhaskara (12th century) knew general rules for finding solutions to the equation.



factor uniquely into products of prime ideals in such rings, and by showing that, modulo
principal ideals, they fall into finitely many classes. Defined the zeta function of a number
field.

WEBER (1842-1913). Made important progress in class field theory and the Kronecker
Jugendtraum.

HENSEL (1861-1941). He gave the first definition of the field of p-adic numbers (as the set
of infinite sums ) po _; anp”, a, € {0,1,....,p—1}).

HILBERT (1862—-1943). He wrote a very influential book on algebraic number theory in
1897, which gave the first systematic account of the theory. Some of his famous problems
were on number theory, and have also been influential.

TAKAGI (1875-1960). He proved the fundamental theorems of abelian class field theory, as
conjectured by Weber and Hilbert.

NOETHER (1882-1935). Together with Artin, she laid the foundations of modern algebra
in which axioms and conceptual arguments are emphasized, and she contributed to the
classification of central simple algebras over number fields.

HECKE (1887-1947). Introduced Hecke L-series generalizing both Dirichlet’s L-series and
Dedekind’s zeta functions.

ARTIN (1898-1962). He found the “Artin reciprocity law”, which is the main theorem of
class field theory (improvement of Takagi’s results). Introduced the Artin L-series.

HASSE (1898-1979). He gave the first proof of local class field theory, proved the Hasse
(local-global) principle for all quadratic forms over number fields, and contributed to the
classification of central simple algebras over number fields.

BRAUER (1901-1977). Defined the Brauer group, and contributed to the classification of
central simple algebras over number fields.

WEIL (1906-1998). Defined the Weil group, which enabled him to give a common general-
ization of Artin L-series and Hecke L-series.

CHEVALLEY (1909-84). The main statements of class field theory are purely algebraic,
but all the earlier proofs used analysis; Chevalley gave a purely algebraic proof. With his
introduction of ideéles he was able to give a natural formulation of class field theory for
infinite abelian extensions.

IwASAWA (1917-1998). He introduced an important new approach into algebraic number
theory which was suggested by the theory of curves over finite fields.

TATE (1925-2019). He proved new results in group cohomology, which allowed him to
give an elegant reformulation of class field theory. With Lubin he found an explicit way of
generating abelian extensions of local fields.

LANGLANDS (1936 ). The Langlands program is a vast series of conjectures that, among
other things, contains a nonabelian class field theory.



Introduction

It is greatly to be lamented that this virtue of the
[rational integers], to be decomposable into prime
factors, always the same ones for a given number,
does not also belong to the [integers of cyclotomic
fields].

Kummer 1844 (as translated by André Weil)

The fundamental theorem of arithmetic says that every nonzero integer m can be
written in the form,
m==£p;--pn, piaprime number,

and that this factorization is essentially unique.

Consider more generally an integral domain A. An element a € A is said to be a unit if
it has an inverse in A (element b such that ab = 1 = ba). I write A™ for the multiplicative
group of units in A. An element 7x of A is said to prime if it is neither zero nor a unit, and if

wlab = mla or w|b.

If A is a principal ideal domain, then every nonzero element a of A can be written in the
form,
a=um Ty, Uaunit, s; aprime element,

and this factorization is unique up to order and replacing each r; with an associate, i.e., with
its product with a unit.

Our first task will be to discover to what extent unique factorization holds, or fails to
hold, in number fields. Three problems present themselves. First, factorization in a field
only makes sense with respect to a subring, and so we must define the “ring of integers”
Ok in our number field K. Secondly, since unique factorization will fail in general, we
shall need to find a way of measuring by how much it fails. Finally, since factorization is
only considered up to units, in order to fully understand the arithmetic of K, we need to
understand the structure of the group of units Uk in Ok.

The ring of integers
Let K be an algebraic number field. Each element « of K satisfies an equation
" +a " '+ ta, =0

with coefficients ay,...,a, in Q, and « is said to be an algebraic integer if it satisfies such
an equation with coefficients ap,...,a, in Z. We shall see (2.1) that the algebraic integers
form a subring Ok of K.



8 Introduction

An algebraic number is an algebraic integer if and only if its minimal polynomial over
Q has coefficients in Z (see 2.11). Consider, for example, the field K = Q[+/d], where d is
a square-free integer. The minimal polynomial of @ = a +b~/d, b #0,a,b € Q, is

(X —(a+bvVd))(X —(a—bVd)) = X>—2aX + (a*>—b3d),
and so « is an algebraic integer if and only if
2a €Z, a*-b*d €.

From this it follows easily that, when d = 2,3 mod 4, « is an algebraic integer if and only if
a and b are integers, i.e.,

Ox = Z[Vd] = {a+b¢d_|a,bez},

and, if d = 1 mod 4, « is an algebraic integer if and only if @ and b are either both integers
or both half-integers, i.e.,

Ok =2 = {a+b' 54 | abezf.

For example,

Ogry=3) = ZIV=3]
Ogrvz = ZI1++5)/2].

Note that (1 + +/5)/2 satisfies X2 — X — 1 = 0 and so it is an algebraic integer in Q[+/3].
Let ¢4 be a primitive dth root of 1, for example, {; = exp(2nwi/d), and let K = Q[{4].
Then we shall see (6.2) that

Ok = Z[tal = {Xmily |mi € Z}.

as one would hope.

Factorization

A nonzero element 7 of an integral domain 4 is said to be irreducible if it is not a unit, and
cannot be written as a product of two nonunits. For example, a prime element is (obviously)
irreducible. A ring A is a unique factorization domain if every nonzero element of A can be
expressed as a product of irreducible elements in essentially one way. Is the ring of integers
Ok a unique factorization domain? No, not in general!

We shall see that each element of Ok can be written as a product of irreducible elements
(this is true for all noetherian rings), and so it is the uniqueness that fails.

For example, in Z[+/—5] we have

6=2-3=(1+~=5)(1—+=5).

To see that 2, 3, 1 + ~/—5, 1 — +/—5 are irreducible, and no two are associates, we use the
norm map

Nm:Q[v—5] = Q. a+bv—=5+a®+5b%.



This is multiplicative, and it is easy to see that, for ¢ € Ok,
Nm(e) =1 < ad¢ =1 < «isaunit. 2)

If14++/—5= af, then Nm(o8) = Nm(1 + V=5) = 6. Thus Nm(e) = 1,2,3, or 6. In the
first case, « is a unit, the second and third cases don’t occur, and in the fourth case § is a
unit. A similar argument shows that 2,3, and 1 — /=5 are irreducible. Next note that )
implies that associates have the same norm, and so it remains to show that 1 + +/—5 and
1— «/—_5 are not associates, but

14+ +v/=5 = (a+bvV=5)(1—+=5)

has no solution with a,b € Z.

Why does unique factorization fail in Ok ? The problem is that irreducible elements in
Ok need not be prime. In the above example, 1 + +/—5 divides 2-3 but it divides neither 2
nor 3. In fact, in an integral domain in which factorizations exist (e.g. a noetherian ring),
factorization is unique if all irreducible elements are prime.

What can we recover? Consider

210=6-35=10-21.

If we were naive, we might say this shows factorization is not unique in Z; instead, we
recognize that there is a unique factorization underlying these two decompositions, namely,

210=(2-3)(5-7) = (2-5)(3-7).

The idea of Kummer and Dedekind was to enlarge the set of “prime numbers” so that, for
example, in Z[+/—5] there is a unique factorization,

6= (p)(p2-p3) = (p1-p2)(P1-P3),

underlying the above factorization; here the p; are “ideal prime factors”.
How do we define “ideal factors”? Clearly, an ideal factor should be characterized by the
algebraic integers it divides. Moreover divisibility by a should have the following properties:

al0; ala,alb = alat+b; a|a = alab forall b € Ok.
If in addition division by a has the property that
alab = ala or alb,

then we call a a “prime ideal factor”. Since all we know about an ideal factor is the set of
elements it divides, we may as well identify it with this set. Thus an ideal factor a is a set of
elements of Ok such that

Oca, abea=atbea, aca=abeaforall be Og;

it is prime if an addition,
abea=acaorbeca.

Many of you will recognize that an ideal factor is what we now call an ideal, and a prime
ideal factor is a prime ideal.
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There is an obvious notion of the product of two ideals:
ablc <= ¢ = Z,- aib;, dla;, blb;.

In other words,
ab = {Ziaibi |a; €a, b;e€ b}.

One sees easily that this is again an ideal, and that if a = (ay,...,an) and b = (b1, ...,bn),
then
a-b=(aiby,....a;bj,....amby).

With these definitions, one recovers unique factorization: if a # 0, then there is an
essentially unique factorization,

(@) = py--+pn with each p; a prime ideal.

In the above example,
6) = (2,1+vV=5)%3,1+V=5)(3,1—+/=5).

In fact, I claim

2.1+vV=5)2=(2)
(B.1+vV=53.1-v=5 =(3)
2. 14+vV=5)3B. 14+ V=5 =(1++/=5)
2.14V=5)3.1-v=5) = (1-vV-5).

For example, (2,1 + ~/—=5)(2,1 + +/—5) = (4,2 4+ 2+/—5,6). Since every generator is
divisible by 2, we see that

2,14+ v=5)(2,1+/=5) C (2).

Conversely,
2=6—4€(4,2+2+-5,6)

and so (2,14 +/—=5)% = (2), as claimed. I further claim that the three ideals (2,1 +
v=5), 3,1+ +/=5), and (3,1 — +/—5) are all prime. For example, the obvious map
7. — 7|~ 5]/ (3,1 — +/=5) is surjective with kernel (3), and so

Z[N=5]/(3,1—/=5) ~ Z/(3),

which is an integral domain.

How far is this from what we want, namely, unique factorization of elements? In other
words, how many “ideal” elements have we had to add to our “real” elements to get unique
factorization. In a certain sense, only a finite number: we shall see that there exists a finite
set S of ideals such that every ideal is of the form a- (@) for some a € S and some a € Og.
Better, we shall construct a group / of “fractional” ideals in which the principal fractional
ideals (a), a € K*, form a subgroup P of finite index. The index (/: P) is called the class
number hg of K. We shall see that

hg =1 <= Ok is a principal ideal domain <= Ok has unique factorization.



11

A theorem of Carlitz says that, if ix # 1, then hg =2 <= the length of a factorization of
an arbitrary integer of K does not depend on the factorization.
For example, the class number of Q[+/—5] is 2. The ideals

B, 1+v=5), (3, 1—=+v=5), (1.3++v=5), (7.3—+=5)

in Z[+/—5] are prime and not principal, and so each represents the nontrivial element in
1/ P. Therefore, the product of any two of them is principal. Using this we get three distinct
factorizations of 21 in Z[+/—5],

21 =3-7=(44/=5)-(4—=5) = (1 +2/=5) - (1 —=2+/=5),

all of length 2.

Units

Unlike Z, the ring Ok can have infinitely many units. For example, (1 4 +/2) is a unit of
infinite order in Z[+/2],

(1+vV2)(=1+v2)=1; (1++v2)"#1ifm #0.
In fact Z[v/2]* = {£(1 + +/2)™ | m € Z}, and so
ZIN2]* ~ {£1} x {free abelian group of rank 1}.

In general, we shall show (unit theorem) that the roots of 1 in K form a finite group u(K),
and that
Og ~ uw(K)xZ" (as an abelian group);

moreover, we shall find r.

Applications

One motivation for the development of algebraic number theory was the attempt to prove
Fermat’s last “theorem”, i.e., when m > 3, there are no integer solutions (x, y,z) to the
equation

with all of x, y, z nonzero.

When m = 3, this can be proved by the method of “infinite descent”, i.e., from one
solution, you show that you can construct a smaller solution, which leads to a contradiction.’
The proof makes use of the factorization

Y3=23-X3=Z-X)(Z*+XZ+X?),

and it was recognized that a stumbling block to proving the theorem for larger m is that no
such factorization exists into polynomials with integer coefficients of degree < 2. This led
people to look at more general factorizations.

2Chalpman, Scott T. So what is class number 2? Amer. Math. Monthly 126 (2019), no. 4, 330-339.
3Euclid used infinite descent to show that every integer > 1 has a prime factorization, and the usual proof
that +/2 is irrational is by infinite descent.
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In a famous incident, the French mathematician Lamé gave a talk at the Paris Academy
in 1847 in which he claimed to prove Fermat’s last theorem using the following ideas. Let
p > 2 be a prime, and suppose that x, y, z are nonzero integers such that

xP 4 yP =27,

Write . '
xP=zP—y? =[]-¢'y), 0<i<p—1, (=e/7

He then showed how to obtain a smaller solution to the equation, and hence a contradiction.
Liouville immediately questioned a step in Lamé’s proof in which he assumed that, in order
to show that each factor (z — ' y) is a pth power, it suffices to show that the factors are
relatively prime in pairs and their product is a pth power. In fact, Lamé couldn’t justify his
step (Z[{] is not always a principal ideal domain), and Fermat’s last theorem was not proved
for almost 150 years. However, shortly after Lamé’s embarrassing lecture, Kummer used
his results on the arithmetic of the fields Q[¢] to prove Fermat’s last theorem for all regular
primes, i.e., for all primes p such that p does not divide the class number of Q[{,].

Another application is to finding Galois groups. The splitting field of a polynomial
f(X) € Q[X] is a Galois extension of Q. In a basic Galois theory course, we learn how to
compute the Galois group only when the degree is very small. By using algebraic number
theory one can write down an algorithm to do it for any degree.

For applications of algebraic number theory to elliptic curves, see Milne 2020.

Some comments on the literature
COMPUTATIONAL NUMBER THEORY

Cohen 1993 and Pohst and Zassenhaus 1989 provide algorithms for most of the constructions
we make in this course. The first assumes the reader knows number theory, whereas the
second develops the whole subject algorithmically. Cohen’s book is the more useful as a
supplement to this course, but wasn’t available when these notes were first written. While
the books are concerned with more-or-less practical algorithms for fields of small degree
and small discriminant, Lenstra (1992) concentrates on finding “good” general algorithms.

HISTORY OF ALGEBRAIC NUMBER THEORY

Dedekind 1996, with its introduction by Stillwell, gives an excellent idea of how algebraic
number theory developed. Edwards 1977 is a history of algebraic number theory, concentrat-
ing on the efforts to prove Fermat’s last theorem. The notes in Narkiewicz 1990 document
the origins of most significant results in algebraic number theory. Lemmermeyer 2009
explains the origins of “ideal numbers”; see also the other writings by the same author, e.g.,
Lemmermeyer 2000, 2007.

Exercises

0-1 Let d be a square-free integer. Complete the verification that the ring of integers in
Q[+/d] is as described.
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0-2 Complete the verification that, in Z[+/—5],
6) = 2,1+ V=523, 1+ V-5 (3,1-v-5)

is a factorization of (6) into a product of prime ideals.



CHAPTER 1

Preliminaries from Commutative
Algebra

Many results that were first proved for rings of integers in number fields are true for more
general commutative rings, and it is more natural to prove them in that context.!

Basic definitions

All rings will be commutative, and have an identity element (i.e., an element 1 such that
la = a for all a € A), and a homomorphism of rings will map the identity element to the
identity element.

A ring B together with a homomorphism of rings A — B will be referred to as an
A-algebra. We use this terminology mainly when A is a subring of B. In this case, for
elements B1,..., B, of B, we let A[B1,..., Bm] denote the smallest subring of B containing
A and the §;. It consists of all polynomials in the 8; with coefficients in 4, i.e., elements of
the form

Zail...im VBl aiyi, € A
We also refer to A[B1, ..., Bm] as the A-subalgebra of B generated by the B;, and when
B = A[B, ..., Bm] we say that the B; generate B as an A-algebra.
For elements aj,as,... of A, welet (ay,as,...) denote the smallest ideal containing the

a;. It consists of finite sums Y _c;a;, ¢; € A, and it is called the ideal generated by a; a5, .. ..
When a and b are ideals in A, we define

a+b={a+blaca, beb}

It is again an ideal in A — in fact, it is the smallest ideal containing both a and b. If
a=(at,...am) and b = (by,....by), then a+b = (ay,....am,b1,....by).

Given an ideal a in A, we can form the quotient ring A/a. Let f: A — A/a be the
homomorphism a > a + a; then b — f ~1(b) defines a one-to-one correspondence between
the ideals of A/a and the ideals of A containing a, and

A/f7H D) = (4/a)/b.

ISee also the notes A Primer of Commutative Algebra available on my website.

14
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A proper ideal a of A is prime if ab € a = a or b € a. An ideal a is prime if and only if
the quotient ring A/a is an integral domain. A nonzero element 7 of A is said to be prime if
() is a prime ideal; equivalently, if 7w |ab = m|a or 7 |b.

An ideal m in A is maximal if it is maximal among the proper ideals of 4, i.e., if m # A
and there does not exist an ideal a #% A containing m but distinct from it. An ideal a is
maximal if and only if A/a is a field. Every proper ideal a of A is contained in a maximal
ideal — if A is noetherian (see below) this is obvious; otherwise the proof requires Zorn’s
lemma. In particular, every nonunit in A is contained in a maximal ideal.

There are the implications: A is a Euclidean domain = A is a principal ideal domain
= A is a unique factorization domain (see any good graduate algebra course).

Ideals in products of rings

PROPOSITION 1.1 Consider a product of rings A B. If a and b are ideals in A and B
respectively, then a x b is an ideal in A x B, and every ideal in A x B is of this form. The
prime ideals of A x B are the ideals of the form

px B (p aprimeidealof A), Axp (p aprime ideal of B).
PROOF. Let ¢ be an ideal in A x B, and let
a={acA|(@0)ec}, b={beB|(0,b)ec}

Clearly a x b C ¢. Conversely, let (a,b) € c. Then (a,0) = (a,b)-(1,0) € c and (0,b) =
(a,b)-(0,1) € ¢, and so (a,b) € axb.
Recall that an ideal ¢ C C is prime if and only if C /¢ is an integral domain. The map

AxB— AlaxB/b, (a,b)r (a+a,b+b)
has kernel a x b, and hence induces an isomorphism
(AxB)/(axb) >~ A/ax B/b.

Now use that a product of rings is an integral domain if and only if one ring is zero and the
other is an integral domain. o

REMARK 1.2 The lemma extends in an obvious way to a finite product of rings: the ideals
in Ay X --- X A, are of the form a; X --- X a,, with a; an ideal in A;; moreover, aj X --- X
is prime if and only if there is a j such that a; is a prime ideal in A; and a; = A4; fori # j.

Noetherian rings

A ring A is noetherian if every ideal in A is finitely generated.

PROPOSITION 1.3 The following conditions on a ring A are equivalent:
(a) A is noetherian.

(b) Every ascending chain of ideals
apCayC---Cay C---

eventually becomes constant, i.e., for some n, a, = 041 = +--.
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(c) Every nonempty set S of ideals in A has a maximal element, i.e., there exists an ideal
in S not properly contained in any other ideal in S.

PROOF. (a)=(b): Let a = | Ja;; it is an ideal, and hence is finitely generated, say a =
(ai,...,a,). For some n, a, will contain all the ¢;, andso a, = a,4+1 =--- = a.

(b)=(c): Let a; € S. If a7 is not a maximal element of .S, then there exists an a, € S such
that a; ; ap. If a, is not maximal, then there exists an a3 etc.. From (b) we know that this
process will lead to a maximal element after only finitely many steps.

(c)=(a): Let a be an ideal in A, and let S be the set of finitely generated ideals contained in a.
Then S is nonempty because it contains the zero ideal, and so it contains a maximal element,

say, @’ = (ay,...,a,). If a’ # a, then there exists an element @ € a~ ¢, and (a1,...,a,,a)
will be a finitely generated ideal in a properly containing a’. This contradicts the definition
of a'. o

A famous theorem of Hilbert states that k[ X1, ..., X,,] is noetherian. In practice, almost all
the rings that arise naturally in algebraic number theory or algebraic geometry are noetherian,
but not all rings are noetherian. For example, the ring k[X7,..., X,,...] of polynomials in
an infinite sequence of symbols is not noetherian because the chain of ideals

(X1) C(X1,X2) C(X1,X2,X3)C -
never beCOmeS constant.

PROPOSITION 1.4 Every nonzero nonunit element of a noetherian integral domain can be
written as a product of irreducible elements.

PROOF. We shall need to use that, for elements a and b of an integral domain A4,
(a) C (b) <= b|a, with equality if and only if b = a x unit.

The first assertion is obvious. For the second, note that if a = bc and b = ad thena = bc =
adc, and so dc = 1. Hence both ¢ and d are units.

Suppose that the statement of the proposition is false for a noetherian integral domain A.
Then there exists an element a € A which contradicts the statement and is such that (a) is
maximal among the ideals generated by such elements (here we use that A is noetherian).
Since a cannot be written as a product of irreducible elements, it is not itself irreducible,
and so a = bc with b and ¢ nonunits. Clearly (b) D (a), and the ideals can’t be equal for
otherwise ¢ would be a unit. From the maximality of (a), we deduce that b can be written
as a product of irreducible elements, and similarly for c¢. Thus a is a product of irreducible
elements, and we have a contradiction. o

REMARK 1.5 Note that the proposition fails for the ring O of all algebraic integers in the
algebraic closure of QQ in C, because, for example, we can keep extracting square roots —
an algebraic integer & cannot be an irreducible element of O because /o will also be an
algebraic integer and @ = /& - v/a. Thus O is not noetherian.

Noetherian modules

Let A be a ring. An A-module M is said to be noetherian if every submodule is finitely
generated.
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PROPOSITION 1.6 The following conditions on an A-module M are equivalent:
(a) M is noetherian;
(b) every ascending chain of submodules eventually becomes constant;

(c) every nonempty set of submodules in M has a maximal element.
PROOF. Similar to the proof of Proposition 1.3. O

PROPOSITION 1.7 Let M be an A-module, and let N be a submodule of M. If N and
M/ N are both noetherian, then so also is M .

PROOF. I claim that if M’ C M" are submodules of M such that M'NN = M" N N and
M’ and M" have the same image in M/N, then M’ = M". To see this, let x € M"; the
second condition implies that there exists a y € M’ with the same image as x in M/ N, i.e.,
suchthat x—y € N. Thenx—y e M”"NN Cc M’,andso x € M.

Now consider an ascending chain of submodules of M. If M/N is noetherian, the image
of the chain in M /N becomes constant, and if N is noetherian, the intersection of the chain
with N becomes constant. Now the claim shows that the chain itself becomes constant. o

PROPOSITION 1.8 Let A be a noetherian ring. Then every finitely generated A-module is
noetherian.

PROOF. If M is generated by a single element, then M ~ A/a for some ideal a in A4, and
the statement is obvious. We argue by induction on the minimum number # of generators of
M . Since M contains a submodule N generated by n — 1 elements such that the quotient
M/ N is generated by a single element, the statement follows from Proposition 1.7. o

Local rings

A ring A is said to be local if it has exactly one maximal ideal m. In this case, A = A~ m
(complement of m in A).

LEMMA 1.9 (NAKAYAMA’S LEMMA) Let A be a local ring and a a proper ideal in A. Let
M be a finitely generated A-module, and define

aM ={> aim; |a; €a, m; € M}.
(@) IfaM = M, then M = 0.
(b) If N is a submodule of M such that N +aM = M ,then N = M.

PROOF. (a) Suppose that aM = M but M # 0. Choose a minimal set of generators
{e1,...,ep}for M, n>1. Ase; € M = aM, there exist a; € a such that

ey =aiey+---+apey.

Then
(1—ar)er = azer +---+anpep.

As 1 —aj is not in m, it is a unit, and so {es, ...,e,} generates M, which contradicts our
choice of {eq,...,e,}.
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(b) It suffices to show that a(M/N) = M/ N for then (a) shows that M /N = 0. Consider
m+ N, m € M. From the assumption, we can write

m=n+y ;aim;, witha; €a,m; € M.

Then
m+N =Y (ami+N)=) ;a;i(m; +N)

andsom+ N € a(M/N). 0

The hypothesis that M be finitely generated in the lemma is essential. For example, if
A is a local integral domain with maximal ideal m # 0, then mM = M for every field M
containing A but M # 0.

Rings of fractions

Let A be an integral domain; there is a field K D A, called the field of fractions of A, with
the property that every ¢ € K can be written in the form ¢ = ab™! witha,b € A and b # 0.
For example, Q is the field of fractions of Z, and k(X)) is the field of fractions of k[X].

Let A be an integral domain with field of fractions K. A subset S of A is said to be
multiplicative if 0 ¢ S, 1 € S, and S is closed under multiplication. If S is a multiplicative
subset, then we define

S'A={a/beK|beS).

It is obviously a subring of K.

EXAMPLE 1.10 (a) Let ¢ be a nonzero element of A; then

def

Sy = {1,662}

is a multiplicative subset of A, and we (sometimes) write A; for S, 1 4. For example, if d
is a nonzero integer, then® Z; consists of those elements of Q whose denominator divides
some power of d:

Zg=1a/d" €Q|a€Z,n>0}.

(b) If p is a prime ideal, then S, = A \ p is a multiplicative set (if neither a nor b belongs
to p, then ab does not belong to p). We write A4y for S,° 1 4. For example,
Zpy ={m/n € Q| n is not divisible by p}.

PROPOSITION 1.11 Consider an integral domain A and a multiplicative subset S of A. For
an ideal a of A, write a® for the ideal it generates in S~ A; for an ideal a of S™! A, write a¢
foran A. Then:

a‘¢ =a forall ideals a of S~ A
a®“ =a ifaisa prime ideal of A disjoint from S.

2This notation conflicts with a later notation in which Zp, denotes the ring of p-adic integers.
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PROOF. Let a be an ideal in S™!A. Clearly (a N A)¢ C a because aN A C a and a is an
ideal in S~ A. For the reverse inclusion, let b € a. We can write it b = a /s witha € A,
s€S.Thena=s-(a/s)eanA,andsoa/s = (s-(a/s))/s € (aN A)°.

Let p be a prime ideal disjoint from S. Clearly (S~!p) N A D p. For the reverse inclusion,
leta/s € (S~'p)NA,a€p,scS. Consider the equation £.s=acyp. Botha/s and s are
in A, and so at least one of @ /s or s is in p (because it is prime); but s ¢ p (by assumption),
andsoa/s €p. o

PROPOSITION 1.12 Let A be an integral domain, and let S be a multiplicative subset of

A. The map p +— p° £ p- S~ A is a bijection from the set of prime ideals in A such that
pNS = @ to the set of prime ideals in S~ A; the inverse map is p — p N A.

PROOF. Itis easy to see that

p a prime ideal disjoint from S = p® is a prime ideal in ™1 A4,

p a prime ideal in S™'4 = p N A is a prime ideal in A disjoint from S,
and 1.11 shows that the two maps are inverse. O

EXAMPLE 1.13 (a) If p is a prime ideal in A, then A, is a local ring with maximal ideal
pA, (because p contains every prime ideal disjoint from Sy).
(b) We list the prime ideals in some rings,

Z: (2),(3),(5).(D.(11),...,(0);

Zy: (3),(5),(7),(11),...,(0);

Zz): (2),(0);

Zaz: (5),(11),(13),...,(0);
Z/(42): (2),(3).(7).

Note that in general, for ¢ a nonzero element of an integral domain,

{prime ideals of A;} <> {prime ideals of A not containing }
{prime ideals of A/(¢)} < {prime ideals of A containing ¢}.

The Chinese remainder theorem

Recall the classical form of the theorem: let dy, ..., d, be integers, relatively prime in pairs;
then for all integers x1, ..., X, the congruences

x = x; mod d;

have a simultaneous solution x € Z; moreover, if x is one solution, then the other solutions
are the integers of the form x +md withm € Z and d = []d;.

We want to translate this in terms of ideals. Integers m and n are relatively prime if and
only if (m,n) = Z, i.e., if and only if (m) + (n) = Z. This suggests defining ideals a and b
in aring A to be relatively prime if a + b = A.

If my,...,my are integers, then ()(m;) = (m), where m is the least common multiple of
the m;. Thus (\(m;) D ([ [m;), which equals [ [(m;). If the m; are relatively prime in pairs,
then m = [[m;, and so we have (\(m;) = [[(m;). Note that in general,

ap-az---a, CayNaxN...Nay,
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but the two ideals need not be equal.
These remarks suggest the following statement.

THEOREM 1.14 Letay,...,a, be ideals in a ring A, relatively prime in pairs. Then for all
elements x1,...,x, of A, the congruences

X =Xx; moda;

have a simultaneous solution x € A; moreover, if x is one solution, then the other solutions
are the elements of the form x +a witha € (\a;, and (\a; = [[«a;. In other words, the
natural maps give an exact sequence

n
0—>a—>A—>1_[A/al-—>O

i=1
witha=(a; =[] a;.

PROOF. First suppose thatn = 2. As a; +a, = A, there exista; € a; such thata; +as = 1.
Then x = a1xp +apx; maps to (x; mod ay, x» mod a), and so the map A — A/a; x A/a»
is surjective. For ¢ € aj Nay, we have

Cc=adajic+azc €ay-ay,
which show that a; Na; = aja,. Hence
A/a1a2 ~ A/Cl1 XA/az.

We now use induction to prove the theorem for n > 2. For each i > 2, there exist
elements a; € a; and b; € a; such that

a; +b; =1.
The product ]_[l-zz(a,- + b;) lies in ay 4+ a5 ---a, and equals 1, and so

ap+az---a, = A.

Therefore,
A/al...an — A/al.(az...an)
~Afayx Afay---ay
~A/ay x Ajay x---x A/ay
by the n = 2 case and induction. o

The theorem extends to A-modules.

THEOREM 1.15 Let ay,...,a, be ideals in A, relatively prime in pairs, and let M be an
A-module. There is an exact sequence:

O—>aM—>M—>| |_M/al~M—>O
l
witha=[]a; =()a;.

This can be proved in the same way as Theorem 1.14, but I prefer to use tensor products,
which I now review.
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Review of tensor products

Let M, N, and P be A-modules. A mapping f: M x N — P is said to be A-bilinear if

fm+m',n)= f(m,n)+ f(m',n)
f(m,n+n")= f(m,n)+ f(m,n") ¢ allac A, m,m' € M, n,n €N.

flam,n) =af(m,n) = f(m,an)

i.e., if it is linear in each variable. A pair (Q, f) consisting of an A-module Q and an
A-bilinear map f: M x N — Q is called the fensor product of M and N if every other
A-bilinear map f': M x N — P factors uniquely into /" =« o f witha: Q — P A-linear.
The tensor product exists, and is unique (up to a unique isomorphism making the obvious
diagram commute). We denote it by M ®4 N, and we write (m,n) — m @ n for f. The
pair (M ®4 N, (m,n) — m @ n) is characterized by each of the following two conditions:

(a) Themap M x N - M ®4 N is A-bilinear, and every other A-bilinear map M x N —
P is of the form (m,n) — a(m ® n) for a unique A-linear map a: M ® 4 N — P; thus

Biling(M x N, P) = Homg(M ®4 N, P).
(b) The A-module M ®4 N has as generators the m @ n,m € M, n € N, and as relations

m+mYRn=men+m'Qn
m@m+n)=mn+men’ alae A, m,m"e M, n,n’ eN.
am@n=a(m®n) =m@an

Tensor products commute with direct sums: there is a canonical isomorphism

(@i Mi) ®4 (@] Nf) - @i,j M; @4 Nj.
QCmi)@(QCnj) =2 omi ®n;.
It follows that if M and N are free A-modules® with bases (e;) and ( f7) respectively, then
M ®4 N is afree A-module with basis (e; ® f;). In particular, if V and W are vector spaces
over a field k of dimensions m and n respectively, then V ®; W is a vector space over k of

dimension mn.
Leta:M — M’ and B: N — N’ be A-linear maps. Then

(m,n)—>am)@Bn):MxN — M 4N’

is A-bilinear, and therefore factors uniquely through M x N — M ®4 N. Thus there is a
unique A-linear map @ ® B: M ® 4 N — M’ ® 4 N’ such that

(@®B)(m@n) = a(m) f(n).

REMARK 1.16 The tensor product of two matrices regarded as linear maps is called their
Kronecker product.* 1f A is m x n (so a linear map k" — k™) and B is r x s (so a linear
map k% — k"), then A ® B is the mr x ns matrix (linear map k¥ — k™) with

all B cee dlin B
AQB = :
Am1 B .- Amn B
3Let M be an A-module. Elements e1,..., em form a basis for M if every element of M can be expressed
uniquely as a linear combination of the ¢;’s with coefficients in A. Then A™ — M, (ay,..., am) > > ajej, is

an isomorphism of A-modules, and M is said to be a free A-module of rank m.
4Kronecker products of matrices pre-date tensor products by about 70 years.
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LEMMA 1.17 Ifa:M — M’ and B: N — N’ are surjective, then so also is
a@BMRXUN —> M @4N’.

PROOF. Recall that M’ ® N’ is generated as an A-module by the elements m’ @n’, m’' € M’,
n’ € N’. By assumption m’ = a(m) for some m € M and n’ = 8(n) for some n € N, and
som’@n’ = a(m) ® B(n) = (¢ ® B)(m ®n). Therefore the image of & ® B contains a set
of generators for M’ ® 4 N and so it is equal to it. o

One can also show that if
M ->M->M"—-0

is exact, then so also is
M@ P —>MUP—>M"'®4 P —0.
For example, if we tensor the exact sequence
0>a—>A—A/a—0
with M, we obtain an exact sequence
aQAM > M — (A/a) @4 M — 0 3)
The image of a®4 M in M is
aM [jzef{Zaimi |a; ea,m; e M},
and so we obtain from the exact sequence (3) that
M/aM ~ (A/a)@4 M (@Y)

By way of contrast, if M — N is injective, then M ®4 P — N ®4 P need not be injective.

For example, take A = Z, and note that (Z s 7) @z, (Z/mZ) equals Z/mZ = 7/ mZ,
which is the zero map.

PROOF (OF THEOREM 1.15) Return to the situation of the theorem. When we tensor the
isomorphism

AfaS T4/ a
with M, we get an isomorphism

M/aM =~ (A/a) @4 M > [ [(A/a;) @4 M ~ [ M/a; M.

as required. O
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Extension of scalars

If A— B is an A-algebra and M is an A-module, then B ® 4 M has a natural structure of a
B-module for which

b ®@m)=bb'®@m, bb e€B, meM.

We say that B ®4 M is the B-module obtained from M by extension of scalars. The map
m—1Qm:M — B ®4 M has the following universal property: it is A-linear, and for
every A-linear map o: M — N from M into a B-module N, there is a unique B-linear map
o@:B®4 M — N such that &’ (1 ® m) = a(m). Thus @ — o’ defines an isomorphism

Homy(M,N) — Hompg(B ®4 M,N), N a B-module.

For example, A @4 M = M. If M is a free A-module with basis ey, ...,e,, then B®4 M
is a free B-module with basis 1 ® e1,...,1 Q ey,.

Tensor products of algebras

If f:A— B and g:A — C are A-algebras, then B ® 4 C has a natural structure of an
A-algebra: the product structure is determined by the rule

bRc)b' ®@c)y=bb" ®cc’

andthemap A > B4 Cisa— f(a)®1 =1Q g(a).
For example, there is a canonical isomorphism

a® faf:KQrk[X1,...,Xm] = K[X1,..., Xm] )

Tensor products of fields

We are now able to compute K ®y, §2 if K is a finite separable field extension of a field k
and §2 is an arbitrary field extension of k. According to the primitive element theorem (FT
5.1), K = k[a] for some o € K. Let f(X) be the minimal polynomial of «. By definition
this means that the map g(X) +— g(«) determines an isomorphism

k[X1/(f(X)) — K.

Hence
K @ 2 > (k[X]/(f(X))) ®k £2 = 2[X]/(f(X))
by (4) and (5). Because K is separable over k, f(X) has distinct roots. Therefore f(X)

factors in §£2[X] into monic irreducible polynomials

f(X) = fi(X)- fr(X)

that are relatively prime in pairs. We can apply the Chinese Remainder Theorem to deduce
that

ex)/(fx)) =[] _, 2[X)/(fi(x).

Finally, £2[X]/(f; (X)) is a finite separable field extension of £2 of degree deg f;. Thus we
have proved the following result.
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THEOREM 1.18 Let K be a finite separable field extension of k, and let §2 be an arbitrary
field extension. Then K ®j, §2 is a product of finite separable field extensions of §2,

.
K®k9:1_[i=19"'

If o is a primitive element for K/ k, then the image «; of « in §2; is a primitive element for
£2; /82, and it f(X) and f; (X) are the minimal polynomials for « and «; respectively, then

O =[T_, fix).

EXAMPLE 1.19 Let K = Q[«] with « algebraic over Q. Then

Cog K ~ C®q (QIX)/(f(X) = CIX/(F(X) =[] _ CIX)/(X —ar) ~ C".
Here «q,...,a, are the conjugates of o in C. The composite of B~ 1®B:K—->C®qgK

with projection onto the ith factor is Y aja’ Y a; o

We note that it is essential to assume in Theorem 1.18 that K is separable over k. If not,
there will be an o € K such that «? € k but « ¢ k, and the ring K ®; K will contain an
element § = (¢ ® 1 — 1 ® ) # 0 such that

B =’ @1-1Q@a? =a?(1®1)—a?(1®1) =0.
Hence K ®j K contains a nonzero nilpotent element, and so it can’t be a product of fields.

NOTES Ideals were introduced and studied by Dedekind for rings of algebraic integers, and later by
others in polynomial rings. It was not until the 1920s that the theory was placed in its most natural
setting, that of arbitrary commutative rings (by Emil Artin and Emmy Noether).

Exercise
1-1 Let A be an integral domain. A multiplicative subset S of A is said to be saturated if
abeS =aandbeS.

(a) Show that S is saturated <= its complement is a union of prime ideals.

(b) Show that given a multiplicative system S, there is a unique smallest saturated multi-
plicative system S’ containing S, and that S = A ~. [ Jp, where p runs over the prime
ideals disjoint from S. Show that §'~1 A4 = S~! A. Deduce that S~! 4 is characterized
by the set of prime ideals of A that remain prime in S™1 4.



CHAPTER 2

Rings of Integers

Let A be an integral domain, and let L be a field containing A. An element « of L is said
to be integral over A if it is a root of a monic polynomial with coefficients in A, i.e., if it
satisfies an equation

o +ao" M+ 4a,=0, a;€A.

THEOREM 2.1 The elements of L integral over A form a ring.

I shall give two proofs of this theorem. The first uses Newton’s theory of symmetric
polynomials and a result of Eisenstein, and the second is Dedekind’s surprisingly modern
proof, which avoids symmetric polynomials.

First proof that the integral elements form a ring

A polynomial P(Xy,...,X;) € A[X1,..., X,] is said to be symmetric if it is unchanged when
its variables are permuted, i.e., if

P(Xc(l)v---»XU(r)) = P(Xl,...,Xr), all o € Symr.

For example

Si=) Xi. Sa=) XiXj. ... Sr=X1--X,

i<j

are all symmetric. These particular polynomials are called the elementary symmetric poly-
nomials.

THEOREM 2.2 (Symmetric function theorem) Let A be a ring. Every symmetric polyno-
mial P(Xy,...,X;) in A[Xy,..., X;] is equal to a polynomial in the symmetric elementary
polynomials with coefficients in A, i.e., P € A[S1,...,S;].

PROOF. We define an ordering on the monomials in the X; by requiring that
Xixloxirs XD X2 x])r
if either

i1 it iy > it ja ety

25
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or equality holds and, for some s,
i1=J1,...,is = Jg, butisgq1 > js+1.

Let X {c L X rk " be the highest monomial occurring in P with a coefficient ¢ # 0. Because

P is symmetric, it contains all monomials obtained from X {c L. X f " by permuting the X’s.
Hence k1 > ky > --- > k,.

Clearly, the highest monomial in S; is X; -+ X;, and it follows easily that the highest
monomial in Sfil 8% s

xDtdatotdy ydototdy | yd,
Therefore
P(Xy.....X,)—cSKiFReghamhs gk - p(x),.. X))

We can repeat this argument with the polynomial on the left, and after a finite number of
steps, we will arrive at a representation of P as a polynomial in Sy,..., S;. O

Let f(X)=X"4+a; X" ' 4+..-+a, € A[X], and let a1,..., 0y, be the roots of f(X)
in some ring containing A, so that f(X) = [[(X —«;) in the larger ring. Then

ay =—=S1(ay,...,0n), az=S2(a1,...,05), ..., an==xSy(a,...,on).

Thus the elementary symmetric polynomials in the roots of f(X) lie in A, and so the theorem
implies that every symmetric polynomial in the roots of f(X) lies in A.

PROPOSITION 2.3 Let A be an integral domain, and let §2 be an algebraically closed field

containing A. If «y,...,ay, are the roots in §2 of a monic polynomial in A[X ], then every
polynomial g(«y,...,0y) in the a; with coefficients in A is a root of a monic polynomial in
A[X].

PROOF. Clearly
def

W) = [ sy, X — 8@ 2o m))

is a monic polynomial whose coefficients are symmetric polynomials in the «;, and therefore
liein A. But g(«y,...,0y) is one of its roots. O

We now prove Theorem 2.1. Let oy and a; be elements of L integral over A. There
exists a monic polynomial in A[X] having both &1 and a as roots. We can now apply (2.3)
with g(aq,...) equal to @1 + arp or ajap to deduce that these elements are integral over A.

Dedekind’s proof that the integral elements form a ring

PROPOSITION 2.4 Let L be a field containing A. An element « of L is integral over A if
and only if there exists a nonzero finitely generated A-submodule of L such thataM C M
(in fact, we can take M = A|«], the A-subalgebra generated by o).

PROOF. =: If « is integral over A, say,

" +a " '+ ta,=0, a €A,
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then the A-submodule M of L generated by 1, e, ..., @~ ! has the property that aM C M.
<: We shall need to apply Cramer’s rule. As usually stated in linear algebra courses
this says that, if

m
Zcijxj =dl', I = 1,...,m,
=1
then
xj = det(C;)/det(C),

where C = (c;;) and C; is obtained from C by replacing the elements of the jth column
with the d;. When one restates the equation as

det(C)-x; = det(Cj)

it becomes true over every ring (whether or not det(C) is invertible). The proof is elementary
— essentially it is what you wind up with when you eliminate the other variables (try it for
m = 2). Alternatively, expand out
11 ... chij oo Cim
detC; = : :
le cee ZCmJ.XJ . o Cmm
using standard properties of determinants.

Now let M be a nonzero A-module in L such that aM C M, and let vq,...,v, be a
finite set of generators for M. Then, for each i,

av; =) a;jv;,some a;; € A.

We can rewrite this system of equations as

(¢ —ai)vi—apvz—ajzvz—:--=0
—az1v1 + (¢ —az)va —az3vz—---=0
—

Let C be the matrix of coefficients on the left-hand side. Then Cramer’s rule tells us that
det(C)-v; = 0 for all i. Since at least one v; is nonzero and we are working inside the field
L, this implies that det(C) = 0. On expanding out the determinant, we obtain an equation

an _J’_Clan—l +62an_2+...+cn =0’ cl- c A O

We now prove Theorem 2.1. Let « and B be two elements of L integral over A, and let
M and N be finitely generated A-modules in L such that «M C M and BN C N. Define

MN={Zm,-n,-|m,-€M, n,-eN}.

Then:
(a) MN is an A-submodule of L (easy);

(b) itis finitely generated because, if {e1,..., e, } generates M and { f1,..., f,} generates
N, then {e1 f1,....€; fj.....em fn} generates M N ;

(c) itis stable under multiplication by ¢f and by o + 8.
We can now apply (2.4) to deduce that ¢ and o + 8 are integral over A.
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Integral elements

DEFINITION 2.5 The ring of elements of L integral over A is called the integral closure
of A in L. The integral closure of Z in an algebraic number field L is called the ring of
integers O in L.

Next we show that L is the field of fractions of Oy ; in fact we prove more.

PROPOSITION 2.6 Let K be the field of fractions of A, and let L be a field containing K. If
« € L is algebraic over K, then there exists a nonzero d € A such that do is integral over A.

PROOF. By assumption, « satisfies an equation
" +a ™ '+ ta,=0, a k.

Let d be a common denominator for the a;, so that da; € A for all i, and multiply through
the equation by d™ :

dma™ +a;dmod™ 4+ 4 a,d™ = 0.
We can rewrite this as
(do)™ +a1d(doe) 1 4+ +ayd™ =0.
Asaid, ..., amnd™ € A, this shows that da is integral over A. O

COROLLARY 2.7 Let A be an integral domain with field of fractions K, and let B be the
integral closure of A in a field L containing K. If L is algebraic over K, then it is the field
of fractions of B.

PROOF. The proposition shows that every « € L can be written « = 8/d with § € B,
deA. o

DEFINITION 2.8 A ring A is integrally closed if it is its own integral closure in its field of
fractions K, i.e., if
a € K, «integralover A= « € A.

PROPOSITION 2.9 A unique factorization domain, for example, a principal ideal domain, is
integrally closed.

PROOF. Let A4 be a unique factorization domain, and let a /b, with a,b € A, be an element
of the field of fractions of A integral over A. If b is a unit, then a/b € A. Otherwise we may
suppose that there is an irreducible element 7 of A dividing b but not a. As a/b is integral
over A, it satisfies an equation

(a/b)*+ai(a/b)" ' +--+a, =0, a;cA.
On multiplying through by ", we obtain the equation
a*+a1a" b+ ...+ a,b" =0.

The element 7 then divides every term on the left except a”, and hence must divide a”.
Since it doesn’t divide a, this is a contradiction. O
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The proposition makes it easy to give examples of rings where unique factorization fails
— take any ring which is not integrally closed, for example, Z[+/3].

EXAMPLE 2.10 (a) The rings Z and Z][i] are integrally closed because both are principal
ideal domains.
(b) Unique factorization fails in Z[+/—3] because

4=2x2=(14+v=3)(1-v=3),

and the four factors are all irreducible because they have the minimum norm 4. However,
Z[/=3] C Z[ /1] which is a principal ideal domain (and hence the integral closure of Z in
Q[v=3] = Q[V1).

(c) Let k be a field. I claim that the integral closure of k[S1, ..., Sy ] in k(X1,..., Xm) is
k[X1,...,Xm] (here the S; are the elementary symmetric polynomials). Let f € k(X1,..., X;n)
be integral over k[S1,...,Sm]. Then f is integral over k[X1,..., Xsm], which is a unique
factorization domain, and hence is integrally closed in its field of fractions. Thus f €
k[X1,...,Xm]. Conversely, let f € k[X1,...,X;»]. Then f is a root of the monic polyno-
mial

l_[ (T = f(Xo(1),--+» Xa(m)))-

o€Sym,,

The coefficients of this polynomial are symmetric polynomials in the X;, and therefore (see
2.2)liein k[S1,...,Sm].

PROPOSITION 2.11 Let K be the field of fractions of A, and let L be an extension of K of
finite degree. Assume that A is integrally closed. An element « of L is integral over A if
and only if its minimal polynomial over K has coefficients in A.

PROOF. Let « be an element of L integral over A, so that
o™ +a™ V. +a, =0, somea; € A.

Let f(X) be the minimal polynomial of « over K. For any root o’ of f(X), the fields K|[«]
and K{[o'] are both stem fields for f (see FT p. 17), and so there exists a K-isomorphism

o:K[a] > K[], o(@)=a;
On applying o to the above equation we obtain the equation
™ +a ™ V. +a, =0,

which shows that &’ is integral over A. Hence all the roots of f(X) are integral over 4, and
it follows that the coefficients of f(X) are integral over A (by 2.1). They lie in K, and A4 is
integrally closed, and so they lie in A. This proves the “only if”” part of the statement, and
the “if” part is obvious. a]

REMARK 2.12 As we noted in the introduction, this makes it easy to compute some rings
of integers. For example, an element « € Q[\/E ] is integral over Z if and only if its trace
and norm both lie in Z.

PROPOSITION 2.13 If B is integral over A and finitely generated as an A-algebra, then it is
finitely generated as an A-module.



30 2. Rings of Integers

PROOF. First consider the case that B is generated as an A-algebra by a single element, say
B = A[B]. By assumption

B +apV M+ +a, =0, somea; € A.
Every element of B can be expressed as a finite sum
Co—i—Cl,B-{—Cz,Bz—i-"'-f—CN,BN, ci € A,

and we can exploit the preceding equality to replace B” (successively) with a linear com-
bination of lower powers of . Thus every element of B can be expressed as a finite
sum

cotc1f+caf? 4B cieA,
and so 1,8,82,..., 87! generate B as an A-module. In order to pass to the general case,
we need a lemma. O

LEMMA 2.14 Let A C B C C berings. If B is finitely generated as an A-module, and C is
finitely generated as a B-module, then C is finitely generated as an A-module.

PROOF. If {f1,...,Bm} is a set of generators for B as an A-module, and {y1,...,y,} is a set
of generators for C as a B-module, then {B; y; } is a set of generators for C as an A-module.

We now complete the proof of (2.13). Let f1,..., Bm generate B as an A-algebra, and
consider

ACA[B1] C A[Br.B2] C--- C A[B1,.... Bm] = B.

We saw above that A[f;] is finitely generated as an A-module. Since A[B1, B2] = A[B1][B2],
and B, is integral over A[B1] (because it is over A), the same observation shows that
A[B1,B2] is finitely generated as a A[f1]-module. Now the lemma shows that A[f1, B3]
is finitely generated as an A-module. Continuing in this fashion, we find that B is finitely
generated as an A-module.

PROPOSITION 2.15 Consider integral domains A C B C C; if B is integral over A, and C
is integral over B, then C is integral over A.

PROOF. Let y € C; it satisfies an equation
Y 4+by" 14 4b, =0, b;€B.
Let B’ = A[by,...,by]. Then B’ is finitely generated as an A-module (by the last proposition),

and y is integral over B’ (by our choice of the b;), and so B’[y] is finitely generated as an
A-module. Since yB’[y] C B’[y], Proposition 2.4 shows that y is integral over A. o

COROLLARY 2.16 The integral closure of A in an algebraic extension L of its field of
fractions is integrally closed.

PROOF. Let B be the integral closure of A in L, and let C be the integral closure of B in L.
Then C is integral over A, and so C C B. ]

REMARK 2.17 In particular, the ring of integers in a number field is integrally closed.
Clearly we want this, since we want our ring of integers to have the best chance of being a
unique factorization domain (see 2.9).

EXAMPLE 2.18 Let k be a finite field, and let K be a finite extension of k(X). Let Ok be
the integral closure of k[X] in K. The arithmetic of Ok is very similar to that of the ring of
integers in a number field.
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Review of bases of A-modules

Let M be an A-module. A set of elements ey, ..., e, is said to be a basis for M if
(@) Y aje; =0,a; € A= alla; =0, and
(b) every element x of M can be expressed in the form x = > aje;, a; € A.
Let {eq,...,e,} be a basis for M, and let { f1,..., f,} be a second set of n elements in M.
Then we can write f; = ) a;je;j, a;j € A, and f; is also a basis if and only if the matrix
(aij) is invertible in the ring M, (A) of n x n matrices with coefficients in A (this is obvious).

Moreover (a;;) is invertible in M} (A) if and only if its determinant is a unit in A, and in
this case, the inverse is given by the usual formula:

(aiy) ™" = adi(azy) -det(ayy) ™.

In the case that A = Z, the index of N & Zf1+Zfr+--+7Zfnin M is |det(a;;)| (assuming
this is nonzero). To prove this, recall from basic graduate algebra that we can choose bases
{e} for M and {f} for N such that f/ = m;e, m; € Z, m; > 0. If (¢]) = U - (¢;) and
(f/)=V-(fi), then (f;) = V=1DU(e;), where D = diag(m,...,m,), and

det(VIDU) = det(V™1) -det(D)-det(U) = [[m; = (M : N).

Review of norms and traces

Let A C B be rings such that B is a free A-module of rank n. Then every € B defines an
A-linear map
X+ Bx:B — B,

and the trace and determinant of this map are well-defined. We call them the trace Trg, 4 B
and norm Nmp, 4 8 of B in the extension B/A. Thus if {ey,...,e, } is a basis for B over 4,
and Be; = ) a;je;, then Trg;4(B) = > _a;; and Nmp,4(B) = det(a;;). When B D Aisa
finite field extension, this agrees with the usual definition. The following hold (for a € A4,

B.B" € B):

Tr(B + B') = Tr(B) + Tr(B") Nm(Bg") = Nm(B)-Nm(8")
Tr(aB) = aTr(B) Nm(a) = a"
Tr(a) = na

PROPOSITION 2.19 Let L/K be an extension of fields of degree n, and let f € L. Let
f(X) be the minimal polynomial of 8 over K and let 81 = 88, B2, ... , Bm be the roots of
f(X). Then

Trr/xk(B) =r(Br+-+PBm). Nmp,x(B)=(B1-Bm) .
wherer = [L : K[B]] =n/m.

PROOF. First suppose that L. = K[f], and compute the matrix of x — fx relative to the
basis {1,8,...,8" !} — one sees easily that it has trace }_ 8; and determinant [ 8;. For
the general case, use the transitivity of norms and traces (see FT, 5.48). O
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COROLLARY 2.20 Assume that L is separable of degree n over K, and let {01, ...,0,} be
the set of distinct K-homomorphisms L — §2, where §2 is some big Galois extension of K
(e.g., the Galois closure of L over K). Then

Trp xk (B)=01B+--+0nB, Nmp,x(B)=01B--0np.
PROOF. Each B; occurs exactly r times in the family {o; 8}. 0

COROLLARY 2.21 Let A be an integrally closed integral domain, and let L be a finite
extension of the field of fractions K of A; if B € L is integral over A, then Try,/x (B) and
Nmy /g (B) are in A.

PROOF. We know that if B is integral, then so also is each of its conjugates. Alternatively,

apply 2.11. O

ASIDE 2.22 Let L = K[o], and let a1 = «,03,..., an be the conjugates of o (in some Galois
extension of K containing L). For any 8 = g(«) in L,

Nmg, g (B) == (). Trp g (B) = i—; g().

This is a restatement of (2.20), and is Dedekind’s original definition (Dedekind 1877, §17).

Review of bilinear forms

Let V be a finite-dimensional vector space over a field K. Recall that a bilinear form on V
is a K-bilinear map
v VxV —>K.

Such a form is symmetric if ¥ (x,y) = ¥ (y,x) for all x,y € V. The discriminant of a
bilinear form v relative to a basis {eq,...,e, } of V is det(y¥ (e;,e;)). If { f1,..., fm} is aset
of elements of V, and f; =) a;;e;, then

Vi i) =) Wlakiei.azey) = ) agi -V (ei.e)-ay;.
i,J i,j
and so
W (fi, 1)) = A- (Y (e e)))- AT

(equality of m x m matrices), where A is the matrix (a;; ). Hence

det(V (fi, 7)) = det(4)? - det(y (i, ¢;)) (6)
The form v is said to be nondegenerate if it satisfies each of the following equivalent
conditions:
(a) ¥ has a nonzero discriminant relative to one (hence every) basis of V;
(b) the left kernel {v € V | ¥ (v,x) = 0 for all x € V} is zero;
(c) the right kernel of i is zero.
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Thus if v is nondegenerate, the map v — (x > ¥ (v, x)) from V onto the dual vector space
|78 défHom(V, K) is an isomorphism. Let {eq,...,e} be a basis for V, and let f1,..., fm
be the dual basis in V'V, i.e., fi(e;) = §;; (Kronecker delta). We can use the isomorphism
V' — V'V given by a nondegenerate form v to transfer { f1,..., fn} to a basis {e],....e;, } of
V; it has the property that

y(ej.ej) = 8ij.

For example, suppose {e1,...,e;} is a basis such that (¥ (e;,e;)) is a diagonal matrix — the
Gram-Schmidt process always allows us to find such a basis when the form is symmetric —
then e] = e; /Y (e;,e;).

Discriminants
If L is a finite extension of K (L and K fields), then
(a.B) > Trp g (aB):LxX L — K

is a symmetric bilinear form on L regarded as a vector space over K, and the discriminant
of this form is called the discriminant of L /K.

More generally, let B D A be rings, and assume that B is free of rank m as an A-module.
Let By, ..., Bm be elements of B. We define their discriminant to be

D(B1.....Bm) = det(Trp; 4(Bi B))).

LEMMA 2.23 If)/j = Zajiﬁi, aij € A, then

D(y1,....ym) = det(aij)z-D(,Bl,...,,Bm).
PROOF. See the proof of (6). o

If the B; and y; each form a basis for B over A, then det(a;;) is a unit (see p. 31). Thus the
discriminant D(B1, ..., Bm) of a basis {B1,..., Bm} of B is well-defined up to multiplication
by the square of a unit in 4. In particular, the ideal in A that it generates is independent of
the choice of the basis. This ideal, or D(B1., ..., Bn) itself regarded as an element of A/A4>2,
is called the discriminant disc(B/A) of B over A.

For example, when we have a finite extension of fields L /K, disc(L/K) is an element
of K, well-defined up to multiplication by a nonzero square in K.

When A = 7Z, disc(B/A) is a well-defined integer, because 1 is the only square of a unit
in Z.

Warning: We shall see shortly that, when K is a number field of degree m over Q, the
ring of integers Ok in K is free of rank m over Z, and so disc(Ok /7Z) is a well-defined
integer. Sometimes this is loosely referred to as the discriminant of K /(QQ — strictly speaking,
disc(K /Q) is the element of Q*/Q*? represented by the integer disc(Ok /Z).

PROPOSITION 2.24 Let A C B be integral domains and assume that B is a free A-module
of rank m and that disc(B/A) # 0. Elements y1, ..., Y, form a basis for B as an A-module
if and only if

(D(y1,...,¥m)) = (disc(B/A)) (asidealsin A).
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PROOF. Let {f1,..., Bm} be abasis for B as an A-module, and let y1, ..., ¥, be any elements
of B. Write y; =) a;;fi,a;; € A. Then

2.23
D1 ym) P2 det(aif)? - D(Bi.oor Bm).

and, as we noted earlier, {y1,...,ym} is a basis if and only if det(a;;) is a unit. o

REMARK 2.25 Take A = Z in (2.24). Elements y1,y2, ..., Ym generate a submodule N of
finite index in B if and only if D(y1,...,ym) # 0, in which case

D(y1.....ym) = (B:N)?-disc(B/Z).

To prove this, choose a basis f1, ..., Bn for B as a Z-module, and write y; = )" a;; ;. Then
both sides equal det(a;;)?- D(B1,. .., Bm)-

PROPOSITION 2.26 Let L be a finite separable extension of the field K of degree m, and
letoy,...,0m be the distinct K-homomorphisms of L into some large Galois extension 2 of
L. Then, for every basis B1,..., Bm of L over K,

D(B1.....Bm) = det(0; $;)* # 0.

PROOF. By direct calculation, we have

D(By1,....Bm)

def

= det(Tr(B: B;))

= det(> 4 0% (Bi B))) (by 2.20)
= det(D_y 0% (Bi) - ok (Bj))

= det(oy (Bi)) - det(ox (B;))

= det(ox (8))*.

Suppose that det(o; ;) = 0. Then there exist c1, ..., ¢, € §2 such that
ZC,‘G,‘ (Bj) =0all j.
i

By linearity, it follows that ) ; ¢;0;(B) = 0 for all B € L, but this contradicts Dedekind’s
theorem on the independence of characters (apply it with G = L*): Let G be a group and £2
a field, and let 01, ..., 05, be distinct homomorphisms G — £2*; then 07, ..., 0y, are linearly
independent over §2, i.e., there do not exist ¢; € 2 such that x = ) ; ¢;0;(x): G — 2 is the
zero map (FT, 5.14). o

COROLLARY 2.27 Let K be the field of fractions of A, and let L be a finite separable
extension of K of degree m. If the integral closure B of A in L is free of rank m over A,
then disc(B/A) # 0.

PROOF. If {B1,..., Bm} is a basis for B as an A-module, then it follows easily from 2.6 that
it is also a basis for L as a K-vector space. Hence disc(B/A) represents disc(L/K). o

REMARK 2.28 (a) The proposition shows that the K-bilinear pairing
(B.B)—>Te(B-B):LxL— K

is nondegenerate (its discriminant is disc(L/K)).
(b) The assumption that L /K is separable is essential; in fact, if L /K is not separable,
then disc(L/K) = 0 (see Exercise 2-3).
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Rings of integers are finitely generated

We now show that Ok is finitely generated as a Z-module.

PROPOSITION 2.29 Let A be an integrally closed integral domain with field of fractions K,
and let B the integral closure of A in a separable extension L of K of degree m. There exists
free A-submodules M and M’ of L such that

McBcM. 7

Therefore B is a finitely generated A-module if A is noetherian, and it is free of rank m if A
is a principal ideal domain.

PROOF. Let {f1,..., Bm} be a basis for L over K. According to (2.6), there exists a nonzero
d € Asuchthatd-f; € B for all i. Clearly {d - B1,...,d - Bm} is still a basis for L as a
vector space over K, and so we may assume to begin with that each 8; € B. Because the
trace pairing is nondegenerate, there is a “dual” basis {8/, ..., 8,,} of L over K such that
Tr(B; - ,B}) = J;; (see the discussion following (6), p. 32). We shall show that

AB1+ABa+ -+ ABm C B C AR+ AP + -+ ABL,.

Only the second inclusion requires proof. Let 8 € B. Then § can be written uniquely as a
linear combination = ) _b; ,B; of the ,8; with coefficients b; € K, and we have to show
that each b; € A. As B; and B are in B, so alsois B-B;, and so Tr(8-B;) € A (see 2.21).
But

Tr(ﬂ',Bi) = TI'(ij,B; ,Bz) = ijTI‘(ﬂ} ,3,) = ij -8ij = bl'.
J J J

Hence b; € A.

If A noetherian, then M’ is a noetherian A-module (see 1.8), and so B is finitely
generated as an A-module. If A is a principal ideal domain, then B is free of rank < m
because it is contained in a free A-module of rank m, and it has rank > m because it contains
a free A-module of rank m (see any basic graduate algebra course). O

COROLLARY 2.30 The ring of integers in a number field L is the largest subring that is
finitely generated as a Z-module.

PROOF. We have just seen that Op, is a finitely generated Z-module. Let B be another
subring of L that is finitely generated as a Z-module; then every element of B is integral
over Z (by 2.4), and so B C Of. o

REMARK 2.31 (a) The hypothesis that L/ K be separable is necessary to conclude that B is
a finitely generated A-module (we used that the trace pairing was nondegenerate). However
it is still true that the integral closure of k[ X] in any finite extension of k(X ) (not necessarily
separable) is a finitely generated k[ X ]-module.

(b) The hypothesis that A be a principal ideal domain is necessary to conclude from (7)
that B is a free A-module — there do exist examples of number fields L /K such that Oy, is
not a free Og-module.

(c¢) Here is an example of a finitely generated module that is not free. Let A = Z[+/—5],
and consider the A-modules

(2) C (2,1+~/=5) Cc Z[V-5].
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Both (2) and Z[+/—5] are free Z[~/—5]-modules of rank 1, but (2,1 + +/—5) is not a free
Z|~/—5]-module of rank 1, because it is not a principal ideal (see the Introduction). In fact,
it is not a free module of any rank.

DEFINITION 2.32 When K is a number field, a basis a1, ...,a;, for Og as a Z-module is
called an integral basis for K.

REMARK 2.33 We retain the notation of the proposition and its proof.
(a) Let C = > AB; C B, with B; a basis for L over K. Define

C*={BeL|Tr(By) e Aforally € C}.

By linearity,
BeC* < Tr(BBi)e Afori =1,....m,

C*=>"Ap].

C=) ABiCBCY ABj=C*

(b) Write L = Q[B] with 8 € B, and let f(X) be the minimal polynomial of . Let
C=Z[Bl=Z1+ZB+---+ZB™ . We want to find C*.
One can show (Artin 1959, Chapter 7) that

and it follows that

Thus we have:

if 0<i<m-2

; 0
1 ! _
e ron =1 T
(these formulas go back to Euler). It follows from this that

det(Te(B"-B7/ /() = (=1)"

(the only term contributing to the determinant is the product of the elements on the other
diagonal). If B, ..., B, _, is the dual basis to 1, 8, .. .,B™1, so that Tr(B’ ,BJ’) = §;;, then

det(Tr(8" - B})) = 1.
On comparing these formulas, one sees that the matrix relating the family
(/1 (B), s B™ (B}

to the basis
(B0 Bm—1}

has determinant £1, and so it is invertible in M}, (A). Thus we see that C* is a free A-module

with basis {1/1"(B),....8™ 1/ f(B)}:
C=A[BlCBC f'(B)Alf]=C*.
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Finding the ring of integers
We now assume K to be a field of characteristic zero.

PROPOSITION 2.34 Let L = K[B] some B, and let f(X) be the minimal polynomial of
over K. Suppose that f(X) factors into [ [(X — B;) over the Galois closure of L. Then

m(m—1)

D(1,B,B%,....p" 1) = l_[ (Bi —Bj)* = (=1) ‘Nmy g (f'(B)).
1<i<j<m
PROOF. We have

D(1,B,B%,....pm 1) =det(o;(B/))? (2.26)
= det(8])?
=([1;<,; (Bi —Bi))? (Vandermonde)
= (D" LT Bi — )
= (D" T )
= ()™ -Nm(f'(B)). .

The number in 2.34 is called the discriminant of f(X). It can also be defined as the
resultant of f(X) and f/(X). The discriminant of f lies in K, and it is zero if and only if
f has a repeated root. It is a symmetric polynomial in the ; with coefficients in K, and so
(by 2.2) it can be expressed in terms of the coefficients of f(X), but the formulas are quite
complicated.

EXAMPLE 2.35 We compute the discriminant of
f(X)=X"4+aX+b, abek,

assumed to be irreducible and separable. Let § be a root of f(X), and let
y=1"B)=np"" +a.

We compute Nmg g1,k (7). On multiplying the equation

B"+ap+b=0

by nB~! and rearranging, we obtain the equation

np" ' = —na—nbp!.

Hence
y=np"14+a=—m—-1Da—nbp™L.
Solving for g gives
—nb
p=—r
y+(n—1a
from which it is clear that K[8] = K[y], and so the minimal polynomial of y over K also
has degree n. If we write

—nb
f(m) = P(X)/Q(X),
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then P(y)/Q(y) = f(B) =0and so P(y) = 0. Since
PX)=X+m-1a)"—na(X +@n—1a)" 1+ (=1)"n"p"!

is monic of degree n, it must be the minimal polynomial of y. Therefore Nm(y) is (—1)"
times the constant term of this polynomial, and so we find that

Nm(y) =n"b" "'+ (=1)" ' (n—1)""'a".
Finally we obtain the formula,
disc(X" +aX +b) = (=1)"@D2@mpr=1 4 (1) (n— 1) L")

For example,
disc(X?2+aX +b) = —4b+a?,
disc(X3 +aX +b) = —27b* —4a3,
disc(X* +aX 4+ b) = 256b3 —27a*,
disc(X° +aX +b) = 5°b* +4%a>.

For polynomials more complicated than the above, use a computer program. For example,
typing
poldisc(X~3+a*X"2+b*X+c)
in PARI returns
-4*xcxa”3 + b"2%a"2 + 18*cxbkxa + (-4*b~3 - 27xc"2)
ie., —4ca3 +b%a® + 18cha + (—4b3 —27c2).

The general strategy for finding the ring of integers of K is to write K = Q[«] with & an
integer in K, and compute D(1,c,...,a™~1). It is an integer, and if it is square-free, then
{I,a,...,a™ 1} is automatically an integral basis because (see 2.25)

D(1,a,...,a™ Y =disc(Og /7) - (Ok : Z]a])?. (8)

If it is not square-free, {1,c,...,a” !} may still be an integral basis, and sometimes one
can tell this by using Stickelberger’s theorem (see 2.40 below) or by looking at how primes
ramify (see later). If {1,c,...,a™ 1} is not an integral basis, one has to look for algebraic
integers notin Y Z-a’ (we describe an algorithm below).

EXAMPLE 2.36 The polynomial X 3_ X —1is irreducible! in Q[X], because, if it factored,
it would have a root in Q, which would be an integer dividing 1. Let o be aroot of X3 — X —1.
We have

D(1,a,0%) = disc(f(X)) = —23,
which contains no square factor, and so {1, o, a2} is an integral basis for Q[«] (and Z[«] is

the ring of integers in Q[«]).

EXAMPLE 2.37 The polynomial X3 + X + 1 is irreducible in Q[X], and, for any root
o of it, D(1,a,?) = disc(f (X)) = —31, which contains no square factor, and so again
{1,0,?} is an integral basis for Q[a].

'In fact, this is the monic irreducible cubic polynomial in Z[X] with the smallest discriminant.
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EXAMPLE 2.38 This example goes back to Dedekind.” Let K = Q[a], where « is a root of
f(X)=X>+X*-2X +8.

The discriminant of f is —2012 = —4-503, but Dedekind showed that Og # Z[«], and so
disc(Ok /Z) = —503. In fact Dedekind showed that there is no integral basis of the form 1,
o, a?. For another example of this type, see Exercise 2-6 (Weiss 1963, p. 170).’

EXAMPLE 2.39 Consider the field Q[«], where « is a root of f(X) = X>— X — 1. This
polynomial is irreducible, because it is irreducible in F3[X]. The discriminant of f(X) is
2869 = 19- 151, and so the ring of integers in Q[«] is Z[«].

PROPOSITION 2.40 Let K be an algebraic number field.

(a) The sign of disc(K/Q) is (—1)%, where 2s is the number of homomorphisms K — C
whose image is not contained in R.

(b) (Stickelberger’s theorem) disc(Og /Z) = 0 or 1 mod 4.
PROOF. (a) Let K = Q[«], and let o1 = «, a2, ..., &, be the real conjugates of & and oy +1,
Op41,...,0r 45,0 +5 the complex conjugates. Then

2
s(ar+i _&r+i))

sign(D(1,...,a™ 1)) = sign (1_[

1<i<

because the other terms are either squares of real numbers or occur in conjugate pairs, and
this equals (—1)".

(b) Recall that disc(Og /Z) = det(o; o j)z, where a1, ..., is an integral basis. Let P
be the sum of the terms in the expansion of det(o; ;) corresponding to even permutations,
and —N the sum of the terms corresponding to odd permutations. Then

disc(Okx/Z) = (P —N)?> = (P + N)?>—4PN.

If  is an element of the Galois group of the Galois closure of K over Q, then either tP = P
and TN = N,ortP = N and tN = P. In either case, 7 fixes P + N and PN, and so they
are rational numbers. As they are integral over Z, they must in fact be integers, from which
it follows that

disc(Og/Z) = (P +N)*=0o0r1 mod 4. 5

EXAMPLE 2.41 Consider the field Q[+/m], where m is a square-free integer.

Case m = 2,3 mod 4. Here D(1,/m) = disc(X? —m) = 4m, and so Stickelberger’s
theorem shows that disc(Og /Z) = 4m, and hence {1, \/m} is an integral basis.

Case m = 1 mod 4. The element (1 4 /m)/2 is integral because it is a root of X% — X +
(1—m)/4. As D(1,(1 + /m)/2) = m, we see that {1, (1 4+ /m)/2} is an integral basis.

2Keith Conrad suggests changing the polynomial to X3 — X2 —2X —8. As he writes: The roots of this
are the negatives of the roots of X3 + X2 —2X + 8, so you don’t lose anything but you do gain simplicity of
appearance: having all signs past the leading term equal makes it easier to remember what the polynomial is!
Perhaps Dedekind himself even used the choice with all negative coefficients; I haven’t looked up his paper to be
sure, but I did check in Hensel’s 1894 Crelle paper on extraordinary prime factors of the discriminant that he
wrote the polynomial as X3 — X2 —2X —38.

3 An algebraic number field K is said to be monogenic if there exists an « € K such that Ok is the subring
Z[a] generated by «. Quadratic and cyclotomic fields are monogenic, but already cubic fields need not be.
Dedekind’s was the first example of such a field.
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REMARK 2.42 Let K and K’ be number fields. If K and K’ are isomorphic, then they have
the same degree and the same discriminant, but the converse statement is false. For example,

there are four nonisomorphic cubic number fields with discriminant —4027 (4027 is prime).
See 3.48 and 3.49 for two of them.

The curious may wonder why we didn’t give an example of a field generated over Q
by an integral element whose minimal polynomial has discriminant +1. The reason is that
there is no such polynomial of degree > 1 — see (4.10). In fact, the smallest discriminant is
3, which occurs for Q[+/—3].

Algorithms for finding the ring of integers

By an algorithm I mean a procedure that could (in principle) be put on a computer and is
guaranteed to lead to the answer in a finite number of steps. Suppose the input requires
N digits to express it. A good algorithm is one whose running time is < N¢ for some c.
For example, there is no known good algorithm for factoring an integer. By a practical
algorithm 1 mean one that has been (or should have been) put on a computer, and is actually
useful.

The following variant of Proposition 2.29 is useful. Let A be a principal ideal domain
with field of fractions K, and let B be the integral closure of A in a finite separable extension
L of K of degree m.

PROPOSITION 2.43 Let B, ..., Bm be a basis for L over K consisting of elements of B, and
letd = D(B1,...,Bm). Then

A-B1+..+A-Bn CBCA-(B1/d)+..+A-(Bm/d).
PROOF. Let B € B, and write
B=x1f1+ -+ xXmPm, xi€K.

Let 01,...,0, be the distinct K-embeddings of L into some large Galois extension §2 of K.
On applying the o’s to this equation, we obtain a system of linear equations:

0iB =x10iB1+x20iB2++xXm0iBm, i=1,....m.
Hence by Cramer’s rule
xi =i/,

where § = det(o; ;) and y; is the determinant of the same matrix, but with the ith column
replaced with (0; 8). From (2.34), we know that §2 = d. Thus x; = y;8/d, and y;§ is an
element of K (because it equals dx;) and is integral over A. Therefore y;§ € A, which
completes the proof. O

Thus there is the following algorithm for finding the ring of integers in a number field K.
Write K = Q[a], where « is integral over Q. Compute d = D(1,«, ...,a™"1). Then

Zlo] C Ok C d ™' Z[e).

Note that (d ~'Z[a]: Z[]) = d™, which is huge but finite. Each coset B + Z[a], B €
d~'Z[a], consists entirely of algebraic integers or contains no algebraic integer. Find a set
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of representatives B1, ..., B, for Z[a] in d ~!Z[a], and test each to see whether it is integral
over Z (the coefficients of its minimal polynomial will have denominators bounded by a
power of d, and so it is possible to tell whether or not they are integers by computing them
with sufficient accuracy).*

Unfortunately this method is not practical. For example,

FX) =X+ 17X*+3X3 +2X%2 + X +1

is irreducible, and has discriminant 285401001. Hence, if « is aroot of f(X) and K = Q[«],
then the index of Z[«] in Z% +ZF++ Z%‘ is (285401001)°. Actually, as luck would
have it, 285401001 = 3-179-233-2281 is square-free, and so Og = Z[«].

Note that PARI can compute the minimal polynomial of an algebraic number. For
example, let a = V14 /7. We first type “a=sqrtn(l+sqrt(7),3)” in PARI, which
reports that a=1.539084083333266359084139071. Now “algdep(a,6)” asks PARI for a
minimal polynomial for a of degree at most 6, which (correctly) reports it to be

X6 —2x3-6=(x3-1)>2-"7.

Unfortunately, of course, PARI will find a “minimal polynomial” for @ even when a is
transcendental.

I now discuss a practical algorithm for finding Ok for small degrees and small discrimi-
nants from Pohst and Zassenhaus 1989 (see also Cohen 1993, 6.1). The basic strategy is to
start with a known order Z[«] in Ok and enlarge it for every prime p such that p? divides
the discriminant of disc(1,c, ..., 1) until a maximal order is obtained.

The next result will help us get an idea of what should be possible.

LEMMA 2.44 Let (A,8) be Euclidean domain, and let M be an m x m matrix with coef-
ficients in A. Then it is possible to put M into upper triangular form by elementary row
operations of the following type:

(rl) add a multiple of one row to a second;

(r2) swap two rows.

PROOF. By definition §: A — Z is a function with the following property: for any two
elements a,b of A with a # 0, there exist elements ¢ and r such that

b=ga+r,withr =0o0ré(r) <dé(a).

Apply an operation of type (r2) so that the element of the first column with the minimum § is
in the (1, 1)-position. If a1 divides all elements in the first column, we can use operations
of type (r1) to make all the remaining elements of the first column zero. If not, we can use
(r1) to get an element in the first column that has smaller §-value than a1, and put that in the
(1, 1) position. Repeat — eventually, we will have the gcd of the original elements in the first
column in the (1, 1) position and zeros elsewhere. Then move onto the next column.... o

“If you know the ring of integers of a field, it is easy to find the discriminant. Conversely, if you know the
discriminant, this will help in finding the ring of integers; for example, you may get lucky and find an « such
that the discriminant of Z[«] over Z is equal to the discriminant of Og .
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REMARK 2.45 (a) The operations (r1) and (r2) are invertible in matrices with coefficients
in A, and they correspond to multiplying on the left with an invertible matrix in M, (A).
Hence we have shown that there exists an invertible matrix U in M, (A) such that UM is
upper triangular. On taking transposes, we find that for every matrix M € M, (A), there is
an invertible matrix U in M, (A) such that M U is lower triangular.

(b) Take A = Z (for simplicity), and add the (invertible) operation:

(r3) multiply a row by —1.

Using (r1,r2,r3), it is possible to make the triangular matrix 7' = UM satisfy the follow-
ing conditions (assuming det(M) # 0):
a;; >0foralli;
the elements a;; of the jth column satisfy 0 < a;; <aj;.
Then T is unique. It is called the Hermite normal form of A.

Consider the field K = Q[«| generated over QQ by the algebraic integer & with minimal
polynomial f(X). Let {wy,...,w,} be a basis for Ok as a Z-module, and write

A=M .52,

where 4 = (1,a,...,a" )" and 2 = (w1, ...,w,)". Choose U so that M U is lower trian-
gular (and in Hermite normal form), and write

A=MU-U'Q=T-2'.

Here ' L U102 is again a Z-basis for Ok, and 2’ = T71.A4 with 77! also lower
triangular (but not necessarily with integer coefficients). Thus

a)’l = Cllll;
w) =az 1 +axa;
etc.,

where d -a;; € Z, d = |det(M)| = |det(T)|.
EXAMPLE 2.46 Let K = Q[+/m], m square-free, m = 1 (mod 4). The integral basis

14+ /m
2

I,
is of the above form.

In Pohst and Zassenhaus 1989, 4.6, there is an algorithm that, starting from a monic
irreducible polynomial

fX)=X"+a, X" '+ 4a,, ap€l,

constructs an integral basis w1, ..., w5, such that

i

w; = (Zaikai)/Ni

k=1

where
aisarootof f(X), ajx€Z, N;e€Z, gcdai,...,aij)=1.
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In an Appendix, they use it to show that Q[«], where « is a root of
f(X)=X"+101X" +4151X° +---— 332150625,

has an integral basis

w1 = 1,

wy=(1/2)a+1/2

w3 = (1/4)a®—1/4

wq = (1/8)a® 4+ (1/8)a? — (1/8)a—1/8

w11 = (1/9103145472000)c 10 + --- — 4064571/49948672.

The discriminant of f is 2130 x 312 x 512 x 2918 % 82231, and the index of Z[«] in Ok
is 296 x 36 x 53 x 29°.

The first step is to compute D (1,0, a?,...) = disc( £ (X)) and to find its square factors.
Finding the square factors of disc( /(X)) is the most time-consuming part of the algorithm.
The time taken to factor an N-digit number is exponential in the number of digits of N.
Every computer can factor a 50 digit number easily, but after that it becomes rapidly more
difficult. Hundred digit numbers are already difficult. Thus this is not a good algorithm in
the above sense. Once one has found the square factors of disc( (X)) the algorithm for
computing an integral basis of the above form is good.

Using PARI

To determine whether a polynomial f is irreducible, use polisirreducible(f). For
example, polisirreducible (X"5+17*X"4+3*X"3+2*xX~2+X+1) returns 1, which means
that X 4+ 17X*4+3X34+2X2 4 X + 1 is irreducible, and polisirreducible (X~2-1)
returns 0, which means that X2 — 1 is reducible.

To find the discriminant of a polynomial f, use poldisc(f). For example,
poldisc(X"5+17*X"4+3*X"3+2*X"2+X+1) returns 285401001, and poldisc(X~2+3)
returns -12.

To study the stem field of a polynomial f, use nfinit (£). For example,
nfinit (X"5-5%X"3+4*X-1) returns
[X"5 - 5%X"3 + 4xX - 1, [5, 0], 38569, ...]
which means that X —5X3 +4X — 1 has 5 real roots and no nonreal roots and that its stem
field Q[«] has discriminant 38569. Moreover, typing
nfbasis(X"5-5*%X"3+4*X-1) returns
[1, X, X2, X°3, X"4],
which means that {l,a,az,a3,a4} is an integral basis for Q[«] (cf. p. 41).

On the other hand, typing
nfinit(X"2+3) returns
[x~2 + 3, [0, 11, -3, ...]
which means that, X2 + 3 has no real roots and one conjugate pair of complex roots, and
that the field Q[+/—3] has discriminant —3. Moreover, typing
nfbasis(X~2+3) returns
[1, 1/2%X + 1/2],
which means that {1, 1/=3+ %} is an integral basis for Q[+/—3].

For Dedekind’s polynomial in 2.38, PARI says that it has one real root and one conjugate
pair of nonreal roots, and that its stem field has discriminant —503. It finds the integral basis
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{1,a, %az + %a}. Note that
Zla] = Z[1,a,0> + a,
and that
—-2012

Ok:Zla) =2 = | =

as predicted by Equation 8, p. 38.

NOTES As noted earlier, it was Dedekind who found the correct definition of the ring of integers
in a number fields. Earlier authors either luckily chose the correct ring, e.g., Kummer chose Z[{],
{" =1, which is the ring of integers in Q[{], or unluckily chose the wrong ring, e.g., Euler gave a
proof of Fermat’s last theorem for the exponent 3, which becomes correct when the ring Z[+/—3] is
replaced in the proof by its integral closure Z[¢], {3 = 1.

Exercises

2-1 Since Z[+/3] is not integrally closed, it cannot be a unique factorization domain. Give
an example of an element of Z[+/5] that has two distinct factorizations into irreducible
elements.

2-2 Let A be an integrally closed ring, and let K be its field of fractions. Let f(X) € A[X]
be a monic polynomial. If f(X) is reducible in K[X], show that it is reducible in A[X].

2-3 Show that if L/K is not separable, then disc(L/K) = 0.

2-4 Leta= (2,14 +/=3) in Z[+~/=3]. Show that a # (2), but a®> = (2)a. Conclude that
ideals in Z[+/—3] do not factor uniquely into prime ideals. (Hence Z[+/—3] is the wrong
choice for the ring of integers in Q[+/—3].)

2-5 Let A be a subring of a ring B, and let 8 be a unit in B. Show that every o €
A[B]N A[B ] is integral over A. [This has a short solution, but it’s not obvious.]

2-6 Let K = Q[+/7,+/10], and let & be an algebraic integer in K. The following argument
will show that Ok # Z[«].
(a) Consider the four algebraic integers:

a1 = (1+ 7)1+ V10);
oz = (1+V7)(1-V10);
az = (1—v/7)(1+ V10);
as = (1—v7)(1=+10).

Show that all the products o;a;, i # j, are divisible by 3 in Ok, but that 3 does not divide
any power of any «;. [Hint: Show that ¢’ /3 is not an algebraic integer by considering its
trace: show that Tr() = (3 oz]’?) = 4" (mod 3) in Z[«]; deduce Tr(c}') = 1 (mod 3) in Z.]

(b) Assume now that Og = Z[o] — we shall derive a contradiction. Let f(X) be the
minimal polynomial of « over Q. For g(X) € Z[X], let g(X) denote the image of g in
F3[X], F3 = Z/(3). Show that g () is divisible by 3 in Z[«] if and only if g is divisible by
finF3[X].
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(c) Foreachi, 1 <i <4,let f; be a polynomial in Z[X] such that o; = f; (). Show
that f| f; f; (i # j)in F3[X], but that f does not divide f_l" for any n. Conclude that for
eachi, f has an irreducible factor which does not divide ﬁ but does divide all f_j, Jj F£i.

(d) This shows that f_ has at least four distinct irreducible factors over [F3. On the other
hand, f has degree at most 4. Why is this a contradiction?

2-7 Let A be an integral domain, and let B be the integral closure of A in a finite extension
L of its field of fractions K. Let S be a multiplicative subset of A. Show that S~1 B is the
integral closure of S~™!A4in L.

2-8 Let p be a prime ideal in an integral domain A. Show that A,/pA, is the field of
fractions of A/pA.



CHAPTER 3

Dedekind Domains; Factorization

Es steht schon bei Dedekind.
(It’s already in Dedekind.)
Emmy Noether

In this Chapter, we define the notion of a Dedekind domain. We prove that rings of
integers in number fields are Dedekind domains and that ideals in Dedekind domains factor
uniquely into products of prime ideals. First we consider a local version of a Dedekind
domain.

Discrete valuation rings

The following conditions on a principal ideal domain are equivalent:
(a) A has exactly one nonzero prime ideal;
(b) up to associates, A has exactly one prime element;
(c) Aislocal and is not a field.

A ring satisfying these conditions is called a discrete valuation ring. Later we shall define
discrete valuations, and so justify the name.

EXAMPLE 3.1 The ring Z,) & {% € Q| n not divisible by p} is a discrete valuation ring
with (p) as its unique nonzero prime ideal. The units in Z ) are the nonzero elements m /n
with neither m nor n divisible by p, and the prime elements are those of the form unitx p.

In a discrete valuation ring A with prime element 7, nonzero elements of A can be
expressed uniquely as uz” with u a unit and m > 0 (and m > 0 unless the element is a unit).
Every nonzero ideal in A is of the form (™) for a unique m € N. Thus, if a is an ideal in
A and p denotes the (unique) maximal ideal of A, then a = p™ for a well-defined integer
m > 0.

Recall that, for an A-module M and an m € M, the annihilator of m

Ann(m) ={a € A|am = 0}.

It is an ideal in A, which is proper if m # 0. Suppose that A4 is a discrete valuation ring,
and let ¢ be a nonzero element of A. Let M = A/(c). What is the annihilator of a nonzero

46
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element b + (c¢) of M ? Fix a prime element 7 of A4, and let c = un™, b = vx™ with u and
v units. Then n < m (else b+ (¢) = 0in M), and

Ann(b + (¢)) = (™).

Thus, a b for which Ann(b + (c)) is maximal, is of the form vz™~!, and for this choice
Ann(b + (c)) is a prime ideal generated by ;. We shall exploit these observations in the
proof of the next proposition, which gives a criterion for a ring to be a discrete valuation
ring.

PROPOSITION 3.2 An integral domain A is a discrete valuation ring if and only if
(a) A is noetherian,
(b) A is integrally closed, and

(c) A has exactly one nonzero prime ideal.

PROOF. The necessity of the three conditions is obvious, and so let A be an integral domain
satisfying (a), (b), and (c). We have to show that every ideal in A is principal. As a first step,
we prove that the nonzero prime ideal is principal. Note that (c) implies that A is a local ring.

Choose an element ¢ € A, ¢ # 0, ¢ # unit, and consider the A-module M &Y /(c). For
each nonzero element m of M,

Ann(m) ={a € A |am = 0}

is a proper ideal in A. Because A is noetherian, we can choose an m so that Ann(m) is
maximal among these ideals. Write m = b + (¢) and p = Ann(b + (¢)). Note that ¢ € p,
and so p # 0, and that

p=1{aeA|clab}.

I claim that p is prime. If not there exist elements x, y € A such that xy € p but neither x
nor y € p. Then yb + (¢) is a nonzero element of M because y ¢ p. Consider Ann(yb + (¢)).
Obviously it contains p and it contains x, but this contradicts the maximality of p among
ideals of the form Ann(m). Hence p is prime.

I claim that % ¢ A. Otherwise b = ¢ - % €(c),andm =0 (in M).

I claim that 7 € A, and p = (3). By definition, pb C (c), and so p -% C A, and itis an
idealin A. If p - % C p, then IE’ is integral over A (by 2.4, since p is finitely generated), and
SO g € A (because of condition (b)), but we know % ¢ A. Thus p 'g = A (by (c)), and this
implies that p = (%).

Letm = %, so that p = (7). Let a be a proper ideal of A, and consider the sequence

2

aCar 'car2cC--

If ar™" = ax~"~! for some r, then 7~ (ax~") = ax™", and 7! is integral over A (by

2.4), and so lies in A — this is impossible (7 is not a unit in A). Therefore the sequence
is strictly increasing, and (again because A is noetherian) it can’t be contained in A. Let
m be the smallest integer such that ax ™™ C A but ax ™™~ ! ¢ A. Then ax™™ ¢ p, and so
an~ ™ = A. Hence a = (™). 0
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Dedekind domains

DEFINITION 3.3 A Dedekind domain is an integral domain A such that
(a) A is noetherian,
(b) A is integrally closed, and

(c) every nonzero prime ideal is maximal.

Thus Proposition 3.2 says that a local integral domain is a Dedekind domain if and only
if it is a discrete valuation ring.

PROPOSITION 3.4 Let A be a Dedekind domain, and let S be a multiplicative subset of A.
Then S~ A is a Dedekind domain.

PROOF. Condition (c¢) says that there is no containment relation between nonzero prime ide-
als of A. If this condition holds for A, then (1.12) shows that it holds for S ~' A. Conditions
(a) and (b) follow from the next lemma. o

PROPOSITION 3.5 Let A be an integral domain, and let S be a multiplicative subset of A.
(a) If A is noetherian, then so also is S1 A.

(b) If A is integrally closed, then so also is ST' A.

PROOF. (a) Let a be an ideal in S™'A4. Then a = S~!(aN A) (see 1.11), and so a is
generated by every (finite) set of generators for aN A.

(b) Let & be an element of the field of fractions of A (= field of fractions of S~! A) that
is integral over S~! A. Then

" +ao™ 44 a,; =0, somea; € STLA.

For each i, there exists an s; € S such that s;a; € A. Set s = s1---5,, € S, and multiply
through the equation by 5™ :

(s@)™ +say(sa)™ L+ 4+ 5May, =0.
This equation shows that s« is integral over A, and so lies in 4. Hence o = (sa)/s € S™1A.o

PROPOSITION 3.6 A noetherian integral domain A is a Dedekind domain if and only if, for
every nonzero prime ideal p in A, the localization Ay is a discrete valuation ring.

PROOF. =: We saw in (1.13a) that A, is local, and the proposition implies that it is
Dedekind.

<: We have to show that A is integrally closed. Let x be an element of the field of
fractions of A that is integral over A, and let a be the set of elements a of A such that
ax € A. For each nonzero prime ideal p in A, x € Ay, and so there exists an s € A\ p such
that sx € A. Now a is an ideal not contained in any maximal ideal of A, and so a = A. In
particular, 1 € a. O

According to the above definition, a field is a Dedekind domain. In future, we shall
exclude fields from being Dedekind domains (conventions vary).

NOTES It is not possible to drop “noetherian” from (3.6): there exist nonnoetherian integral domains
A such that Ay, is a discrete valuation ring for all nonzero p. However, a commutative ring A such
that Ay, is noetherian for all maximal ideals m is itself noetherian if every nonzero element of A is
contained in only finitely many maximal ideals (mo114715).


https://mathoverflow.net/questions/114715/
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Unique factorization of ideals

The main result concerning Dedekind domains is the following.

THEOREM 3.7 Let A be a Dedekind domain. Every proper nonzero ideal a of A can be
written in the form

— T
a_pl ...pn”

with the p; distinct prime ideals and the r; > 0; the p; and the r; are uniquely determined.
The proof will require several lemmas.

LEMMA 3.8 Let A be a noetherian ring; then every ideal a in A contains a product of
nonzero prime ideals.

PROOF. The proof is similar to that of 1.4. Suppose that the statement is false for A, and
choose a maximal counterexample a. Then a itself cannot be prime, and so there exist
elements x and y of A such that xy € a but neither x nor y € a. The ideals a + (x) and
a+ (y) strictly contain a, but their product is contained in a. Because a is a maximal
counterexample to the statement of the lemma, each of a + (x) and a4 (y) contains a
product of prime ideals, and it follows that a contains a product of prime ideals. o

LEMMA 3.9 Let A be aring, and let a and b be relatively prime ideals in A; for allm,n € N,
a™ and b" are relatively prime.

PROOF. If a” and b" are not relatively prime, then they are both contained in some prime
(even maximal) ideal p. But if a prime ideal contains a power of an element, then it contains
the element, and so p D a” = p Daand p D b” = p D b. Thus a and b are both contained
in p, which contradicts the hypothesis.

Alternative proof: We are given that there exist elements a € A and b € B such that
a+ b = 1. Consider

l=(a+b) =a"+()a" 'b+-+b".

If r > m +n — 1, then the term on the right is the sum of an element of a” with an element
of b”". o

If p and p’ are distinct prime ideals of a Dedekind domain, then condition (c) of the
definition implies that p and p’ are relatively prime, and the lemma shows that p™ and p’”
are also relatively prime for all m,n > 1.

LEMMA 3.10 Let p be a maximal ideal of an integral domain A, and let q be the ideal it
generates in Ay, ¢ = pAp. The map

a+p"—>a+q" A" - Ay /q"
is an isomorphism for all m € N.

PROOF. We first show that the map is one-to-one. For this we have to show that ¢ N A = p™.
But ¢ = S~ !p™, S = A—p, and so we have to show that p” = (S~ 'p”) N A. An element
of (S™1p™) N A can be written a = b/s with b € p™, s € S, and a € A. Then sa € p™, and
so sa =01in A/p™. The only maximal ideal containing p” is p (because m D p™” = m D p),
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and so the only maximal ideal in A/p™ is p/p™; in particular, A/p™ is a local ring. As
s+ p™isnotin p/p™,itis aunitin A/p™, andsosa =0in A/p"™ = a =0in A/p™, i.e.,
acp™.

We now prove that the map is surjective. Let % € Ap. Because s ¢ p and p is maximal,
we have that (s) +p = A4, i.e., (s) and p are relatively prime. Therefore (s) and p™ are
relatively prime, and so there exist b € A and ¢ € p™ such that bs + g = 1. Then b maps to
s71in A,/q™ and so ba maps to <. More precisely: because s is invertible in A,/q™, % is
the unique element of this ring such that s% = a; since s(ba) = a(1 —g), the image of ba
in Ay also has this property and therefore equals 7. O

REMARK 3.11 With the notation of Proposition 1.11, we have shown in the above proof
that a® = a if a is a power of a maximal ideal p and S = S \ p.

We now prove that a nonzero ideal a of A can be factored into a product of prime ideals.
According to 3.8 applied to A, the ideal a contains a product of nonzero prime ideals,

b= pql :;ln
We may suppose that the p; are distinct. Then
Ao AJpt XX AJpim =~ Ay, /4] X X Ap, /A

where q; = p; Ap; is the maximal ideal of Ay, . The first isomorphism is given by the Chinese
Remainder Theorem (and 3.9), and the second is given by 3.10. Under this isomorphism,
a/b corresponds to qj' /q}' X+ X qur' /gy for some s; < r; (recall that the rings A,, are
all discrete valuation rings). Since this ideal is also the image of p“;' ---pym under the
isomorphism, we see that

a=p] pmin A/b.

Both of these ideals contain b, and so this implies that
a= p‘;l e ;1”"

in A (because there is a one-to-one correspondence between the ideals of A/b and the ideals
of A containing b).

To complete the proof of Theorem 3.7, we have to prove that the above factorization is
unique. Suppose that we have two factorizations of the ideal a. After adding factors with
zero exponent, we may suppose that the same primes occur in each factorization, so that

Py b = a =i ep
say. In the course of the above proof, we showed that
q;' =ady, = q?’
where g; the maximal ideal in Ay, . Therefore s; = ¢; for all i.
REMARK 3.12 Note that

5i >0 &< adp, # Ay, <= aCyp;.



Unique factorization of ideals 51

COROLLARY 3.13 Leta and b be ideals in A; then
aCb < ad, CbA,
for all nonzero prime ideals p of A. In particular, a = b if and only if aA, = bA, for all p.

PROOF. The necessity is obvious. For the sufficiency, factor a and b

a:p;l... :’l’lm’ b:pil... smm’ Vi,SiZO-
Then
aApl C bApl p— ri Zsl’
(recall that Ay, is a discrete valuation ring) and r; > s; all i implies a C b. o

REMARK: Leta =pj'---p," and b = ptll -o-plm with s;, t; > 0. Then

. . 3.13
alb <= 5; <t alli <= pl A, Dpi Ay alli & a>Db.

In the terminology of the introduction, this says that an ideal factor a divides an ideal factor
b if and only if it divides a larger set of numbers.

COROLLARY 3.14 Let A be an integral domain with only finitely many prime ideals; then
A is a Dedekind domain if and only if it is a principal ideal domain.

PROOF. Assume that 4 is a Dedekind domain. After (3.7), to show that A is principal, it
suffices to show that the prime ideals are principal. Let py,...,p; be these ideals. Choose
an element x; € p; — pf. According to the Chinese Remainder Theorem (1.14), there is an
element x € A such that

x=x; modp?, x=1 modp;, i#]l

Now the ideals p; and (x) generate the same ideals in A, for all i, and so they are equal in
A (by 3.13). o

COROLLARY 3.15 Leta D b # 0 be two ideals in a Dedekind domain; then a = b + (a)
for some a € A.

PROOF. Let b =pi'---p," and a = py' ---pypr with ry,s; > 0. Because b C a, s; < r; for

all i. For 1 <i <m, choose an x; € A such that x; € p’, x; ¢ pj’ "', By the Chinese

1
Remainder Theorem, there is an a € A such that
a=x; modp,foralli.
Now one sees that b + (@) = a by looking at the ideals they generate in A, for all p. O

COROLLARY 3.16 Let a be an ideal in a Dedekind domain, and let a be any nonzero
element of a; then there exists a b € a such that a = (a,b).

PROOF. Apply 3.15to a D (a). o
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COROLLARY 3.17 Let a be a nonzero ideal in a Dedekind domain; then there exists a
nonzero ideal a* in A such that aa™ is principal. Moreover, a* can be chosen to be relatively
prime to any particular ideal ¢, and it can be chosen so that aa* = (a) with a any particular
element of a (but not both).

PROOF. Leta € a, a # 0; then a D (a), and so we have

— 1 T, 51 S,
(@)=pi" -pyranda=p'--py, s <ri.

If a* = p}' 7t opp " then aa® = ().

We now show that a* can be chosen to be prime to ¢. We have a D ac, and so (by 3.15)
there exists an a € a such that a = ac+ (a). As a D (a), we have (a) = a-a* for some ideal
a* (by the above argument); now, ac + aa* = a, and so ¢ + a* = A. (Otherwise ¢ +a* C p
some prime ideal, and ac+ aa® = a(c+a*) Cap # a.) o

In basic graduate algebra courses, it is shown that
A a principal ideal domain = A is a unique factorization domain.

The converse is false because, for example, k[X,Y] is a unique factorization domain in
which the ideal (X, Y) is not principal, but it is true for Dedekind domains.

PROPOSITION 3.18 A Dedekind domain that is a unique factorization domain is a principal
ideal domain.

PROOF. In a unique factorization domain, an irreducible element 7 can divide a product
bc only if 7 divides b or ¢ (write bc = q and express each of b, ¢, and ¢ as a product of
irreducible elements). This means that (;7) is a prime ideal.

Now let A be a Dedekind domain with unique factorization. It suffices to show that each
nonzero prime ideal p of A is principal. Let a be a nonzero element of p. Then a factors into
a product of irreducible elements (see 1.4) and, because p is prime, it will contain one of
these irreducible factors 7. Now p D (7r) D (0), and, because (r) is a nonzero prime ideal,
it is maximal, and so equals p. o

The ideal class group

Let A be a Dedekind domain. A fractional ideal of A is a nonzero A-submodule a of K
such that
daZ {da|a€a}

is contained in A for some nonzero d € A (or K), i.e., it is a nonzero A-submodule of K
whose elements have a common denominator. Note that a fractional ideal is not an ideal
unless it is contained in A — when necessary to avoid confusion, we refer to the ideals in A
as integral ideals.

A fractional ideal a is a finitely generated A-module, because da is an integral ideal,
hence finitely generated, for some d # 0, and the map x + dx:a — da is an isomorphism
of A-modules. Conversely, a nonzero finitely generated A-submodule of K is a fractional
ideal, because a common denominator for the generators will be a common denominator for
all the elements of the module.

Every nonzero element b of K defines a fractional ideal

def def

(b) =bA={ba|ac A}
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A fractional ideal of this type is said to be principal.
The product of two fractional ideals is defined in the same way as for (integral) ideals

a-b:{Zaibi |a,~ ea, b[ Eb}.

This is again a fractional ideal: it is obviously an A-module, and if da C A and eb C A, then
deab C A. For principal fractional ideals, (a)(b) = (ab).

EXAMPLE 3.19 Let A be a discrete valuation ring with maximal ideal p and field of fractions
K. Write 7 for a generator of p. Every nonzero element of K can be written uniquely in the
form a = uzwr™ with u a unit in A and m € Z. Let a be a fractional ideal of A. Then da C 4
for some d € A, and we can suppose that d = 7. Thus 7"a is an ideal in A, and so it is of
the form (7r"") for some m > 0. Clearly, a = (7"~"). Thus the fractional ideals of A are of
the form (™), m € Z. They form a free abelian group Id(A4) of rank 1, and the map

m i (7). Z — 1d(A)
is an isomorphism.

THEOREM 3.20 Let A be a Dedekind domain. The set Id(A) of fractional ideals is a group;
in fact, it is the free abelian group on the set of nonzero prime ideals.

PROOF. We have noted that the law of composition is well-defined. It is obviously commu-
tative. For associativity, one checks that

(ab)c = {Zaibici |a;j€a, bijcb, c¢ie€ c} = a(bc).

The ring A plays the role of an identity element: aA = a. In order to show that Id(A4) is a
group, it remains to show that inverses exist.

Let a be a nonzero integral ideal. According to (3.17), there is an ideal a* and an a € A
such that aa* = (a). Clearly a-(a~'a*) = 4, and so a~'a* is an inverse of a. If a is a
fractional ideal, then d a is an integral ideal for some d, and d - (d a)~! will be an inverse for
a.

It remains to show that the group Id(A) is freely generated by the prime ideals, i.e., that
each fractional ideal can be expressed in a unique way as a product of powers of prime ideals.
Let a be a fractional ideal. Then d a is an integral ideal for some d € A, and we can write

dangl... :nm, (d):p‘il fnm

Thus a = p?_sl ---ppnTSm The uniqueness follows from the uniqueness of the factorization

for integral ideals. O

REMARK 3.21 (a) Conversely, E. Noether showed that an integral domain whose fractional
ideals form a group under ideal multiplication is a Dedekind domain (see Cohn 1991,
Theorem 4.6).

(b) Let S be a multiplicative subset in a Dedekind domain A4, and let Ag = S “14 Ttis
an integral domain with the same field of fractions as A:

AC As C K.
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For any fractional ideal a of 4, S~la o {$ | a €a,s € S}is afractional ideal of Ag. Itis

the As-module generated by a. The following hold for all fractional ideals a and b,
S7Hab) = (S'a)(S7tb), Sla7! = (ads)" L

(¢) Here is a more direct proof, not using (3.17), that inverses exist in Id(A4). For any
fractional ideal a, define
d={aecK|aaC A}.

This is an A-module, and if d € a, d # 0, then da’ C A, and so ' is a fractional ideal. From
the definition of a’, we see that aa’ is an ideal in A. If it is not equal to A, then it is contained
in some prime ideal p. When we pass to Ay, the inclusion aa’ C p becomes bb’ C q, where
b, b/, and q are the ideals in Ay generated by a, a’, and p. Moreover,

b'={a € K|abC A}

But q = (), and b = (7#™) = 7™ - A, for some m € Z. Clearly b’ = 77" A,, and so
bb' = Ay, — we have a contradiction.

We define the ideal class group C1(A) of A to be the quotient C1(A) = Id(A4)/P(A) of
Id(A) by the subgroup of principal ideals. The class number of A is the order of CI(A4)
(when finite). In the case that A is the ring of integers Og in a number field K, we often
refer to C1(Ok) as the ideal class group of K, and its order as the class number of K.

One of the main theorems of these notes will be that the class number /g of a number
field K is finite. Understanding how the class numbers of number fields vary remains an
interesting problem. For example, the class number of Q[/—m] for m positive and square-
free is 1 if and only if m = 1,2,3,7,11,19,43,67,163. It not difficult to show that these
fields have class number 1, but it was not until 1954 that it was shown (by Heegner) that
there were no more, and it took more than 15 years for Heegner’s proof to be accepted as
being correct. We have seen that Z[+/—5] is not a principal ideal domain, and so can’t have
class number 1 — in fact it has class number 2. The method we use to prove that the class
number is finite is effective: it provides an algorithm for computing it. There are expected to
be an infinite number of real quadratic fields with class number one, but this has not been
proved. Using the equivalent language of binary quadratic forms (see Chapter 4), Gauss
showed that the class group of a quadratic field Q[\/d_ ] can have arbitrarily many cyclic
factors of even order.

It is known that every abelian group can be realized as the class group of a Dedekind
domain (not necessarily the ring of integers in a number field).!

EXAMPLE 3.22 Consider the affine elliptic curve
Y2=X34aX+b, A=-4a>-27b>+#0, a,beC.

The associated ring A = C[X,Y]/(Y?— X3 —aX —b) of regular functions on A4 is a
Dedekind domain, and its class group is uncountable. In fact, it is isomorphic in a natural
way to C/ A for some lattice A in C.2

! Claborn, Luther. Every abelian group is a class group. Pacific J. Math. 18 1966 219-222.
2Let E be the associated complete curve, and let Div?(E) be the group of divisors of degree zero on E.
There is an obvious isomorphism Div®(E) ~ Id(A) under which principal divisors correspond to principal
ideals, and so
Cl(A) ~Pic®(E) ~ E(C) ~C/A
(Milne 2020, 1 4.10, IIT 3.10).
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PROPOSITION 3.23 Let A be a Dedekind domain, and let S be a multiplicative set in A.
Then a — S~ 'a defines an isomorphism from the subgroup of Id(A) generated by prime
ideals not meeting S to the group Id(S 1 A).

PROOF. Immediate consequence of 1.12 and 3.20. o

REMARK 3.24 Let A be a Dedekind domain with finite ideal class group. There is then a
finite set of ideals ay, ..., a,,, which is a set of representatives for the ideal classes. Clearly
we may take the a; to be integral. Let b be any nonzero element of () a;, and let S be the
multiplicative set generated by b, S = {1,b,b?,...}. I claim that S~1 4 is a principal ideal
domain.

By assumption, every ideal a C A can be written a = (a) - a; for some a € K* and i,
1 <i <m. Because the map b — S~1b is a homomorphism we have S~™!a = (a)- S~ la;,
where (a) now denotes the ideal generated by a in S™! 4. Since S~ !a; contains a unit, it is
the whole ring. Thus S~!a = (a), and we see that every ideal in S~! A4 of the form S~ !a is
principal. According to (1.11), all ideals of S™! A are of this form.

REMARK 3.25 The following conditions on a noetherian integral domain A are equivalent:
(a) A is a Dedekind domain;
(b) for every prime ideal p of A, A, is a discrete valuation ring;
(c) the fractional ideals of A form a group;
(d) for every fractional ideal a of A4, there is an ideal b such that ab = A.

We have seen that (a) implies (b) , (c), and (d), and the same arguments show that (b)
implies (c) and (d). The conditions (c) and (d) are obviously equivalent, and we have already
noted in (3.21) that (c) implies (a).

Discrete valuations

Let K be a field. A discrete valuation on K is a nonzero homomorphism v: K* — 7Z such
that v(a +b) > min(v(a), v(b)). As v is not the zero homomorphism, its image is a nonzero
subgroup of Z, and is therefore of the form mZ for some m € Z. Iif m = 1, then v: K* — Z
is surjective, and v is said to be normalized; otherwise, x — m~!-v(x) will be a normalized
discrete valuation. We extend v to a map K — Z U {oo} by setting v(0) = oo, where oo is a
symbol > n for all n € Z.

Note that, for a discrete valuation ord,

ord(ay +++++ am) = min(ord(ay),ord(a + -+ am)) > -+ > 1min (ord(a;)). (9)
<i<m

EXAMPLE 3.26 (a) Let M be the field of meromorphic functions on a connected open
subset U of the complex plane (or, better, a compact Riemann surface), and let ' € M*.
For each P € U, define ordp (/) to be —m, m, or 0 according as f has a pole of order m
at P, a zero of order m at P, or neither a pole nor a zero at P. Then ordp is a normalized
discrete valuation on M.

(b) Let A be a principal ideal domain with field of fractions K, and let 7 be a prime
element of A. Then each element ¢ of K> can be expressed uniquely in the form ¢ = er%
with m € Z and a and b elements of A relatively prime to 7. Define v(c) = m. Then v is a
normalized discrete valuation on K.
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(c) Let A be a Dedekind domain and let p be a prime ideal in A. For any ¢ € K*, let pv(©
be the power of p in the factorization of (c¢) (so v(c) is the exponent of p in the factorization
of (¢)). Then v is a normalized discrete valuation on K.

In all these examples, we have that v(a + b) = v(b) if v(a) > v(b). This is in fact a
general property of discrete valuations. First note that v(¢) = 0 for any element of K> of
finite order because v is a homomorphism and Z has no elements of finite order; hence
v(—a) = v(—1) +v(a) = v(a). Therefore, if v(a) > v(b), we have

v(b) =v(a+b—a)) >min(v(a + b),v(a)) > min(v(a),v(b)) = v(b),

and so equality must hold throughout, and this implies v(a 4+ b) = v(b).

We often use “ord” rather than “v” to denote a discrete valuation; for example, we often
use ord,, to denote the normalized discrete valuation defined by p in (c).

Example (b) shows that every discrete valuation ring gives rise to a discrete valuation on
its field of fractions. There is a converse to this statement.

PROPOSITION 3.27 Let v be a discrete valuation on K, then

def

A={ae K|v(a)>0}

is a principal ideal domain with maximal ideal

def

m={a € K|v(a)>0}.
Ifv(K™) = mZ, then the ideal m is generated by every element 7 such that v(w) = m.
PROOF. Routine. u]

Later we shall see that a discrete valuation ord defines a topology on K for which two
elements x and y are close if ord(x — y) is large. The Chinese Remainder Theorem can be
restated as an approximation theorem.

PROPOSITION 3.28 Let x1, ..., X, be elements of a Dedekind domain A, and let p1,...,pm
be distinct prime ideals of A. For every integer n, there is an x € A such that

ordy; (x —x;) >n, i=12,.,m.

PROOF. From (3.9) we know that the ideals pl'.’H are relatively prime in pairs, and so (1.14)

provides us with an element x € A such that
n+1

x =x; modyp;

i i=1,2,....m,

i.e., such that
ordy, (x —x;) >n, i=12,..,m. o
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Integral closures of Dedekind domains

We now prove a result that implies that rings of integers in number fields are Dedekind
domains, and hence that their ideals factor uniquely into products of prime ideals.

THEOREM 3.29 Let A be a Dedekind domain with field of fractions K, and let B be the
integral closure of A in a finite separable extension L of K. Then B is a Dedekind domain.

PROOF. We have to check the three conditions in the definition of a Dedekind domain (see
3.3). We first show that B is noetherian. In (2.29) we showed that B is contained in a finitely
generated A-module. It follows that every ideal in B is finitely generated when regarded
as an A-module (being a submodule of a noetherian A-module) and a fortiori as an ideal
(= B-module). Next, B is integrally closed because of (2.16). It remains to prove that every
nonzero prime ideal q of B is maximal. Let 8 € q, 8 # 0. Then B is integral over A, and so
there is an equation
B +a1B" - tan =0, a; €A,

which we may suppose to have the minimum possible degree. Then a, # 0. As a, € BB N A,
we have that gN A4 # (0). But qN A is a prime ideal (obviously), and so it is a maximal ideal
pof A, and A/p is a field. We know B/q is an integral domain, and the map

at+pr>a-tq

identifies A/p with a subfield of B/q. As B is integral over A, B/q is algebraic over A/p.
The next lemma shows that B/q is a field, and hence that q is maximal. O

LEMMA 3.30 Every integral domain B containing a field k and algebraic over k is itself a
field.

PROOF. Let 8 be a nonzero element of B — we have to prove that it has an inverse in B.
Because f is algebraic over k, the ring k[f] is finite-dimensional as a k-vector space, and
the map x — Bx:k[B] — k[B] is injective (because B is an integral domain). From linear
algebra we deduce that the map is surjective, and so there is an element 8’ € k[f] such that

BB = 1. 0

In fact, Theorem 3.29 is true without the assumption that L be separable over K — see
Janusz 1996, 1 6.1 for a proof of the more general result. The added difficulty is that, without
the separability condition, B may fail to be finitely generated as an A-module, and so the
proof that it is noetherian is more difficult.

Modules over Dedekind domains (sketch).

The structure theorem for finitely generated modules over principal ideal domains has an
interesting extension to modules over Dedekind domains. Throughout this subsection, 4 is a
Dedekind domain.

First, note that a finitely generated torsion-free A-module M need not be free. For
example, every fractional ideal is finitely generated and torsion-free but it is free if and only
if it is principal. Thus the best we can hope for is the following.

THEOREM 3.31 Let A be a Dedekind domain.
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(a) Every finitely generated torsion-free A-module M is isomorphic to a direct sum of
fractional ideals,
M~a @ Day.

(b) Two finitely generated torsion-free A-modules M ~ a; ®---Day and N ~ b1 H--- P
by, are isomorphic if and only if m = n and [ [ a; = [ [ b; modulo principal ideals.

Hence,
Mr~a® - ®an~AD--®AD A ap.

Moreover, two fractional ideals a and b of A are isomorphic as A-modules if and only if they
define the same element of the class group of A.

The rank of a module M over an integral domain R is the dimension of K ® g M as a
K-vector space, where K is the field of fractions of R. Clearly therank of M ~ a1 ®--- D a,,
ism.

These remarks show that the set of isomorphism classes of finitely generated torsion-free
A-modules of rank 1 can be identified with the class group of A. Multiplication of elements
in Cl(A) corresponds to the formation of tensor product of modules. The Grothendieck
group of the category of finitely generated A-modules is C1(A4) & Z.

THEOREM 3.32 (INVARIANT FACTOR THEOREM) Let M D N be finitely generated torsion-
free A-modules of the same rank m. Then there exist elements ey, ...,e,; of M, fractional
ideals ay, ..., a,,, and integral ideals by D by D ... D by, such that

M=ae1D---Daem, N =0a1b1e1® - ®aymbmenm.

The ideals by, by, ..., by, are uniquely determined by the pair M D N, and are called the
invariant factors of N in M.

The last theorem also yields a description of finitely generated torsion A-modules.

For proofs of the above results, see Curtis and Reiner 1962, 111, 22, Frohlich and Taylor
1991, 1II 4, or Narkiewicz 1990, I 3.

NOTES We sketch a proof of 3.31(a). Let A be a Dedekind domain and a an ideal in 4. According
to Corollary 3.17, ab = (c) for some ideal b and ¢ € A. If a = (a1,a3), then ¢ = a1by + azb, with
b1,b, € b. The surjection (x,y) — a;x +a»y: A> — a has right inverse a — (bya/c,b,a/c), and
so a is a direct summand of A2. Therefore, a is projective as an A-module.

More generally, every finitely generated torsion-free A-module M is projective. This follows
from the fact that A, ® M is free, hence projective, for every nonzero prime ideal p in A (because
A, is principal ideal domain).

Let M be a finitely generated projective A-module. Because M is projective, there exists a
nonzero homomorphism M — A. Its image is an ideal a in A, and because a is projective, there
exists a section to the map M — a, and so M ~ a @ M; for some submodule M, of M. Now M is
projective because it is a direct summand of a projective module, and so we can repeat the argument
with M. This process ends because M is noetherian.

NOTES The Jordan—-Ho6lder and Krull-Schmidt theorems both fail for finitely generated projective
modules over non-principal Dedekind domains. For example, let a be an ideal in 4 having order 2 in
the class group. According to 3.31, a® a ~ A ® A, which contradicts both theorems as a % A.
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Factorization in extensions

Let A be a Dedekind domain with field of fractions K, and let B be the integral closure of A
in a finite separable extension L of K.
A prime ideal p of A will factor in B,

pB:mil... §g7 eiil‘

If any of the numbers is > 1, then we say that p is ramified in B (or L). The number
e; is called the ramification index. We say ‘B divides p (written B|p) if P8 occurs in the
factorization of p in B. We then write e(*3/p) for the ramification index and f(3/p) for
the degree of the field extension [B/3: A/p] (called the residue class degree). A prime p is
said to split (or split completely) in L if e; = f; = 1 for all i, and it said to be inert in L if
pBisaprimeideal (so g =1=v¢e).

For example, (2) = (1 +i)? in Z[i], and so (2) ramifies with ramification index 2. On
the other hand, (3) is inert in Q[] with residue field Z[i]/(3) = Fy, and (5) splits as the
product of two prime ideals (5) = (2+1i)(2—i).

LEMMA 3.33 A prime ideal ’B of B divides p if and only if p =B N K.

PROOF. =: Clearly p C*PNK and PN K # A. As p is maximal, this implies that
p=PNK.

&: If p C*PB, then pB C B, and we have seen (3.12) that this implies that J3 occurs in
the factorization of p B. O

THEOREM 3.34 Let m be the degree of L over K, and let By, ...,*B, be the prime ideals
dividing p; then

g
Y eifi=m.. (10)
i=1
where e; = e(*B;/p) and f; = f(P;/p). If L is Galois over K, then all the ramification
numbers are equal, and all the residue class degrees are equal, and so

efg=m. (11

PROOF. To prove (10), we shall show that both sides equal [B/pB: A/p].

For the equality >"%_, ¢; fi = [B/pB: A/p], note that B/pB = B/[]B;" ~ [ B/B’
(Chinese Remainder Theorem), and so it suffices to show that [B /‘Bfi :A/p] =e; fi. By

definition, f; is the degree of the extension of fields B/3; O A/p. For each r;, ‘ﬁ? / ‘IS;" +
is a B/B;-module, and because there is no ideal between ‘B;" and ‘B;i *1 it must have
dimension one as a B/B;-vector space,” and hence dimension f; as an A/p-vector space.

Therefore each quotient in the chain
2 ej
B O B; OB; D---D‘Bi

has dimension f; over A/p, and so the dimension of B/ ‘Bf" ise; fi.
The proof of the equality [B/pB: A/p] = m is easy when B is a free A-module, for
example, if A4 is a principal ideal domain, because an isomorphism A” — B of A-modules,

3 A proper subspace of ‘ﬁ;i / ‘,B;i *1 would correspond to an ideal properly contained between 3 and 31 +1.
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when tensored with K, gives an isomorphism K” — L, which shows that n = m, and, when
tensored A/p, gives an isomorphism (A/p)” — B/pB (see (4), p. 22), which shows that
n=[B/pB:A/p].

Now let S be a multiplicative subset of A disjoint from p and such that S~! 4 is principal
(e.g.,S = A—p). Write B’ = S~ B and A’ = S~1 A. Then B’ is the integral closure of A’ in
L (Exercise 2-7), and pB’ = [ [(B; B')¢ (see 3.23). Therefore Y e; f; = [B’/pB": A’ /pA];
but A’ is principal, and so [B’/pB’: A’ /pA’] = m. This completes the proof of (10).

Now assume that L is Galois over K. An element ¢ of Gal(L/ K) maps B isomorphically
onto itself. In particular, if 3 is a prime ideal of B, then 0P is also a prime ideal. Moreover,
if P divides p, then it follows from (3.33) that o*18 divides p. Clearly e(a*3/p) = e(B/p)
and f(a*B/p) = f(P/p), and so it remains to show that Gal(L /K acts transitively on the
prime ideals of B dividing p.

Suppose that 8 and £ both divide p and that £ is not conjugate to R, i.e., that for all
o € Gal(L/K), 0’8 # Q. According to the Chinese Remainder Theorem, we can find an
element B that lies in Q but not in any of the ideals ¢*33. Consider b = Nm(f) & [ToB.
Then b € A, and as B € 9, it also lies in Q; hence b € QN A = p. On the other hand, for
allo € Gal(L/K), B ¢ 0~ '53, and so o8 ¢ *B. The fact that [JoB € p C P contradicts the
primality of ‘3. o

The primes that ramify

In this subsection, we obtain a description of the primes that ramify in an extension.

THEOREM 3.35 Let L be a finite extension of a number field K, let A be a Dedekind
domain in K with field of fractions K (e.g., A = Ok ), and let B be the integral closure of
A in L. Assume that B is a free A-module (this is true for example if A is principal ideal
domain). Then a prime p ramifies in L if and only if p|disc(B/A). In particular, only finitely
many prime ideals ramifty.

We obtain this as the consequence of a series of lemmas.

LEMMA 3.36 Let A be aring and let B be a ring containing A and admitting a finite basis
{e1,...,em} as an A-module. For any ideal a of A, {é1,...,ey,} is a basis for the A/a-module
B/aB, and

D(ey,....,em) = D(ey,...,e;,) moda.

PROOF. As in the proof of 3.34, the isomorphism
(@i,...,am) > Y ajej: A" — B
gives, when tensored with A /a, an isomorphism
(@i,...,am) Y a;éi:(A/a)™ — B/a

which shows that ey, ..., &, is a basis for B/aB. The second assertion is obvious from the
definitions. O

LEMMA 3.37 Let A be a ring and let By, ..., Bg be rings containing A and free of finite
rank as A-modules. Then

disc(([ [ Bi)/A4) = [ [ disc(Bi/A).
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PROOF. Choose bases ¢; for each of the B; (as A-modules), and compute the discriminant
of B/A using the basis | J; &;. o

An element « of a ring is said to be nilpotent if o™ = 0 for some m > 1. A ring is said
to be reduced if it has no nonzero nilpotent elements.

Recall that a field k is said to be perfect if every finite extension K/ k is separable, and
that a field k of characteristic p # 0 is perfect if and only if every element of k is a pth power
(FT, 2.16). A finite field k of characteristic p is perfect because the map x — x?:k — k is
injective and hence surjective.

LEMMA 3.38 Letk be a perfect field, and let B be a k-algebra of finite dimension. Then B
is reduced if and only if disc(B/ k) # 0.

PROOF. Let 8 # 0 be a nilpotent element of B, and choose a basis e1,..., e, for B with
e1 = B. Then Be; is nilpotent for all i, and so the k-linear map

X+ Beix:B— B

is nilpotent. Its matrix is also nilpotent, but a nilpotent matrix has trace zero — its minimal
polynomial (and hence its characteristic polynomial) is of the form X" — and so the first
row of the matrix (Tr(e;e;)) is zero. Therefore its determinant is zero.

Conversely, suppose that B is reduced. We first show that the intersection 91 of the prime
ideals of B is zero (this, in fact, is true for every reduced noetherian ring). Let b € B, b # 0.
Let X be the set of ideals of B containing no power of b. Because b is not nilpotent, X
contains the zero ideal, and hence is nonempty. Because B is noetherian, X' has a maximal
element p. We shall show that p is prime. Since b ¢ p, this will show that b ¢ 1.

Let x, y be elements of B not in p. Then p + (x) and p + (y) strictly contain p, and so

b"mep+(x), b"ep+(y)
for some m, n, say,
b"=p+4cx, b"=p'+c'y, p.pep. c.c'eB.

Then ™" = pp’ + pc’y + p’cx +cc’xy € p+ (xy), and so p + (xy) is not in X; in
particular, p + (xy) # p, and xy ¢ p. Therefore p is prime ideal, which completes the proof
that 91 = 0.

Let p be a prime ideal of B. Then B/p is an integral domain, algebraic over k, and hence
is a field (by 3.30). Therefore p is maximal. Let p1,p2,...,p, be prime ideals of B. Since
they are all maximal, they are relatively prime in pairs. Therefore the Chinese remainder
theorem shows that

B/(pi =[1B/pi. (12)
Note that
[B:k]=[B/(pi:k]=2[B/pi k] >
Therefore B has only finitely many prime ideals, say pi,...,pg, where g < [B:k], and
(Mp; = 0. When we take r = g in (12) we find that

B=T1"_ B/s.

For each i, B/p; is a field, and it is a finite extension of k. Because k is perfect, it is even a
separable extension of k. Now we can apply (2.26) to deduce that disc((B/p;)/ k) # 0, and
we can apply the preceding lemma to deduce that disc(B/k) # 0. o
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We now prove the theorem. From the first lemma, we see that
disc(B/A) mod p = disc((B/pB)/(A/p)),

and from the last lemma that disc((B/pB)/(A/p)) = 0 if and only B/pB is not reduced.
Let pB = [[B{". Then B/pB ~[[ B/P*, and

[1B/B¢ isreduced <= each B/PB¢ isreduced <= eache; = 1.

REMARK 3.39 (a) In fact there is a precise, but complicated, relation between the power
of p dividing disc(B/A) and the extent to which p ramifies in B. It implies for example
that ord, (disc(B/A)) > ) fi(e; — 1), and that equality holds if no e; is divisible by the
characteristic of A/p. See Serre 1962, III 6.

(b) Let A be the ring of integers in a number field K, and let B be the integral closure
of A in a finite extension L of K. It is possible to define disc(B/A) as an ideal without
assuming B to be a free A-module. Let p be an ideal in A4, and let S = A —p. Then
S714= Ay is principal, and so we can define disc(S™!B/S™1A). It is a power (pAp)m(p)
of pAp. Define

disc(B/A) = [ [p™®.

The index m(p) is nonzero for only finitely many p, and so this formula does define an ideal
in A. Clearly this definition agrees with the usual one when B is a free A-module, and the
above proof shows that a prime ideal p ramifies in B if and only if it divides disc(B/A).

EXAMPLE 3.40 (For experts on Riemann surfaces.) Let X and Y be compact connected
Riemann surfaces, and let @: Y — X be a nonconstant holomorphic mapping. Write M (X)
and M (Y) for the fields of meromorphic functions on X and Y. The map f +— foa isan
inclusion M(X) < M(Y') which makes M(Y) into a field of finite degree over M (X); let
m be this degree. Geometrically, the map is m: 1 except at a finite number of branch points.

Let P € X and let Op be the set of meromorphic functions on X that are holomorphic
at P — it is the discrete valuation ring attached to the discrete valuation ordp, and its
maximal ideal is the set of meromorphic functions on X that are zero at P. Let B be the
integral closure of Op in M(Y). Leta~'(P) = {Q1,..., O} and let ¢; be the number
of sheets of Y over X that coincide at Q;. Then pB =[] qf[ , where q; is the prime ideal

{f €B|f(Qi) =05

Finding factorizations

The following result often makes it very easy to factor an ideal in an extension field. Again
A is a Dedekind domain with field of fractions K, and B is the integral closure of 4 in a
finite separable extension L of K.

THEOREM 3.41 Suppose that B = Alx], and let f(X) be the minimal polynomial of «
over K. Let p be a prime ideal in A. Choose monic polynomials g1(X),...,gr(X) in A[X]
that are distinct and irreducible modulo p, and such that f(X) =[]g:(X)¢ modulo p. Then

pB =[] gi(@)*

is the factorization of p B into a product of powers of distinct prime ideals. Moreover, the
residue field B/(p, gi(a)) >~ (A/p)[X]/(gi), and so the residue class degree f; is equal to
the degree of g;.
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PROOF. Our assumption is that the map X +— « defines an isomorphism

A[X1/(f(X)) — B.

When we divide out by p (better, tensor with A/p), this becomes an isomorphism
kIX1/(f (X)) > B/pB. X > a.

where k = A/p. The ring k[X]/(f) has maximal ideals (g1). ..., (gr), and [](g:) =0

(but no product with smaller exponents is zero). The ideal (g;) in k[X]/(f) corresponds
def

to the ideal (g;(@)) + pB in B/pB, and this corresponds to the ideal 3; = (p, g; («)) in
B. Thus By, ...,°B, is the complete set of prime ideals containing p B, and hence is the
complete set of prime divisors of p (see 3.12). When we write pB = H‘I}fi, then the e;
are characterized by the fact that p B contains ]_[‘Bfi but it does not contain the product
when any e; is replaced with a smaller value. Thus it follows from the above (parenthetical)
statement that e; is the exponent of g; occurring in the factorization of f . O

REMARK 3.42 When it applies the last theorem can be used to prove (3.34) and (3.35). For
example, m = deg( f), and so the equation m = ) _e; f; is simply the equation deg(f) =
> ej-deg(gi). Also, disc(B/A) = disc(f (X)), and this is divisible by p if and only if £(X)
has multiple factors (when regarded as an element of (4/p)[X]), i.e., if and only if some
e; > 1.

REMARK 3.43 The conclusion of the theorem holds for a particular prime p of A under the
following weaker hypothesis: D(1,a,...,a™ ') = a-disc(B/A) with a an ideal of A not
divisible by p. To prove this, invert any element of a not in p, and apply the theorem to the
new ring and its integral closure.

Examples of factorizations

We use Theorem 3.41 to obtain some factorizations.

EXAMPLE 3.44 Let m # 1 be a square-free integer. We consider the factorization of prime
integers in K = Q[+/m]. Recall that D(1, \/m) = 4m, and that disc(Ok /Z) = D(1, \/m)
if m = 2,3 mod 4, and that disc(Og /Z) = D(1, /m)/4 if m = 1 mod 4. In both cases, we
can use the set {1, /m} to compute the factorization of an odd prime p (see 3.43). Note that
(3.34) allows only three possible factorizations of (p) in Ok, namely,

(p) =p%: (p)ramifies,e =2, f =1,g=1;

(p)=p: (p)staysprime,e=1, f =2,g=1;

(p):p1p2: (p) splits,ezl,le,gzZ.
One obtains the following result.
(1) If p|disc(Ok /Z), then (p) ramifies in Ok.
(ii) For an odd prime p not dividing the m, we have

(p) is the product of two distinct ideals <= m is a square mod p, i.e., (%) =1;

(p) is a prime ideal in Q[/m] <= m is not a square mod p, i.e., (%) =—1.
(iii) For the prime 2 when m =1 mod 4, we have

(p) is the product of two distinct ideals <= m =1 mod 8§;

(p) is a prime ideal in Q[/m] <= m =5 mod 8.
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To prove (iii), we must use the integral basis {l,a}, @ = (1 + 4/m)/2. The minimal
polynomial of « is X2 —X 4+ (1—m)/4. If m = 1 mod 8, this factors as X2 + X = X(X +1)
mod 2, and so (2) = (2,a)(2,1 +a). If m =5 mod 8, then X2 —X +(1—m)/4= X%+
X + 1 mod 2, which is irreducible, and so (2) = (2,1 +a +a?) = (2).

EXAMPLE 3.45 It is proved in basic graduate algebra courses that Z[i], the Gaussian
integers, is a principal ideal domain. I claim that the following conditions on an odd prime p
are equivalent:

(@) p=1 mod4;
(b) (p) splits in Z[i];
(c) there exist integers a and b such that p = a? + b2,

We know that (p) splits in Z[i] if and only if X2 + 1 splits modulo p, but this is so if
and only if IF,, contains a 4th root of 1, i.e., if and only if the group IF; contains an element
of order 4. As IE‘; is a cyclic group (FT Exercise 1-3) of order p — 1, this is so if and only if
4| p — 1. Thus we have shown that (a) and (b) are equivalent.

Suppose (p) splits in Z[i], say (p) = p1p2. Then p; and p, are principal, and if
p1 = (a +ib) then py = (a —ib). Therefore a® 4+ b? = p up to multiplication by a unit in
Z[i]. But the only units in Z[i] are &1, +i, and so obviously a? + h? = p. Conversely, if
p =a?*+b?witha,b € Z, then (p) = (a+ib)(a—ib) in Z[i].

ASIDE 3.46 The fact that every prime of the form 47 41 is a sum of two squares was stated as a
theorem by Fermat in a letter in 1654. Euler, who was almost certainly unaware of Fermat’s letter,
found a proof.* For some history, and a discussion of algorithms for finding a and b, see Edwards
1977, p. 55.

REMARK 3.47 (a) From (3.41) and (3.43) we see that, for almost all p, factoring (p) in Ok
amounts to factoring a polynomial f(X) modulo p into a product of powers of irreducible
polynomials. Clearly, this can always be done, but it may require a lot of hard work but not
much intelligence. Hence it can safely be left to the computer. In PARI, factormod (f,p)
factors the polynomial f modulo p. For example,

factormod (X" 3+10%X+1,2) returns (X + )(XZ2+ X + 1),
factormod(X~3+10%X+1,17) returns X3 + 10X + 1,

factormod (X" 3+10%X+1,4027) returns (X +2215)%(X 4 3624), etc., as in the following
table.

(b) In the next section, we shall show, not only that the class group of a number field
is finite, but that it is generated by the prime ideals dividing a certain small set of prime
numbers. Finding the class number therefore involves finding the prime ideal factors of these
prime numbers, and the relations among them.

EXAMPLE 3.48 Let a be a root of X3 4+ 10X + 1. Recall that the discriminant of the
polynomial is —4027, and so the ring of integers in Q[«] is Z + Za + Za?. There are the
following factorizations:

4Franz Lemmermeyer writes: I do not know whether Euler knew that particular letter, but he mentions that
Fermat had claimed to have a proof in the article in which Euler proved the 2-squares theorem.
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2 A+X)A+X+X? (2 = 2.14+a0)2,1+a+a?)

3 C+X)2+X+X% (3 = (B3.2+4+a)B24+a+a?)

5 A+X)1+4X+X2) (5 = (5, 14+a)5,1+4a+a?)

7 B+X)G+4X+X% (1) = (7.34+a)(7.5+4a+a?)

11 (6+X)2+5X+X?% (1) = (11,64+a)(11,24+5a +a?)

13 1+10X + X3 (13) = (13,1+10a +a3) = (13)

17 1+10X + X3 (17) = prime ideal.

4027 (22154 X)2(3624+ X) (4027) = (4027,2215+ a)?(4027,3624 + ).

EXAMPLE 3.49 Let « be a root of X3 —8X + 15. Here again, the discriminant of the
polynomial is —4027, and so the ring of integers in Q[«] is Z + Zo + Za?. There are the

following factorizations:
2 A+X)A1+X+X?% (2

2, 1+a)2,1+a+a?)

3 X(14+X?) (3) = (3.a)(3,1+0a?)

5 X2+ X?) (5) = (5,a)(5.2+0a?)

7 G+X)B+2X+X?) (7) = (7,a)(7.3 420 +a?)

11 (A+X)@E+10X+X2%) (11) = (11L,a)(11,44 10a +a?)

13 245X +X3 (13) = (13)

17 @G+X)6+X)T+X) (17) = (17,44+a)(17.6+a)(17,7+)
4027 (5094 X)(17594 X)?. (4027) = (4027,509 + a)(4027,1759 + a)?

On comparing the factorizations of (17) in the fields in the last two examples, we see that
the fields are not isomorphic.

REMARK 3.50 When K is a number field, it is interesting to have a description of the set
Spl(K) of prime numbers that split in K. For K = Q[+/m] with m square free, this is the
set of odd p not dividing m for which (%) = 1 together possibly with 2 (see 3.44). We
shall see later that the quadratic reciprocity law gives a good description of the set. For
every abelian Galois extension K of Q, class field theory gives a similarly good description,
but for an arbitrary extension very little is known about what sets can occur. There is a
theorem that says that two Galois extensions K and K’ of Q are isomorphic if and only if
Spl(K) =Spl(K’). Moreover, this can be made into an effective procedure for determining
when fields are isomorphic. See Theorem 8.38 below.

EXAMPLE 3.51 In 2.39, we saw that f(X) = X> — X — 1 is irreducible in Q[X], and that
its discriminant is 19- 151, which is square-free, and so, if « is a root of f(X), then Z[«] is
the ring of integers in Q[«]. We have the following factorizations:
19 f=06+X)2(10+13X +17X2 4+ X3)
(19) = (19,6 +)2(19,10 + 13 + 17 + &3)

151 {fE(9+X)(39+X)2(61+64X-|—X2)
(151) = (151,9+ ) (151,39 4+ «)?(151,61 + 64a + a?)
1007 {fz(1261+X)(2592+X)(790—|—3499X+174X2+X3)
(4027) = (4027,1261 + ) (4027,2592 + ) (4027, 790 + 3499a + 174a? + a3.

Thus (19) and (151) are ramified in Q[«], and 4027 is not, which is what Theorem 3.35
predicts.

EXAMPLE 3.52 According to PARI,
X*4+ X34+ X24X+1=X+4* mod5
Why is this obvious?
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Eisenstein extensions

Recall that Eisenstein’s Criterion says that a polynomial
X" 4a X" o ta,

such that a; € Z, pla; all i, and p? does not divide a,y, is irreducible in Q[X]. We will
improve this result, but first we need to make two observations about discrete valuations.
Let A be a Dedekind domain, and let B be its integral closure in a finite extension L of
its field of fractions K. Let p be a prime ideal of A and let °B be an ideal of B dividing p,
say pB = P¢---. Write ord, and ordy for the normalized valuations on K and L defined by
p and 3. Then
ordy |K = e-ord, (13)

because, if (a) = p™--- in A, then (a) = P™¢--- in B.
Next I claim that if
ai+--+an=0,

then the minimum value of ord(a;) must be attained for at least two i. Suppose not, say
ord(ay) <ord(aq;) foralli > 1. Then —a; = ) _;,a; implies that

©
ord(a;) = ord(X:i>2 aj) > 2r<nil£n ord(a;),

which is a contradiction.
Let A be a Dedekind domain and let p be a prime ideal in A. A polynomial

X" +a1 X" V4ot ay,, a; €A,
is said to be Eisenstein relative to p if
ordy(ay) >0, ..., ordy(am—1) > 0, ordy(a,) = 1.

PROPOSITION 3.53 Let f(X) € A[X] be an Eisenstein polynomial with respect to p. Then
f(X) is irreducible, and if « is a root of f(X), then p is totally ramified in K [«]; in fact

pB =P™ with*P = (p,a) and m = deg(f).

PROOF. Let L be the field generated by a root o of f(X); then [L: K] <m & deg(f). Let
P be a prime ideal dividing p, with ramification index e say. Consider the equation

" +a ™ '+ +a, =0.
Because f(X) is Eisenstein,
ordy (™) = m - ordyp(at);

ordqg(aiozm_i) > (m—1i)-ordyp(a) +e;
ordg(am) = e.

If ordgp(er) = 0, then the minimum value of ordy is taken for a single term, namely o™, This
is impossible, and so ordy(c) > 1, and ordyp(a;a™™") > ordp(am) = e fori =1,...,m—1.
From the remark preceding the proposition, we see that 7 -ordy () = e. Then

m-ordp(e) =e < [K[o] : K] <m,

and we must have equalities throughout: ordyg () = 1, [K(x): K] =m = e. O
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NOTES Gauss proved the quadratic reciprocity law, and studied the arithmetic of Q[i] in order
to discover the quartic reciprocity law. Kummer made an intense study of the arithmetic of the
fields Q[Z,], where ¢, is a primitive nth root of 1, in order to prove higher reciprocity laws. A
major problem for him was that unique factorization fails already for n = 23. To restore unique
factorization, he developed his theory of “ideal numbers”. One of Dedekind’s great achievements
was to realize that, by replacing Kummer’s “ideal numbers” with his new notion of “ideals”, it was
possible to simplify Kummer’s theory and extend it to the rings of integers in all number fields. A
difficult step for him was showing that if a|b, then there exists an ideal ¢ such that a = bc. Emmy
Noether re-examined Kummer’s work more abstractly, and named the integral domains for which his
methods applied “five-axiom rings”.

Franz Lemmermeyer writes: The name Dedekind ring or Dedekind domain is not older than the
1950s (one of the earliest occurences is in Hochschild’s review of Cartan-Eilenberg in 1956). The
French expression anneaux de Dedekind seems to be older — Dieudonne used it in 1947 (Sur les
produits tensoriels. Ann. Sci. Ecole Norm. Sup. (3) 64, 101-117), and I suspect that ultimately it
goes back to Bourbaki.

Exercises
3-1 Let k be afield. Is k[ X, Y] a Dedekind domain? (Explain).

3-2 Show that Z[+/3] is the ring of integers in Q[+/3] and Z[+/7] is the ring of integers
in Q[+/7], but that Z[+/3, +/7] is not the ring of integers in Q[+/3,+/7]. (Hint: look at
(V3++7)/2)

3-3 Complete the proofs of the following statements (cf. 3.45); p is odd in (a) and (b) and
not 3 in (¢):

(a) x>+ y? = phasasolutionin Z <= p =1 mod 4;

(b) x2+2y% = phasasolutioninZ <= p=1or3 modS§;

(c) x>+3y?2 = phasasolutioninZ <= p =1mod 3.
You may assume that Q[,/=p] has class number 1 for p < 5.

3-4 Let k be a field, and let A be the subring k[X 2, X 3] of k[X].

(a) Show that k[X] is a finitely generated k[X?]-module, and hence is a noetherian
k[X ?]-module. Deduce that A is noetherian.

(b) Show that every nonzero prime ideal of A is maximal, but that A is not a Dedekind
domain.

Hence A satisfies conditions (a) and (c) to be a Dedekind domain, but not (b). There are
also rings that satisfy (b) and (c) but fail (a), and rings that satisfy (a) and (b) but not (c¢) (for
example, k[X,Y]).

5Kwangho Choiy notes that x24+3y2 = pcanbe replaced by x2 4+ xy + y2 = p, because the norm is of
the form x2 + xy + y2. However, both are true, because (_TF) = (%). Moreover, we can remark that the prime

ideal lying over p with (%) = 1 can be generated by an element in Z[+/—3].



CHAPTER 4

The Finiteness of the Class Number

In this section we prove the first main theorem of the course: the class number of a number
field is finite. The method of proof is effective: it gives an algorithm for computing the class

group.

Norms of ideals

Let A be a Dedekind domain with field of fractions K, and let B be the integral closure of A
in a finite separable extension L. We want to define a homomorphism Nm:Id(B) — Id(A)
that is compatible with taking norms of elements, i.e., such that the following diagram

commutes:

L* 229 14(B)

le iN‘“ (14)
K= 7 14a).

Because Id(B) is the free abelian group on the set of prime ideals, we only have to define
Nm(p) for p prime.

Let p be a prime ideal of A4, and factor pB = []; &Bf" . If p is principal, say p = (), then
we should have

Nm(pB) =Nm(z-B) =Nm(x)-4A = (z") =p", m=[L:K].
Also, because Nm is to be a homomorphism, we should have
Nm(pB) = Nm([TPB;") = [TNm(P;)%.

On comparing these two formulas, and recalling (3.34) that m = ) _e; f;, we see that we
should define Nm(3;) = p/i. We take this as our definition:

Nm(R) = p/F/P), where p =N A and £(P/p) = [B/P: A/p].

To avoid confusion, I sometimes use A to denote norms of ideals.
If we have a tower of fields M D L D K, then

NrjkNupyLa) = Nyyka
because f(Q/P)- f(B/p) = f(Q/p). ie., [C/Q:B/B]-[B/B:A/p] =[C/Q: A/p],

where C D B D A are the integral closures of 4 in M, L, and K respectively.

68



Norms of ideals 69

PROPOSITION 4.1 Let A C B and K C L be as above.
(a) For any nonzero ideal a C A, N1/ (aB) = a™, wherem = [L : K].

(b) Suppose that L is Galois over K. Let ‘3 be a nonzero prime ideal of B and let
p=PNA. Writep-B = (PP )¢ (cf. 3.34). Then

NB-B=B1 P = [] o%

o€Gal(L/K)
(¢) For any nonzero element B € B, Nm(f)-A = Nm(B- B) (i.e., (14) commutes).

PROOF. (a) It suffices to prove this for a prime ideal p, and for such an ideal we have that
iy def iJi —
N(pB) = N(TTB) = p=i/i =p™  (by 3.34).

(b) Since N*B3; = p/ for each i, the first equality is obvious. In the course of the proof
of (3.34), we showed that Gal(L /K) acts transitively on the set {J31,...,B¢ }, and it follows
that each 3; occurs % = ¢f times in the family {o*B3 | 0 € Gal(L/K)}.

(c) First suppose that L is Galois over K, and let 8- B = b. The map a+> a- B:1d(4) —
Id(B) is injective (remember they are the free abelian groups on the sets of nonzero prime
ideals), and so it suffices to show that Nm(8) - B = Nm(b) - B. But

Nm(b)- B 2 [Job =[](0B- B) = ([[oB)- B = Nm(p)- B

as required.

In the general case, let E be a finite Galois extension of K containing L, and let
d = [E:L]. Let C be the integral closure of B in E. From (a), the Galois case, and the
transitivity of A/ we have that

Nk (B-B)? = Ng/k(B-C) =Nmg,g(B)-A=Nmp, g (B)?- A.
As the group of ideals Id(A) is torsion-free, this implies that N7,/ x (8- B) = Nmy /x (B)- A.o

Let a be a nonzero ideal in the ring of integers Ok of a number field K. Then a is of
finite index in Ok, and define the numerical norm Na of a to be this index,

Na = (Ok : a).

PROPOSITION 4.2 Let Ok be the ring of integers in a number field K.
(a) For any ideal a in Ok, Nk g(a) = (N(a)); therefore N(ab) = N(a)N(b).
(b) Let b C a be fractional ideals in K ; then

(a:b) =N(a"'b).

PROOF. (a) Write a = [[p;’, and let f; = f(p;/pi), where (p;) = ZNp;; then Nm(p;) =
( p,-)f". From the Chinese remainder theorem, Ok /a >~ [[Ok /p;" ,and so (Og :a) =
[1(Ok : p:i ). In the course of the proof of (3.34), we showed that Ok / p:[ has a filtration of
length r; whose quotients are vector spaces of dimension f; over Fp,;, and so (Og : p;’) =

pifir’. On taking the product over i, we find that (Ok : a) = [[(p/""") = Ng/ga. When
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we identify the set of nonzero ideals in Z with the set of positive integers, then A/ becomes
identified with N, and so the multiplicativity of N follows from that of \/.

(b) For any nonzero d € K, the map x — dx: K — K is an additive isomorphism, and
so(da:db) = (a:b). Since (da)(db)~! = ab™!, we may suppose that a and b are integral
ideals. The required formula then follows from (a) and the formulas

Ok :a)(a:b)=(Ok :b)
N(a) -N(a~1b) = N(b). o

Statement of the main theorem and its consequences

We now state the main theorem of this section and discuss some of its consequences.

THEOREM 4.3 Let K be an extension of degree n of Q, and let Ak be the discriminant of
K/Q. Let2s be the number of nonreal complex embeddings of K. Then there exists a set
of representatives for the ideal class group of K consisting of integral ideals a with

T

n! 4\’ 1
Nw < o (5) 14k,

The number on the right is called the Minkowski bound — we sometimes denote it

by Bg. The term Cg = ,’l’—,; (i)s is called the Minkowski constant. 1t takes the following

4
values:

n ros C
2 0 1 0.637
2 2 0 0.500
3 1 1 0.283
3 30 0.222
4 0o 2 0.152
4 2 1 0.119
4 4 0 0.094
5 1 2 0.062
5 3 1 0.049
5 5 0 0.038

100 100 0 0.93x10742
Here r is the number of real embeddings of K. We have
K®oR~R" xC*,

and, if K = Q[«] and f(X) is the minimal polynomial of «, then r is the number of real
roots of f(X) and 2s is the number of its nonreal roots. To see that these descriptions of r
and s agree, apply Theorem 1.18.

Before proving Theorem 4.3, we give some applications and examples.

THEOREM 4.4 The class number of K is finite.
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PROOF. It suffices to show that there are only finitely many integral ideals a in Ok such that
N(a) is less than the Minkowski bound — in fact, we shall show that, for any integer M, there
are only finitely many integral ideals a with N(a) < M. If a = [p;’, then N(a) =[] p;’ Ji,

where (p;) = p; NZ. As N(a) < M, this allows only finitely many possibilities for the p;
(and hence for the p;), and only finitely many possibilities for the exponents r;. O

Let S be the set of integral ideals in K with norm < Bg. Then § is a finite set, and
Cl(Ok) = S/~, where a ~ b if one ideal is the product of the other with a principal
(fractional) ideal. There is an algorithm for finding S, and an algorithm for deciding whether
a ~ b, and so there is an algorithm for finding C1(Og) (the group, not just its order). To find
S, find the prime ideal factors of enough prime numbers, and form some of their products.
To decide whether a ~ b, one has to decide whether ¢ = ab™! is principal. From (4.2b) we
know that, for y € ¢,

¢=(y) <= Nc=[Nmy]|

and so we have to solve the equation,

Nm y = constant.

When we express y in terms of an integral basis, this becomes a (very special) type of
diophantine equation. For a descriptions of algorithms for finding CI(Of), see Cohen 1993,
6.5, and Pohst and Zassenhaus 1989, p424.

EXAMPLE 4.5 Let K = Q[i]. The condition in Theorem 4.3 is that N(a) < 222 < 1.27.
There are no such ideals other than Z[i], and so Z[i] is a principal ideal domain. Of course,
the elementary proof of this shows more, namely, that Z[i] is a Euclidean domain. Even
for rings of integers in number fields, it is not true that all principal ideal domains are
Euclidean domains. For example, Q[+/—19] has class number 1, but its ring of integers is
not a Euclidean domain. For more on such things, see the survey article Lemmermeyer 1995.

EXAMPLE 4.6 Let K = Q[v/—5]. Here N(a) < 0.63 x +/20< 3. Every ideal satisfying
this must divide (2). In fact, (2) = p2, where p = (2,1 + +/—5), and Np? = N(2) = 4,
and so Np = 2. The ideals Ok and p form a set of representatives for Cl(Z[+/—5]). The
ideal p can’t be principal because there does not exist an element @ = m + n+/—>5 such that
Nm(«) = m? 4 5n2 = 2, and so CI(Z[+/—5]) has order 2.

EXAMPLE 4.7 Let K be a cubic field with discriminant < 0. Since the sign of Ag is (—1)%,
and [K : Q] =r +2s, we have s = 1, r = 1. The Minkowski bound is

Bx <0.283|Ag|2.

For |Ag| <49, B < 2, and so for cubic fields with —49 < Ag < 0, the class number z = 1.
For example, this is true for the number fields with discriminants —23 and —31 discussed
earlier (see 2.36, 2.37).

For the stem field of X3 + 10X + 1, the discriminant is —4027, and the Minkowski
bound is < 18. Recall from (3.48) that

Q) =2, 1+a)2,1+a+a?).

Let p = (2,1 + «); its norm is 2. One can show that it generates the class group, and that
it has order 6 in the class group, i.e., p® but no smaller power is principal. Hence the class
group is cyclic of order 6. (The proof requires some hard work if you do it by hand — see
Artin 1959, 12.6, 13.3. Using PARI, you can type “bnfclgp(X~3+10%X+1)”)
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EXAMPLE 4.8 Let a be a root of f(X) = X°>—X 4+ 1. We saw in 2.39 that f(X) is
irreducible and its discriminant is 19 x 151, and so the ring of integers of Q[«] is Z[«].

According to Theorem 4.3, every class of ideals for Qo] contains an integral ideal a
with

N(a) < 0.062 x v/19x 151 = 3.3 < 4.

If p is a prime ideal with N(p) = 2, then the residue field at p must be F5, and f(X) must
have a root mod 2; however, both f(0) and (1) are odd, and so f(X) doesn’t have a root
in [F, which shows that p doesn’t exist. Similarly, there is no prime ideal p with N(p) = 3,
and so Ok is a principal ideal domain!

The Galois group of the splitting field M of f(X) is S5 (later we shall see how to
find Galois groups; for the moment type “polgalois(X~5-X-1)" in PARI), and hence
[M:Q] = 120. It is possible to show that M is unramified over Q[+/ 19 x 151].

An extension L of a number field K is said to be unramified over K if no prime ideal
of Ok ramifies in Oy,.

THEOREM 4.9 There does not exist an unramified extension of Q.

PROOF. Let K be a finite extension of QQ. Since a set of representatives for the class group
must have at least one element, and that element will have numerical norm > 1, Theorem

4.3 shows that
n n

a5 () = ()

1
Let a, = rhs. Then a; > 1, and az% = (%)2 1+ %)” > 1, and so the sequence a, is

monotonically increasing. Hence the discriminant of K has absolute value > 1, and we know
from Theorem 3.35 that every prime dividing the discriminant ramifies. O

[N]

COROLLARY 4.10 There does not exist an irreducible monic polynomial f(X) € Z[X] of
degree > 1 with discriminant 1.

PROOF. Let f(X) be such a polynomial, and let & be a root of f(X). Then disc(Z[x]/Z) =
+1, and so Z[«] is the ring of integers in K o Qo] and disc(Ok /Z) = £1, which contra-
dicts the theorem. O

REMARK 4.11 Number fields other than Q may have unramified extensions. In fact, class
field theory says that the maximal abelian unramified' extension of K (called the Hilbert
class field of K) has Galois group canonically isomorphic to C1(Og). For example, the
theory says that Q[+/—5] has an unramified extension of degree 2, and one verifies that
Q[+v/—1, ~/=5] is unramified over Q[+/—>5]. In particular, the discriminant of Q[+/—1, v/—35]
over Q[v/—5] is a unit.”

REMARK 4.12 Let K; be a number field with class number s g, > 1. Its Hilbert class field
is an abelian unramified extension K, of K; with Gal(K»/K1) >~ C1(K1). Let K3 be the
Hilbert class field of K5, and so on. In this way, we obtain a tower of fields,

KiCcK,CcKzC---

IThe Hilbert class field L of K is required to be unramified even at the infinite primes — this means that
every real embedding of K extends to a real embedding of L.

2The ring of integers in Q[v/—1, v/—5] is Z[v/—1, (1 + +/5)/2], which properly contains Z[+~/—1, ~/=5].
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It was a famous question (class field tower problem) to decide whether this tower can be
infinite, or must always terminate with a field of class number 1 after a finite number of
steps. It was shown by Golod and Shafarevich in the early 1960s that the tower is frequently
infinite. See Roquette 1967.

If K has class number 1, then it has no abelian unramified extensions, but it may have
nonabelian unramified extensions, even infinite (mo53530). There even exist quadratic fields
K such that Gal(K'")/K is a finite simple group.’

Lattices
Let V be a vector space of dimension n over R. A lattice A in V' is a subgroup of the form
A="Zey+---+Ze,

with ey, ..., e, linearly independent elements of V. Thus a lattice is the free abelian subgroup
of V' generated by elements of V that are linearly independent over R. When r = n, the
lattice is said to be full. At the opposite extreme, A = {0} is a lattice (generated by the
empty set of elements). In terms of tensor products, one can say that a full lattice in V is a
subgroup A of V such that the map

Yri®xi—> Y rixi:RzA—V,
is an isomorphism.

NONEXAMPLE 4.13 The subgroup Z + Z+/2 of R is a free abelian group of rank 2 (because
\/5 is not rational), but it is not a lattice in R.

We shall need another criterion for a subgroup A of V to be a lattice. The choice
of a basis for V' determines an isomorphism of V' with R”, and hence a topology on V;
the topology is independent of the basis, because every linear automorphism of R” is a
homeomorphism. A subgroup A of V is said to be discrete if it is discrete in the induced
topology. A topological space is discrete if its points (hence all subsets) are open, and so to
say that A is discrete means that every point « of A has a neighbourhood U in V such that
UNA={a}.

LEMMA 4.14 The following conditions on a subgroup A of a finite-dimensional real vector
space V' are equivalent:

(a) A is a discrete subgroup;

(b) there is an open subset U of V such that U N A = {0};

(c) each compact subset of V intersects A in a finite set;

(d) each bounded subset of V intersects A in a finite set.
PROOF. (a) <= (b). Obviously (a) implies (b). For the converse, note that the translation

map x — « + x:V — V is a homeomorphism, and so, if U is a neighbourhood of 0 such
that U N A = {0}, then o + U is a neighbourhood of « such that (¢ + U) N A = {«}.

3Kirn, Kwang-Seob; Konig, Joachim, Ramanujan J. 51 (2020), no. 1, 205-228.


https://mathoverflow.net/questions/53530/
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(a)=(c). Condition (a) says that A is a discrete space for the induced topology. Hence,
if C is compact, then C N A is both discrete and compact,* and therefore must be finite.

(¢)=(d). The closure of a bounded set in R” (hence in V') is compact, and so this is
obvious.

(d)=(b). Let U be a bounded open neighbourhood of 0. Then S = U N A ~ {0} is finite
and hence closed, and so U . § is an open neighbourhood of {0} such that (U ~S)N A =

{0}. a)
PROPOSITION 4.15 A subgroup A of V is a lattice if and only if it is discrete.

PROOF. Clearly, a lattice is discrete. For the converse, let A be a discrete subgroup of
V, and choose a maximal R-linearly independent subset {ej,...,e,} of A. We argue by
induction on r.

If r =0, A = 0, and there is nothing to prove.

If r =1, then A C Re;. Because A is discrete, for each M > 0,

{aer | lal<M}N A

is finite, and so there is an f € A such that, when we write f = aey, a attains its minimum
value > 0. Iclaim A =7Zf. Anya € ANZf will equal (m + b) f for some m € Z and b
with 0 < b < 1; but then (¢ —mf) = bf = abey, and 0 < ab < a, which contradicts our
choice of f.

If r > 1, welet A = AN(Rey +---+Rey—1). Clearly this is a discrete subgroup of
the vector space V' défRel ++--+Re,—1 and so, by induction, A’ = Z f; +-+- + Z f—1 for
some f; that are linearly independent over R (and hence also form a basis for V’). Every
a € A can be written uniquely

a=ayfi+--+ar—1 fr—1+ae;, aj,acR.
Let ¢: A — R be the map « > a, and let A” = Im(¢p). Note that a is also the image of
(a1 —[a1]) fi +---+ (ar—1—[ar-1]) fr—1 +ae,, [x] = integer part,

and so each element ¢ € A” in a bounded set, say with 0 < |a| < M, is the image of an
element of A in a bounded set,

0<aj<l, i=1,....,r—1, lal<M.

Thus there are only finitely many such as, and so A” is a lattice in R, say A” =Z-¢( f;),
fr € A

Let € A. Then ¢() = ag(f;) for some a € Z, and ¢(a —afy) = 0. Therefore
a—af, € A’, and so it can be written

a—afy=ai f1+--+ar—1 fr—1, a; €Z.

4T am implicitly using that a discrete subgroup of a Hausdorff group is closed (note that a discrete subser
need not be closed, e.g., {1/n | n an integer > 0} is not closed in the real numbers). Here is the proof. Let H be
a discrete subgroup of a Hausdorff group G. There exists a neighbourhood U of 1 such that U N H = 1; choose
a neighbourhood V of 1 such that V=1V is contained in U. For distinct elements ¢ and b of H, Va and Vb are
disjoint. Let g lie in the closure of H, so that H NV ~!g is nonempty. If a liesin H NV~ lg, saya =v"1g,
then g € Va. This shows that H NV ~lg = {a}. As g is in the closure of H , this implies that g = a, and so g
lies in H. More generally, every locally compact subgroup of a Hausdorff group is closed.
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Hence
a=aifi+-+ar—1 fr-1+afr, ai,acl,

which proves that A = > Z f;. o

Let V be a real vector space of dimension n, and let A be a full lattice in V, say
A =)"Ze;. Forany Ag € A, let

D ={Ao+ > aje; |0<a; <1}.

Such a set is called a fundamental parallelopiped for A. The shape of the parallelopiped
depends on the choice of the basis (e;), but if we fix the basis and vary Ag € A, then the
parallelopipeds cover R” without overlaps.

REMARK 4.16 (a) For a fundamental parallelopiped D of a full lattice
A=Zfi++Zfy

in R”, the volume of D
IU“(D) = |det(f1"" ,fn)l

(See any good book on calculus.) If also
A=LZf{+Lfj++Lf,.

then the determinant of the matrix relating { f;} and { f} has determinant £1, and so the
volume of the fundamental parallelopiped doesn’t depend on the choice of the basis for A.
(b) When A D A’ are two full lattices in R”, we can choose bases {e; } and { f; } for A and
A’ such that f; = m;e; with m; a positive integer. With this choice of bases, the fundamental
parallelopiped D’ of A’ is a disjoint union of (A : A”) fundamental parallelopipeds D of A.

Hence
p(D")
w(D)

As we noted above, the choice of a basis for V' determines an isomorphism V ~ R”,
and hence a measure p on V. This measure is translation invariant (because the Lebesgue
measure on R” is translation invariant), and well-defined up to multiplication by a nonzero
constant (depending on the choice of the basis).” Thus the ratio of the measures of two sets
is well-defined, and the equation (15) holds for two full lattices A D A" in V.

=(A:A). (15)

THEOREM 4.17 Let Do be a fundamental parallelopiped for a full lattice in V', and let S be
a measurable subset in V. If u(S) > (Dy), then S contains distinct points o and 8 such
that f —o € A.

PROOF. The set S N D is measurable for all fundamental parallelopipeds D, and

p(S) =) u(SND)

(sum over translates of D by elements of A). For each D, a (unique) translate of S N D by
an element of A will be a subset of Dg. Since u(S) > w(Dyg), at least two of these sets will
overlap, i.e., there exist elements «, 8 € S such that

a—A=pB—-1", somei,l €A.
Then B —a € A. o

SExperts will recognize y as being a Haar measure on V .



76 4. The Finiteness of the Class Number

REMARK 4.18 In the language of differential geometry, the theorem can be given a more
geometric statement. Let M = V/A; it is an n-dimensional torus. The measure p on V
defines a measure on M for which M has measure (M) = (D). The theorem says that if
w(S) > u(M), then the restriction of the quotient map V' — M to S can’t be injective.

Let T be a set such that
afelT = J(@—p)eT, (16)

and let S = %T. Then T contains the difference of any two points of S, and so 7" will
contain a point of A other than the origin whenever

(D) < u(3T) =27"w(T),

i.e., whenever
W(T) > 2" (D).

We say that a set T is convex if, with any two points, it contains the line joining the
two points, and that 7" is symmetric in the origin if « € T implies —a € T'. A convex set,
symmetric in the origin, obviously satisfies (16), and so it will contain a point of A \ {0} if
its volume is greater than 2" u(D).

THEOREM 4.19 (MINKOWSKI’S) Let T be a subset of V' that is compact, convex, and
symmetric in the origin. If

w(T) = 2" u(D)

then T contains a point of the lattice other than the origin.
PROOF. Replace T with (14¢)T, e > 0. Then
w(1+8)T) = (1 +e)"u(T) > 2" w(D).

and so (1 +¢)7T contains a point of A other than the origin (see the preceding remark). It
will contain only finitely many such points because A is discrete and (1 + ¢)T is compact.
Because T is closed

T = ﬂ8>0(1 +&)T.

If none of the (finitely many) points of A N (1+ ¢)T other than the origin is in 7', we will
be able to shrink (1 + ¢)7T (keeping ¢ > 0) so that it contains no point of A other than the
origin — which is a contradiction. O

REMARK 4.20 Theorem 4.19 was discovered by Minkowski in 1896. Although it is almost
trivial to prove, it has lots of nontrivial consequences, and was the starting point for the branch
of number theory called the “geometry of numbers”. We give one immediate application of
it to prove that every positive integer is a sum of four squares of integers.
From the identity
(@ +b*>+c*+d*)(A*+B*+C?*+D?) =
(@aA—bB—cC —dD)*+ (aB+bA+cD—dC)*+
(aC —bD +cA+dB)*+ (aD +bC —cB+dA)>,

we see that it suffices to prove that a prime p is a sum of four squares.
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Since
2=124+1%2+0%+02,

we can suppose that p is odd. I claim that the congruence
m?>+n?+1=0 mod p

has a solution in Z. As m runs through 0,1, ..., p — 1, m? takes exactly (p + 1)/2 distinct
values modulo p, and similarly for —1 —n2. For the congruence to have no solution, all
these values, p 4 1 in total, must be distinct, but this is impossible.

Fix a solution m,n to the congruence, and consider the lattice A C Z* consisting of
(a,b,c,d) such that

c=ma+nb, d=mb—na mod p.

Then Z* > A D pZ* and A/ pZ* is a 2-dimensional subspace of IF;; (the a and b can be
arbitrary mod p, but then ¢ and d are determined). Hence A has index p? in Z*, and so the
volume of a fundamental parallelopiped is p2. Let T be a closed ball of radius r centered at
the origin. Then T has volume 72r#/2, and so if we choose r so that 2p > r? > 1.9p say,
then

w(T) > 16p(D).

According to Minkowski’s theorem, there is a point (a,b,c,d) € (A~ {0}) N T. Because
(a,b,c,d) e A,

aA?+b2+c2+d*>=a’?A+m?*+n2)+b2(1+m?>+n*)=0 mod p,
and because (a,b,c,d) € T,
a’>+b*+c?+d? <2p.

As a? +b? + c? + d? is a positive integer, these conditions imply that it equals p.
This result was stated by Fermat. Euler tried to prove it over a period of 40 years, and
Lagrange succeeded in 1770.

Some calculus
4.21 Let V be a finite-dimensional real vector space. A norm on V is a function |- ||: V —
R such that

(a) forallxe V, ||x|| >0, and ||x|| =0 <— x=0;

(b) forr e Randx eV, ||rx| = |r||x||;

(c) (triangle law) for x,y € V, ||x+y| < |Ix]| + ||¥]l-

Let V =R" x C5 — it is a real vector space of dimension n = r + 2s. Define a norm on
V by

r r+s
x| =Y "|xil+2 ) |z
i=1 i=r+1

X = (X1, Xpy Zr 1y eees Zrfs)-
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LEMMA 4.22 For any real numbert > 0, let
X@)={xeV|lx| =1

Then
w(X(@) =2"(x/2)"t" /n!.

PROOF. Since X(¢) is symmetric with respect to the r real axes, we have

p(X(t)) =2" - (Y (1)),

where Y (¢) = {x | ||x|| <¢, x1,...,X, > 0}. For the complex variables, we make the change
of variable

1
zZj =Xx; +iy; = Epj(cos@' +isinf;).

The Jacobian of this change of variables is p; /4. After integrating over the 6;, for 0 < 0; <
27, we find that

W(X() = 27475 - 2)° / prat -+ prsdx1 - dxdpp 1 - dprss,
Z
where
Z={xp) eR"™|x;,0; >0, Yx;+> p;i <t}

The result now follows from the next lemma by taking: m =r+s;a; =0,1<i <r;a; =1,
r+1 <i <m;for then
w(X(t)=2"-475.Q2n)*-t" /n!

as required. o

LEMMA 4.23 Fora; >0 € R, let

I(al,...,am,t)=/ xfln-xf,{”dxl-ndxm,
Z(@)

where Z(t) ={x e R™ | x; >0, ) x; <t}. Then

I'(a1+1)---I'(am+1)

I(ay.....am:t) = t2=9%tm, .
(@ m:1) @i+ +am+m+1)

PROOF. Recall that, by definition, (e.g., Widder, D., Advanced Calculus, 1961, Chapter 11),

o0
I'(x) =/ e tt¥ dr.
0+

It takes the value I"(n) = (n —1)! for n a nonnegative integer.
By making the change of variables x| = tx; in I, we see that

I(ay,....am:t) = lzai+ml(a1,...,am;1).

Therefore it suffices to prove the formula for # = 1. We prove this case by induction on m.
First, we have

1 TI'lai+1)
ar+1 T(a1+2)

1
Ha)) = [ xftdx =
0
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Let
Z(xm) = {xeRm_1 | x; >0, in <1l—xpn}

Then

1
I(ay,...am;1) =/ xpm (/ x’lz1 --~xfn’”__11dx1 ~-dxm_1) dxm,
0 Z(xm)

1
a .
:/ xprl(a,....am—1:1—xm)dxm
0

1
=I(a1,...,am_1;1)/ xfn’”(l—xm)za"er_ldxm
0

I'am~+DI(a1+-+am—1+m)
F'ai+--+am+m+1)

=I(ai,....,am—1;1)

In the last step, we used the standard formula

Lot g _ LI
/o X (1—=x)"""dx = B(m,n) = Fntn) .

EXAMPLE 4.24 (a) Case r =2, s = 0. Then X(¢) is defined by |x| + |y| <t. It is a square
of side +/2¢, and so (X (7)) = 2¢2.
(b) Case r =0, s = 1. Then X(¢) is the circle of radius ¢ /2, which has area 72 /4.

The next lemma says that geometric mean of a finite set of positive real numbers is less
than or equal to their arithmetic mean.

LEMMA 4.25 Letay,...,a, be positive real numbers. Then

([an'™ < (Lap) /n:
equivalently,
[Tai < ai)" /n".
PROOF. See any good course on advanced calculus. O

Finiteness of the class number

Let K be a number field of degree n over Q. Suppose that K has r real embeddings
{01,...,0.} and 2s complex embedding {oy+1,07+1,...,07+s,0r+s}. Thus n =r +2s.
We have an embedding

0:K >R xC% «ar(01a,...,0r+50).
We identify V & R x CS with R” using the basis {1,i} for C.

PROPOSITION 4.26 Let a be a nonzero ideal in Ok ; then o (a) is a full lattice in V', and the
volume of a fundamental parallelopiped of o (a) is27° -Na-|Ag]| 2
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PROOF. Let «y,...,a, be a basis for a as a Z-module. To prove that o (a) is a lattice we
show that the vectors o (a1),...,0(at,) are linearly independent,® and we prove this by
showing that the matrix A, whose ith row is

(01(a;),....00 (), R(or+11), I(07 +11),...)

has nonzero determinant.
First consider the matrix B whose ith row is

(U](Olj),. --’Ur(“i),0r+l(ai)’gr—i-l(ai)a "'vOV+S(ai))'

We saw in (2.26) that det(B)? = D(ay,...,a,) # 0.

What is the relation between the determinants of A and B? Add column r +2 in B
to column r + 1, and then subtract 1/2 column r + 1 from column r + 2. This gives us
2R (0r+1(e;)) in column r 4+ 1 and —i I(0,+1(etj)) in column r 4 2. Repeat for the other
pairs of columns. These column operations don’t change the determinant of B, and so

det(B) = (—2i)* det(A),

or
det(A) = (—=2i) " det(B) = £(=2i) " D(a1,...,an)"/* £0.

Thus o (a) is a lattice in V.
Since o(a) = Y 7, Zo(e;), the volume of a fundamental parallelopiped D for o (a) is
|det(A)|, and from (2.25) we know that

|D(ay,....an)| = (O : a)?-|disc(Og /7).
Hence

(D) =2"5|D(ay,...,an)|2 =275 -Na-|Ag|2. -

PROPOSITION 4.27 Let a be a nonzero ideal in Og . Then a contains a nonzero element «
of K with

4\* n!
INm(a)| < B -Na = (_) ™ NalAk3.
T nn

PROOF. Let X(¢) be as in (4.22), and let D be a fundamental domain for the lattice o (a).
The set X(¢) is compact convex and symmetric in the origin, and so, when we choose ¢
so large that u(X(¢)) > 2" - u(D), Minkowski’s Theorem shows that X (¢) contains a point
o(a) # 0 of o(a). For this o € q,

INm(a)| = |oq ()] "'|0r(a)||0r+1(a)|2"' |(7r+s(a)|2
< (D loial+ ) 2loial)"/n" (by 4.25)

<t"/n".
In order to have u(X(¢)) > 2" - u(D), we need (see 4.22, 4.26)

2" (/2)5t" /n! > 2" .27 .Na- | Ak |2,

%Here is a shorter proof of this. The map o is the composite K < K ®gR =, R” x C*. The element
o («;) is the image under the second map of ¢; ® 1. The elements «; remain linearly independent after tensoring
with R, and after applying the isomorphism.
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ie.,
n—r

1
t" >n!- ‘Na-|Ak|2.

T[S
When we take ¢" to equal the expression on the right, we find that

27[—7'

.ns.

Na-|Ag|Z.

|Nm(@)| <
n
As n—r = 2s, this is the required formula. o

PROOF (OF THEOREM 4.3) Let ¢ be a fractional ideal in K — we have to show that the
class of ¢ in the ideal class group is represented by an integral ideal a with

e 1! ((4)°
Na < Bg &2 (—) Ak (2.
n" \mw
For some d € K*, d¢™! is an integral ideal, say (d)-¢~! = b. According to the result just
proved, there is a f € b, B # 0, with
|Nm(f)| < Bk -Nb.
Now BOk C b = BOk = ab with a integral, and a ~ b~! ~ ¢. Moreover,
Na-Nb = |[Nmg g 8| < Bk -Nb.
On cancelling Nb, we find that Na < Bg. o
REMARK 4.28 Proposition 4.27 can be useful in deciding whether an integral ideal is
principal.
Binary quadratic forms

Gauss studied binary quadratic forms, and even defined a product for them. This work
was greatly clarified when Kummer and Dedekind defined ideals, and it was realized that
Gauss’s results were related to the ideal class groups of quadratic number fields. Here 1
briefly explain the connection.

By a binary quadratic form we mean an expression of the form

Q(X.Y)=aX?+bXY +cY?>.

We call the form integral if Q(m,n) is an integer whenever m and n are integers, or,
equivalently, if a,b,c € Z. The discriminant of Q is

do = b? —4ac.

A form is said to be nondegenerate if its discriminant is nonzero. Two integral binary
. . . . . . o
quadratic forms Q and Q’ are said to be equivalent if there exists a matrix A = ()/ p ) €

5
SL5(Z) such that
Q' (X.Y)= Q(aX + BY,yX +8Y).
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Clearly, equivalent forms have the same discriminant, but there exist inequivalent forms with
the same discriminant. The question considered by Gauss was to try to describe the set of
equivalence classes of forms with a fixed discriminant.

Let d # 1 be a square-free integer, let K = Q[+/d], and let dg = disc(Ok /Z). Define
the norm form qg by

qr(X,Y) =Nmg,o(X +YVd) = X2 —dY?, ifd=2,3 mod4
or
gk (X,Y) =Nmg/o(X +Y14¥d)y = x2 4 yy 4+ 1=dy2 g =1 mod4.

In both cases gg has discriminant dg (= 4d or d).

In general, if Q is an integral binary quadratic form, then dg = dg f2, some integer f,
where K = Q[\/@] Moreover, if dg = dk, then Q is primitive, i.e., gcd(a,b,c) = 1.

Fix a field K = Q[+/d] and an embedding K < C. We choose +/d to be positive if
d > 0, and to have positive imaginary part if d is negative. Set v/dx = 2+/d or v/d. Write
Gal(K/Q) = {1,0}. If d <0, define CIT(K) = CI(K) (usual class group of K) and if
d > 0, define

ClIT(K) =1d(K)/PT(K).

where P (K) is the group of principal ideals of the form («) with & > 0 under every
embedding of K into R.
Let a be a fractional ideal in K, and let a1,a, be a basis for a as a Z-module. From

(2.25) we know that
2

a 42 = dKNa2

oay odx

After possibly reordering the pair a;,a, we will have

= dKNCl.

ai az
oayp odadjp

For such a pair, define
Qayar(X.Y) =Na~'Nmg (a1 X +azY).
This is an integral binary quadratic form with discriminant dg .

THEOREM 4.29 The equivalence class of Qg4 .4,(X.Y) depends only on the image of a in
CI'* (K); moreover, the map sending a to the equivalence class of Qua, ,a, defines a bijection
from CIt(K) to the set of equivalence classes of integral binary quadratic forms with
discriminant dg .

PROOF. See Frohlich and Taylor 1991, VIL.2. O

In particular, the set of equivalence classes is finite, and has the structure of an abelian
group. This was known to Gauss, even though groups had not yet been defined. (Gauss even
knew it was a direct sum of cyclic groups.)
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ASIDE 4.30 Write hy for the class number of Q[v/d], d a square-free integer # 1. In modern

terminology, Gauss conjectured that, for a fixed /4, there are only finitely many negative d such that

hg = h. (Actually, because of a difference of terminology, this is not quite what Gauss conjectured.)
In 1935, Siegel showed that, for every ¢ > 0, there exists a constant ¢ > 0 such that

hg>cld|2™, d <o0.

This proves Gauss’s conjecture. Unfortunately, the ¢ in Siegel’s theorem is not effectively computable,
and so Siegel’s theorem gives no way of computing the d for a given /. In 1951, Tatuzawa showed
that Siegel’s theorem is true with an effectively computable ¢ except for at most one exceptional d .

It is easy to show that hy = 1 for —d =1,2,3,7,11,19,43,67,163 (exercise!). Thus in 1951
it was known that there exist these 9 quadratic imaginary number fields with class number 1, and
possibly 1 more. In 1952 Heegner proved that there was no 10th such field, but his proof was not
recognized to be correct until 1969 (by Deuring and Stark). In the interim, Baker (1966), Stark
(1966), and Siegel (1968) had found proofs.

More recently (1983), Goldfeld, Gross, and Zagier showed, using completely different methods
from Siegel, that there is an effective procedure for finding all d < 0 with /4 equal to a given A. For
an expository article on this, see Goldfeld 1985. By way of contrast, it is conjectured that there are
infinitely many real quadratic fields with class number 1, but this has not been proved.

NOTES Fermat stated, and probably proved, the three statements in Exercise 3-3. However, for 5 he
could only state the following conjecture:

If two primes are of the form 20k + 3 or 20k + 7, then their product is of the form
2 2
x“ 4 5y°.

That this statement is more complicated than it is for 1, 2, or 3 was the first indication that the
arithmetic of the ring of integers in Q[+/—5] is more complicated than it is in the fields with smaller
discriminant. Lagrange found an explanation for Fermat’s statements by showing that all binary
quadratic forms of discriminant —4 are equivalent, and similarly for discriminants —8 and —12, but
that the forms of discriminant —20 fall into two equivalence classes. Dedekind was able to interprete
this as showing that Q[+/—5] has class number 2.

Exercises

4-1 Give an example of an integral domain B, a nonzero prime ideal p in B, and a subring
A of B such that pN A = 0. (Note that this can’t happen if B is integral over A — see the
paragraph preceding 3.30.)

4-2 Let F C K C L be a sequence of number fields, and let A C B C C be their rings of
integers. If Q| and *Pp (prime ideals in C, B, and A respectively), show that

e(Q/P)-e(P/p) =eQ/p).  fQ/P)-f(B/p) = f(Q/p).

4-3 Let K = Q[a], where « is a root of X3 + X + 1 (see 2.37). According to (3.34), what
are the possible ways that (p) can factor in Ok as a product of prime ideals. Which of these
possibilities actually occur? (Illustrate by examples.)

4-4 Show that Q[+/—23] has class number 3, and that Q[+/—47] has class number 5.

4-5 Let K be an algebraic number field. Prove that there is a finite extension L of K
such that every ideal in Ok becomes principal in Oy . [Hint: Use the finiteness of the class
number.]
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4-6 Let K = Q[a], where « is a root of X3 — X +2. Show that Og = Z[«] and that K
has class number 1. [One approach is to consider the square factors of the discriminant of
X3 — X +2, and show that %(a + ba + car?) is an algebraic integer if and only if @, b, and
c are all even, but you may be able to find a better one.]

4-7 Let K = Q[+/—1,/5]. Show that Og = Z[v/—1, HT‘E]. Show that the only primes
(in Z) that ramify in K are 2 and 5, and that their ramification indexes are both 2. Deduce
that K is unramified over Q[+/—5]. Prove that Q[+/—5] has class number 2, and deduce that
K is the Hilbert class field of Q[+/—5]. (Cf. 4.11.)



CHAPTER 5

The Unit Theorem

In this section we prove the second main theorem of the course.

Statement of the theorem

Recall (GT, 1.57) that a finitely generated abelian group A is isomorphic to A @ Z for
some ¢, where Ao is the (finite) subgroup of torsion elements of A (i.e., of elements of
finite order). The number ¢ is uniquely determined by A, and is called the rank of A.

As before, we write r for the number of real embeddings of a number field K and 2s for
the number of nonreal complex embeddings. Thus

K®qgR~R"xC’

and r +2s = [K:Q]. Moreover, if K = Q[«], then r is the number of real conjugates of «
and 2s is the number of nonreal complex conjugates.

THEOREM 5.1 The group of units in a number field K is finitely generated with rank equal
tor+s—1.

For example, for a real quadratic field, the rank is 240 —1 = 1, and for an imaginary
quadratic field itis0+1—1 =0.

The theorem is usually referred to as the “Dirichlet Unit Theorem” although Dirichlet
proved it for rings of the form Z[«] rather than Ok .

Write Ug (= O ) for the group of units in K. The torsion subgroup of Uy is the group
w(K) of roots of 1 in K.

A setof units uy,...,ur4s—1 is called a fundamental system of units if it forms a basis
for Ug modulo torsion, i.e., if every unit u can be written uniquely in the form

w=guf" T e w(K), mi el

The theorem implies that ;(K) is finite (and hence cyclic; FT, Exercise 1-3). As we now
explain, this can be proved directly. In Chapter 7, we shall see that, if {, is a primitive mth
root of 1, then Q[¢] is a Galois extension of Q with Galois group isomorphic to (Z/mZ)*. If
m =[] p;’ is the factorization of m into powers of distinct primes, then Z/mZ ~ [|Z/ p!' Z
by the Chinese remainder theorem, and so (Z/mZ)™ ~ [](Z/ pl-r i Z)X. As the nonunits of

85
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7/ pl.r 17 are exactly the elements divisible by p, and there are pl.r i~1 of these, we see that
|(Z/P,-riZ)X} = P,-ri_l(pi —1), and so

(@/mZ)y| =T1pl " (pi — 1) = @(m).
Since
&m € K = Qtm] C K = o(m)|[K : Q]

the field K can contain only finitely many .

LEMMA 5.2 Anelement o € K is a unit if and only if « € Og and Nmg ;g = £1.

PROOF. If « is a unit, then af = 1 for some € Og. Now Nm(«) and Nm(f) both lie in
Z and 1 = Nm(af) = Nm(e)-Nm(f). Hence Nma € Z* = {+1}.

For the converse, fix an embedding o of K into C, and use it to identify K with a
subfield of C. Recall (2.20) that

Nm(«) = 1_[ aa:a-l_[aoz.

0:K—C o#0o

Let B = ]_[0#00 owa. If o € Ok, then each o« is an algebraic integer (cf. the proof 2.11),
and so B is an algebraic integer. If Nm («) = %1, then ¢ = £1 and so 8 € K. Therefore,
if « € Ok and has norm %1, then it has an inverse £ in Ok, and so it is a unit. o

For all real fields, i.e., fields with an embedding into R, u(K) = {£1}; for “most”
nonreal fields, this is also true.

EXAMPLE 5.3 Let K be a quadratic field Q[+/d]. Then Ox = {m +n~/d | m,n € Z} or
{m+n(14++/d)/2|m,n € Z}. In the two cases, the units in Ok are the solutions to the
equations

m?—n?d = +1, or

2m+n)?—dn? = +4.

When d < 0, these equations (obviously) have only finitely many solutions, and so Ux =
w(K). Note that {, lies in a quadratic field if and only if ¢(m) < 2. This happens only for
m dividing 4 or 6. Thus pu(K) = {+£1} except for the following fields:

Qlil,  p(K) = %1, £i};

Q=3 u(K) ={£1,£p. +p?}, with p = (14+v-3)/2).
When d > 0, the theorem shows that there are infinitely many solutions, and that Ug = +u?%
for some element u (called the fundamental unit). As Cohn (1978) puts it, “the actual
computation of quadratic units lies in the realm of popularized elementary number theory,
including devices such as continued fractions.” The method is surprisingly effective, and
yields some remarkably large numbers — see later.

EXAMPLE 5.4 Let K = Q[a], where « is a root of X3 + 10X + 1. We know that the
discriminant Ag = —4027. Since sign(Ag) = (—1)* and r 4+ 25 = 3, we must have r =
1 = s. From its minimum equation, we see that Nm (o) = —1, and so « is a unit. Clearly
« is of infinite order, and later we shall show that it is a fundamental unit, and so Ug =
{£a™ |m € Z}.
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Proof that Uy is finitely generated

We first need an elementary result.

PROPOSITION 5.5 For any integers m and M, the set of all algebraic integers o such that
¢ the degree of o is < m, and
¢ |&’| < M for all conjugates o’ of

is finite.

PROOF. The first condition says that « is a root of a monic irreducible polynomial of degree
< m, and the second condition implies that the coefficients of the polynomial are bounded in
terms of M. Since the coefficients are integers, there are only finitely many such polynomials,
and hence only finitely many o. O

COROLLARY 5.6 An algebraic integer «, each of whose conjugates in C has absolute value
1, is aroot of 1.

PROOF. According to the proposition, the set {1,a,a?,...} is finite. o

REMARK 5.7 It is essential in 5.6 to require « to be an algebraic integer. For example,
a = (3+4i)/5 and its conjugate both have absolute value 1, as do their powers, but the set
{1,a,?,...} is not finite.

Recall that we previously considered the map
0:K—->R' xC°, o+ (01a,...,000,0r410,...,07450),

where {01,...,07,0741,074+1,...,0r+s,0r+5} 1S the complete set of embeddings of K into
C. It takes sums to sums. Now we want a map that takes products to sums, and so we take
logarithms. Thus we consider the map:

L:K* >R a (logloia|,... log|ora|,log|or11],...,log|orsa]).
It is a homomorphism. If u is a unit in Ok, then Nmg,gu = £1, and so
lovul--orullor1ul® - |oy ysul* = 1.
On taking logs, we see that L (u) is contained in the hyperplane
H:x1+ 4+xr+2xp 41+ +2x,45 =0.
Dropping the last coordinate defines an isomorphism H ~ R”+5~1,

PROPOSITION 5.8 The image of L:U — H is a lattice in H, and the kernel of L is a finite
group (hence is 1 (K)).

PROOF. Let C be a bounded subset of H containing 0, say
CcCc{xeH||xi|<M}.

If L(u) € C, then |oju| < eM for all j, and Proposition 5.5 implies that there are only
finitely many such u. Thus L(U) N C is finite, and this implies that L(U) is a lattice in H
(by 4.15). If « is in the kernel of L, then |o;| = 1 for all i, and so the kernel is finite by
Proposition 5.5. O

Since the kernel of L is finite, we have

rank(U) =rank(L(U)) <dimH =r +s—1.
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Computation of the rank

We now prove the unit theorem.
THEOREM 5.9 The image L(U) of U in H is a full lattice; thus U has rank r 4+ s — 1.

PROOF. To prove the theorem, we have to find a way to construct units. We work again with
the embedding
0:K >R xC*’ ~ R 25,

Forx = (x1,...,Xr, Xr+1,...) € R” x C*, define
Nm(x) = X1 Xr - Xr41 ')_Cr+1 o Xr4s ')Er-f-s.

Then Nm(o («)) = Nm(«). Note that [Nm(x)| = |xq |-+ |xp|[xpo1]2 - [Xp 5]

Recall from 4.26, that 0 (Ok) is a full lattice in R” x C?%, and the volume of its funda-
mental parallelopiped is 275 - |A|%; in more detail, if ay, ..., o, is a Z-basis for Ok, then
we showed that the absolute value of the determinant of the matrix whose ith row is

o(ei) = (o1(et;), ... R(or41()). J(0r+1())....)

A 1 . . . .
is 275 .| Al2. In fact, we showed that we could get this matrix from the matrix whose ith
row is

(o1(eti),....0r+1(0i), 07 +1(i)....)

by some elementary column operations that multiplied the absolute value of the determinant

by 275, and we know that the determinant of the second matrix is +|A| 2,
In the rest of the proof, x will be a point of R” x C* with!

1/2 <[Nm(x)| < 1.

Define
x-0(Og)={x-0(a) | @ € O}.

Since R” x C* is a ring, this product makes sense. This is again a lattice in R” x C?, and the
volume of its fundamental parallelopiped is the determinant of the matrix whose ith row is

(x101(eti), -+, R(Xp 4107 41(21)), I(Xr 410741 (), - ).

As before, the absolute value of the determinant of this matrix is 27 s times the absolute
value of the determinant of the matrix whose ith row is

(x101(i), - Xp 1 Or 1 (), X1 - Or1(0), ),

which is 1
|A|Z - [Nm(x)].

Therefore x-0(Ok) is a lattice with 2_S|A|%|Nm(x)| as the volume of its fundamental
domain. Note that as x ranges over our set these volumes remain bounded.

Let T be a compact convex subset of R” x C®, which is symmetric in the origin, and
whose volume is so large that, for every x in the above set, Minkowski’s theorem (4.19)

'In fact, for the application to units, we need only consider the x with | Nm(x)| = 1.
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implies there is a point y of Ok, y # 0, such that x-o(y) € T. The points of 7 have bounded
coordinates, and hence bounded norms, and so

x-0(y)eT = |[Nm(x-0(y))| <M,
for some M (depending on T'); thus
|[Nm(y)| = M/Nm(x) <2M.

Consider the set of ideals y - Ok, where y runs through the y’s in Ok for whichx-o(y) e T
for some x in our set. The norm N of such an ideal is < 2M, and so there can only be finitely
many such ideals, say y1 - Ok, ...,y -Og. Now if y is any element of Og withx-a(y) € T,
some X, then y - Og = y; - Ok for some i, and so there exists a unit € such that y = y; - €.
Then x-0(¢) € O’()/i_l) -T. Theset T = 0()/1_1) -TU..Uo(y; 1) T is bounded, and so
we have shown that, for each x in our set there exists a unit ¢ such that the coordinates of
x -0 (&) are bounded uniformly in x (the set 7’ doesn’t depend on x).

We are now ready to prove that L(U) is a full lattice in H. If r +s—1 = 0, there is
nothing to prove, and so we assume that r +s—1> 1.

Foreachi, 1 <i <r+s, we choose an X in our set such that all the coordinates of x
except x; are very large (compared with 7"), and x; is sufficiently small that |[Nmx| = 1. We
know that there exists a unit &; such that x- o (&;) has bounded coordinates, and we deduce
that |oj¢;| <1 for j # i, and hence that log|o;¢&;| <O.

I claim that L(ey),..., L(er4+5—1) are linearly independent vectors in the lattice L(U).
For this we have to prove that the matrix whose ith row is

(I1(i),onlr(€i), 2l 41 (81), ... 2l 1 5-1(8i)),  li(e) = log|oiel,

is invertible. The elements of the matrix except those on the diagonal are negative, but the
sum
Li(ei) + o+ 1 (8) + 2l 41 (8i) + ...+ 2 45(8) = 0,

and so the sum of the terms in the i th row
liei) 4.+ 1 (i) + 2l 41(ei) + ..o+ 251 (80) = =2Urys(ei) > 0.

The next lemma implies that the matrix is invertible, and so completes the proof of Theorem
5.9. o
LEMMA 5.10 Let (a;;j) be a real m x m matrix such that

o ajj<0fori #j;

o Zja,-j >0fori =1,2,...,m.

Then (a;;) is invertible.
PROOF. If not, then the system of equations

E aijx; =0 i=1,....m

has a nontrivial solution. Write xi,..., X, for such a solution, and let iy be such that
|xio| = max{|x;|}. We can scale the solution so that x;, = 1. Then |x;| < 1 for j # ip, and
the igth equation gives a contradiction:

0= iy jXj = Qjyip + iy jXj = Aigip + ai,j > 0.
E:j 0JXJ 0i0 E:Héio 0jXj = Hipio E:j#o 0J -



90 5. The Unit Theorem

S -units

Let S be a finite set of prime ideals of K. We define the ring of S-integers to be
Ok (S) = ﬂw O, = {a € K | ordy(e) > 0, all p & S}.
For example, if S = @, then Ok (S) = Ok.
Define the group of S-units, to be
U(S) = Ok (S)  ={a e K |ordy(e) =0,all p ¢ S}.
Clearly, the torsion subgroup of U(S) is again u(K).
THEOREM 5.11 The group of S -units is finitely generated with rank r 4+ s +#S — 1.

PROOF. Letpy,ps,...,p; be the elements of S. The homomorphism
u > (...,ordy,; (u),...):U(S) — 7!

has kernel U. To complete the proof, it suffices to show that the image of U(S) in Z has
rank ¢. Let & be the class number of K. Then pf’ is principal, say pf’ = (7m;), and 7; is an
S-unit with image

0,...,h,...,0) (h in the ith position).

Clearly these elements generate a subgroup of rank 7. O
For example, if K = Q and S = {(2), (3), (5)} then
U(S) = {£2K3™5" | k,m.,n € Z},

and the statement is obvious in this case.

Example: CM fields

A number field is totally real if all of its embeddings in C lie in R, and it is fotally imaginary
if none of its embeddings in C lie in R. For example, K = Q[a] >~ Q[X]/(f) is totally real
if all the roots of f are real, and it is totally imaginary if none of the roots of f are real.

A CM field is a totally imaginary quadratic extension of a totally real field. Every such
field can be obtained from a totally real field by adjoining the square root of an element all
of whose real conjugates are negative.

Let K be a CM field, which is a quadratic extension of the totally real field K+, and let
2n = [K : Q]. Then K has 2n complex embeddings and KT has n real embeddings, and so

rank(Ug) =n—1 =rank(Ug+).
Therefore, Ug+ has finite index in Uk. In fact, it is possible to prove more.
PROPOSITION 5.12 The index of t(K)-Ug+ in Uk is either 1 or 2.

PROOF. Let a > a be the nontrivial automorphism of K fixing K+. Then p(a) = @ for
all homomorphisms p: K — C. In particular, for any a € Uk, all conjugates of a/a in C have
absolute value 1, and so a/a € ju(K) (by 5.6). Consider the map ¢:Ug — (K)/n(K)?
determined by a — a/a. Clearly ¢ is a homomorphism. Suppose u lies in its kernel, so
that u /it = &2 for some ¢ € u(K). Then u/i¢ = 1, and so ut € K*. It follows that
u € w(K)-Ug+. Conversely, if u = ¢-u™ € u(K)-Ug+, then u/it = ¢? € Ker(¢). We
have shown that Ker(¢) = u(K)-Ug+. As u(K)/uu(K)? has order 2, this completes the
proof. O
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Example: real quadratic fields

An expression

ap+

ap+
az+

1
as + e
is called a continued fraction. We abbreviate the expression on the right as

[ao,al,az,...].

We shall always assume that the a; are integers with a; > 0, a; > 0,.... The integers a;
are called the quotients, and [ag,a1,...,ay] is called the nth convergent. Every irrational
number « can be expressed in just one way as an infinite continued fraction, and the continued
fraction is periodic if and only if « has degree 2 over Q. (See any book on elementary number
theory, for example, Hardy, G. H., and Wright, E. M., An Introduction to the Theory of
Numbers, Oxford Univ. Press, 1960 (4th edition), Chapter X.)

Now let d be a square-free positive integer, and let ¢ be the (unique) fundamental unit
for Q[+/d] with & > 1. Let s be the period of the continued fraction for +/d and let p/q be
the (s — 1)th convergent of it; then

8=p+q\/gifd =2,3 mod4,ord =1 modS,
and
&= p+q«/gor83 = p—i—q«/gotherwise.

Using a computer algebra program, it is very easy to carry this out, and one obtains some
spectacularly large numbers.

For example, to find the fundamental unit in Q[\/9_4] , first compute /94 = 9.6954 .. ..
Then compute the continued fraction of +/94. One gets

{9,1,2,3,1,1,5,1,8,1,5,1,1,3,2,1,18,1,2,3,...}.

This suggests the period is 16. Now evaluate the 15th convergent. One gets

2143295
221064 °

Hence the fundamental unit > 1 is
& =2143295+4+221064- v/ 94.

Compute that
(2143295)% — (221064)%-94 = 1,

which verifies that ¢ is a unit.

When one carries out this procedure for Q[+/9199], the first coefficient of the fundamen-
tal unit has 88 digits! The computer has no problem finding the fundamental unit — the only
problem is counting the length of the period, which is about 180.
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Example: cubic fields with negative discriminant

Since the sign of the discriminant is (—1)* (see 2.40), a cubic field K will have negative
discriminant if and only if » = 1 = 5. We identify K with a subfield of R using its unique
real embedding. We have A < 0, and the group of units is {£¢™} for some ¢ (fundamental
unit). We want to find . Since —e, —e~!, and ¢! are also fundamental units, we may
suppose that ¢ > 1.

LEMMA 5.13 Let K be a cubic extension of Q with negative discriminant, and let ¢ be the
fundamental unit with € > 1. Then

|Ak| < 4¢3+ 24.

PROOF. Since ¢ ¢ Q, it must generate K. The two conjugates of ¢ (other than ¢ itself) must
be complex conjugates, and so the product of ¢ with its conjugates must be +1 (rather than
—1). Write ¢ = u?, u € R, u > 1. Then the remaining conjugates of & can be written

u et ylemi0 0<6<mn).

Let A’ = D(1,¢,&?) be the discriminant of the minimum equation of . Then
AT = (u?— u_leie)(u2 —u_le_ie)(u_leie — u_le_ie) =2i(u?+u">—2cosH)siné.
If we set 2§ = u3 +u 3, then
|A’|% = 4(£ —cosf)sin0,
which, for a given u, has a maximum, where
£cosf —cos? @ +sin?h =0,

or

—g(x) déféx—2x2 +1=0, |x|<1, x=cos6.
We seek a root of g(x) with |x| < 1. But g(1) = 1—§& < 0 (because u > 1 implies £ =
MS_T”_ > 1), and g(_21+3) = %(u_6 —1) <0. Since g(x) = 2x2 +---, it follows g(x) has
one root > 1, and that the desired root xq, with |xg| < 1, is < —Zu%. But then

2

X3 > = u®—4xl <0=u—dxy?—dx; <0. (17)

4us

This maximum yields
|A'] = 16(8% —26x0 +x5) (1~ x),

and, on applying the conditions £xg = 2xg -1,¢ 2x§ = 4x6t — 4x§ + 1, and the inequality
(17) we find that

|A'| <16(8% +1— x5 —xg) = 4u® +24 + 4(u~® —4xF — 4xg) < 4u® +24.

Hence
|A'| < 4¢3 4 24.

Since A’ = Ak - (square of an integer), this completes the proof. O
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EXAMPLE 5.14 Let K = Q[«], where « is a real root of X3 4 10X + 1. Here the discrim-
inant is —4027, and so & > 7/ W > 10 for ¢ the fundamental unit with ¢ > 1. Note

that Nm(a) = —1, and so « is a unit. Moreover, & = —0.0999003... andso 8 = —a~ ! =
10.00998.... Since B is a power of &, we must have 8 = ¢; i.e., —a~! is the fundamental
unit > 1. Thus

Ug = {xa" | m e Z}.

Once one knows ¢, it becomes easier to compute the class group. We know (see 3.48)
that there is a prime ideal p = (2,1 + «) such that N(p) = 2. One shows that p generates

the class group, and it then remains to find the order of p. One verifies that p® is the ideal
(@—1)°

generated by ~ -, and so it remains to show that p2 and p3 are nonprincipal.
Suppose that p3 = (y). Then y2 = +a™ ((Z:-lz)  for some m and choice of signs. But

: oa—1 o—1 a—1 a—1
this says that at least one of the numbers ;. —¢ 75, ¢ 75, —® 75 is a square. Let B be

that number. If q is a prime ideal such that 8 € Oy (i.e., such that ordg(8) > 0), then we can
look at 8 mod g and ask if it is a square.
We first work modulo 29. We have

X3410X +1=(X+5)(X—3)(X—2) mod 29.

Take q to be the ideal (29, —2). The residue field Ok /q is Fo9 = Z/(29), and the map
Zlo] = Fag is @ + 2 (mod 29). Thus

a—1—>1, a+24, (@+2)7'—22, -1+ —1.

The numbers 1, 4, and —1 = 122 are squares modulo 29, but 22 is not; hence m must be 0.

Since ﬁ < 0 it can’t be a square in K (since it isn’t even in R), and so the only possibility

for B is —a—+2 We eliminate this by looking mod 7.

Take q = (7, + 3) (see 3.48). Then in the map Z[«] — Z[x]/q = F7,

a—1 —3 1
ar>-—3=4, — =——-=—4=3 mod7,
oH—Z 6 2

and 3 is not a square modulo 7. Thus — +§ is not a square in Q[«].

Similarly, p? = (y) can be shown to be impossible. Thus Cl(Ok) is a cyclic group of
order 6.

Finding 1« (K)

As we noted eariler, if Q[{,] C K, where &y, is a primitive mth root of 1, then ¢(m)|[K: Q).
Thus there are only finitely many possibilities for m. For each of them, use the test in the
later section on algorithms to determine whether the minimal polynomial @,, for {,, has a
rootin K.

Finding a system of fundamental units

One strategy for finding units in the general case seems to be to find lots of solutions to
equations Nm(«) = m for m a fixed small number, and then take quotients of solutions.
Note that there can be only finitely many ideals a with N(a) = m; thus if we have lots of
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elements «; with Nm(o;) = m, then frequently o; 'O}é =« ~(’)IX(, and this implies that ¢;
and «; differ by a unit — note that this was the strategy used to prove the unit theorem. See
Pohst and Zassenhaus 1989, Chapter 5.

Regulators

There is one other important invariant that we should define. Let f = r 4+ s —1, and let
ut,...,us be a system of fundamental units. The vector L(u;) € R”*$ projects to

ef
L(u;i) = (loglouil,...,log|oyu;|,2-log|or+1uil,...,2log|osu;il|)

in R?, and the vectors £(u;) generate a lattice £(U) in R?. The regulator of K is defined to
be determinant of the matrix whose i th row is £(u;). Thus, up to sign, the regulator is the
volume of a fundamental domain for £(U) (regarded as a full lattice in R?).?

The regulator plays the same role for the group of units (mod torsion) that the discriminant
plays for Og. One can similarly define the regulator of any set {¢1,...,;} of independent
units, and the index of the group generated by the &; and u(K) in the full group of units is
measured by ratio

[Reg(e1,....&0)|/|Reg(U)].

There are lower bounds for the regulator (see Pohst and Zassenhaus 1989, p 365) similar
to the one we proved for a cubic field with one real embedding.

For an algorithm that computes the class group, regulator, and fundamental units of a
general number field, but which requires the generalized Riemann hypothesis to prove its
correctness, see Cohen 1993, Algorithm 6.5.9.

NOTES To find the units in Q[+/d], d > 0, one has to solve certain diophantine equations (see 5.3),
whose study has a long history. Theorem 5.1 was proved by Dirichlet (1840, 1846)* only for rings of
the form Z[«] because, at the time, a definition of Ok was lacking. However, his proof extends easily
to Ok (and to Ok (S)).

Exercises

5-1 Fix anm and M. Is it necessarily true that the set of algebraic integers « in C of degree
< m and with || < M is finite? [Either prove, or give a counterexample.]

5-2 Find a fundamental unit for the field Q[+/67].

5-3 Let « be an element of a number field K. Does Nmg /g(a) = %1 imply that « is unit
in Og. [Either prove, or give a counterexample.]

2Kwangho Choiy writes: in the definition of regulators, I think that L (x;) may have to be more precise, i.e.,
we can make sure about the index of 0. But the definition in the notes is still correct.

3Dirichlet, P. G. Lejeune-, Sur la théorie des nombres, C. R. Acad. Sci. Paris 10 (1840), 285-288. Dirichlet,
P. G. Lejeune-, Zur Theorie der complexen Einheiten. Verhandl. Preuss. Akad. Wiss. (1846), 103—107.



CHAPTER 6

Cyclotomic Extensions; Fermat’s
Last Theorem.

The cyclotomic! extensions of Q are those generated by a root of 1. They provide interesting
examples of the theory we have developed, but, more significantly, they have important
applications, for example, to Fermat’s last theorem and to the existence of reciprocity laws
(more generally, to class field theory itself).

The basic results

An element ¢ of a field K is said to be a primitive nth root of 1 if { = 1 but £¢ # 1 for any
d <n,i.e., if ¢ is an element of order n in K. For example, the nth roots of 1 in C are the
numbers e271M/" () < m < n — 1, and the next lemma shows that ¢271M/" ig a primitive nth
root of 1 if and only if m is relatively prime to n.

LEMMA 6.1 Let¢ be a primitive nth root of 1. Then {™ is again a primitive nth root of 1 if
and only if m is relatively prime to n.

PROOF. This is a consequence of a more general fact: if « is an element of order n in a
group, then o™ is also of order n if and only if m is relatively prime to n. Here is the proof.
If d|m,n, then (ozmﬁ =a"d =1. Conversely, if m and n are relatively prime, then there
are integers a and b such that

am+bn = 1.

If (am)d =1, then @%™4 = 1, and so a? = 1, because d = amd + bnd. Therefore, nld.o

Let K = Q[¢], where ¢ is a primitive nth root of 1. Then K is the splitting field of
X" —1, and so it is Galois over Q. Let G = Gal(Q[¢]/Q). It permutes the set of primitive
nth roots of 1 in K, and so, for any 0 € G, 0 = {" for some integer m relatively prime to
n; moreover, m is well-defined modulo n. The map o > [m] is an injective homomorphism

G — (Z/nZ)*. In FT 5.9, 5.10, it is proved that this map is an isomorphism, and so
def

[K : Q] = ¢(n) =#(Z/nZ)*. We shall give another proof, and at the same time obtain many
results concerning the arithmetic of Q[¢].

I"The name cyclotomic (circle-dividing) derives from the fact that the nth roots of 1 are evenly spaced around
the unit circle.

95
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The cyclotomic polynomial @, is defined to be,

& (X) = [[(x=¢m),

where the product runs over a set of representatives m for the elements of (Z/nZ)>, for
example, over the integers m, 0 < m < n — 1, relatively prime to n. Equivalently,

& (X) = [[(x =1,

where ¢’ runs over the primitive nth roots of 1. Because G permutes the ¢’, @, (X) € Q[X],
and clearly @,(¢) = 0. Therefore, @, (X) is the minimal polynomial of ¢ if and only if it is
irreducible, in which case [K : Q] = ¢(n) and the map G — (Z/nZ)* is an isomorphism.
Hence the following statements are equivalent:

(a) the map Gal(Q[¢]/Q) — (Z/nZ)* is an isomorphism;
(b) [QI¢]: Q] = (n);

(c) Gal(Q[¢]/Q) acts transitively on the set of primitive nth roots of 1 (i.e., they are
conjugates);

(d) @,(X) isirreducible (and so @, (X) is the minimal polynomial of ¢).
We shall see that all these statements are true.
Note that every nth root of 1 is a primitive dth root of 1 for exactly one d|n, and so
X' —1=[]Pa(X)=(X=1)-Bp(X).
din

To find the nth cyclotomic polynomial, type “polcyclo(n,X)” in PARI For example,

D3(X)=X>+X+1

Pu(X)=X2+1

P(X)=X>—-X+1
P(X)=X*—X%2+1

and
X2 1=(X-DX+DX2+X+DX2+DX2=X+D)(X*=X2+1).
We first examine a cyclotomic extension in the case that n is a power p” of a prime.

PROPOSITION 6.2 Let ¢ be a primitive p”th root of 1, and let K = Q[{].
(a) The field Q[{] is of degree p(p”) = p"~1(p—1) over Q.
(b) The ring of integers in Q[{] is Z[{].
(¢c) The element & —¢ is a prime element of Ok, and (p) = ()¢ withe = ¢(p").

(d) The discriminant of Ok over Z is £ p€, some ¢ (in fact, c = p"~Y(pr—r —1));
therefore, p is the only prime to ramity in Q[C].
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PROOF. Because ¢ is integral over Z, the ring Z[{] is contained in Ok
If ¢’ is another primitive p”th root of 1, then ¢’ = ¢* and ¢ = ¢’* for some integers s and
t not divisible by p, and so Z[{'] = Z[¢] and Q[¢'] = Q[¢]. Moreover,

¢
1-¢

Similarly, (1—-¢)/(1—¢") € Z[¢], and so (1 —¢’) /(1 —¢) is a unit in Z[¢] (hence also in Ok).
Note that

=1+¢+-+"eZ[].

r—1

XP' -1 P—1
= =14t+4-FtP7 r=XxP

D,r(X) = =
P( ) Xpr—l_l t—1

and so
@pr (1) = p.
For its definition, we see that
’ 1-¢ o(p")
pr (D) =] (1) = 1‘[?(1—;) =u- (1%,
with ¥ a unit in Z[{]. Therefore we have an equality of ideals in Ok,

def

(p)z(n)e? 7T=1—§, e=¢(pr)’ (18)

and so (p) has at least ¢(p") prime factors in Og. Now (3.34) implies that [Q[{] : Q] >
@(p"). This proves (a) of the Proposition since we know [Q[¢] : Q] < ¢(p”).

Moreover we see that 7 must generate a prime ideal in Og, otherwise, again, (p) would
have too many prime-ideal factors. This completes the proof of (c).

For future reference, we note that, in Ok,

(p)=p*P), p=@)., fp/p) =1

The last equality means that the map Z/(p) — Ok /() is an isomorphism.
We next show that (up to sign) disc(Z[{]/7Z) is a power of p. Since

disc(Ox /Z) - (Ok : Z[§])? = disc(Z[¢]/Z),

this will imply:
(i) disc(Ok /Z) is a power of p;
(ii) (Ok : Z[Z]) is a power of p, and therefore pM Ok C Z[¢] for some M.
To compute disc(Z[{]/Z), we shall use the formula in (2.34), which in our case reads:

disc(Z[¢]/Z) = £ Nmg (P, (£)).
On differentiating the equation
X 1)@y (X) = X2 —1

r—1

and substituting ¢ for X, we find that Q)I’)r (&)= p"eP" "1/P"T —1). Clearly

Nmg,g¢ = =+1, Nmg/qg p = (pr)fp(pr) _ pr‘P(P’)'
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We shall show that
Nmg /(1 —é‘ps) = :l:pps, 0<s<r,

and so

r

Nmgo@yr(§) =£p, c=r(p=1p "' =p "t =p" "N pr—r—1.

First we compute Nmg /(1 —¢). The minimal polynomial of 1 —{ is @pr (1 — X), which
has constant term @, (1) = p, and so Nmg (1 —{) = £ p.

We next compute Nmg /(1 —¢ P*) some s < r. Because £P’ is a primitive p"~Sth root
of 1, the computation just made (with r replaced by r —s) shows that

Nmgpepyyg(l =) = £p.
Using that
Nmyps/x =N = o!M:L]
Mm/k =Nmy g oNmys/p and Nmps/p o0 =« ifeelL,
we see that
Nmgo(1—¢7") = £p®, where a = [Q[¢]: QIE”" 1 = ¢(p")/p(p" ™) = p.

This completes the proof of (d).
We are now ready to prove (b). As we observed above the inclusion Z < Ok induces
an isomorphism Z/(p) — Ok /(7). In other words,

O =Z+ 0k,

and so, certainly,
Ok =2Z[{]+nOk.

On multiplying through by 7, we obtain the equality
1Ok = 7 Z[t] + n?Ok.
Therefore,

Ok = Z[)+ 7 Z[L] + w20k
= Z[¢]+ 72 Ok.

On repeating this argument, we find that
Ok = Z[¢]+ 7" Ok
for all m > 1. Since 79?") = p x (unit), this implies that
Ok =Z[5]+ p™ - Ok

for all m > 1. But for m large enough, we know that p™ Ok C Z[¢], and so Z[{] = Ok.
This completes the proof of (b). O
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REMARK 6.3 (a) The sign of the disc(Q[¢]/Q), ¢ any root of 1, can be computed most
easily by using (2.40a). Clearly Q[¢] has no real embeddings unless ¢ = 41 (and Q[¢] = Q)
and so, except for this case,

sign(disc(Q[¢]/Q)) = (=1)*, s =[Q[¢]: Ql/2.

If ¢ is a primitive p”th root of 1, p" > 2, then

[QE]:Ql/2=(p—1)p""!/2

which is odd if and only if p” =4 or p =3 mod 4.
(b) Let ¢ and ¢’ be primitive p”th and ¢*th roots of 1. If p and ¢ are distinct primes, then

QEINQET=Q

because if K C Q[{], then p ramifies totally in K and ¢ does not, and if K C Q[{'], then ¢
ramifies totally in K and p does not, and these are contradictory unless K = Q.

THEOREM 6.4 Let ¢ be a primitive nth root of 1.
(a) The field Q[] is of degree ¢(n) over Q.

(b) The ring of integers in Q[¢] is Z[Z], and so 1,¢,...,¢9™~1 js an integral basis for
Oqe¢) over Z.

(¢) If p ramifies in Q[{] then p|n; more precisely, if n = p” -m with m relatively prime
to p, then

(p) = (B1--P5)*7")
in Q[¢] with the %B3; distinct primes in Q[¢].

PROOF. We use induction on the number of primes dividing n. Suppose that p|n, and
write n = p" -m with m not divisible by p. We may assume the theorem for m. Note that

Cpr &« ¢™ is a primitive p”th root of 1, &, = ¢?’ is a primitive mth root of 1, and that
Q[¢] = Q[¢pr]- Q[¢m]. Consider the fields:
pO)fﬂ(P ) — =[p:©

N N

QI&pr] QlZm] pe")

N \/

According to Proposition 6.2, (p) ramifies totally in Q[¢,r], say (p) = p?®") | but
is unramified in Q[{y,], say (p) = p1---ps with the p; distinct primes. Because Q[(] is
obtained from Q[{,,] by adjoining ¢, its degree over Q[y,] is at most ¢(p”). It follows
from Theorem 3.34 that p; - -- ps can become a ¢(p” )th power in Q[(] only if [Q[¢]: Q[¢m]] =
@(p") and each prime p; ramifies totally in Q[{], say p; Og[e] = 23;"(’7 0. Therefore, [Q[{] :
Q] = ¢(p") - 9(m) = ¢(n), and to complete the proof, it remains to show that Og[¢] =
Z[Cpr,&m] = Z[L]. This is accomplished by the next lemma, because the only primes that
can divide the discriminant of Ogy¢,,1/Z are the divisors of m (induction hypothesis and
3.35). o
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LEMMA 6.5 Let K and L be finite extensions of Q such that
[KL:Q] = [K:Q]-[L:Q],
and let d be the greatest common divisor of disc(Og /7Z) and disc(Or,/Z)). Then
Ok.L Cd~'0g-OL.

PROOF. Let{ay,...,anm} and {B1,..., B, } be integral bases for K and L respectively. Then
;B is a basis for K - L over Q. Thus every y € Ok, can be written in the form

aijj
)/ZE TO[,‘,B]', aij,reZ,

ij
with a% uniquely determined. After dividing out any common factors from top and bottom,
no prime factor of r will divide all the a;;, and we then have to show that r|d.

When we identify L with a subfield of C, every embedding ¢ of K into C will extend
uniquely to an embedding of K - L into C fixing the elements of L. To see this, write
K = Q[a]; then K - L = L[r], and the hypothesis on the degrees implies that the minimal
polynomial of @ doesn’t change when we pass from QQ to L; there is therefore a unique
L-homomorphism L[«] — C sending « to o«.

On applying such a o to the above equation, we obtain an equation

o)=Y Low)p;.

ij

Write x; = Zj (aij/r)B;j,and let 01,02, ...,0p, be the distinct embeddings of K into C. We
obtain a system of m linear equations

Zak(a,-)x,- =or(y), k=12,..,m,
i

and Cramer’s rule tells us that
Dx; = D;,

where D = det(0;(e;)) and D; is a similar determinant. According to (2.26), D? = A 4

disc(Og/7Z), and so
A-x; = DD;.

By construction, both D and D; are algebraic integers, and so A - x; is an algebraic integer.

But Ax; =) A?ij B, and the ;s form an integral basis for Of, and so Af” € 7. Hence

r|Aaj; all i, j, and, because of our assumption on r and the g;;s, this implies that r|A.
Similarly, r|disc(Or /7Z), and so r divides the greatest common divisor of disc(Og /Z)

and disc(Or, /7). o

REMARK 6.6 (a) Statement (c) of the theorem shows that if p divides n, then p ramifies
unless ¢(p") = 1. Since ¢(p") = p"~!(p —1), this happens only if p” = 2. Thus, if p
divides n, then p ramifies in Q[{,] except when p = 2 and n = 2 - (odd number).

(b) Let m be an integer > 1; then ¢(mn) > ¢(n) except when n is odd and m = 2.
Therefore u(Q[¢,]) is cyclic of order n (generated by ) except when n is odd, in which
case it is cyclic of order 2n (generated by —¢p).
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(c) In the situation of the lemma,
disc(KL/Q) = disc(K/Q)F Y. disc(L/Q) K, (19)

provided Ok, = Ok - Op,. This can be proved by an elementary determinant calculation.
Using this, one can show that, for ¢, a primitive nth root of 1,

disc(Q[¢,]/Q) = (_1)<p(n)/2n<p(n)/pr(n)/(p—l)_

pln

The example

Qli, v/5] = Q[i]-Q[v-5]

shows that the condition on the rings of integers is necessary for (19) to hold, because the
extensions Q[i] and Q[+/—5] have discriminants 4 and 20 respectively, but Q[i, +/5] has
discriminant 4252 = 42202 /42,

Class numbers of cyclotomic fields

Let ¢ be a primitive pth root of 1, p an odd prime. It is known that the class number of Q[(]
grows quite rapidly with p, and that in fact the class number is 1 if and only if p < 19.

Here is how to prove that QQ[¢] has class number > 1 when p = 23. The Galois group of
Q[¢] over Q is cyclic of order 22, and therefore has a unique subgroup of index 2. Hence
Q[¢] contains a unique quadratic extension K of Q. Since 23 is the only prime ramifying in
QJ¢], it must also be the only prime ramifying in K, and this implies that K = Q[+ —23].
One checks that (2) splits in Q[+/—23], say (2) = pq, that p is not principal, and that p3 is
principal. Let 98 be a prime ideal of Z[¢] lying over p. Then N*B = p/, where f is the
residue class degree. Since f divides [Q[¢] : Q[+ —23]] = 11, we see that f =1 or 11 (in
fact, f = 11). In either case, p/ is not principal, and this implies that 3 is not principal,
because the norm of a principal ideal is principal.

Because of the connection to Fermat’s last theorem, primes p such that p does not divide
the class number of Q[¢] are of particular interest. They are called regular. Kummer found
a simple test for when a prime is regular: define the Bernoulli numbers B,, by the formula

oo

t t"
ol —1 = ZBnn_!, Bn € Q;
n=0
then p is not regular if and only if p divides the numerator of some By withk =2,4,..., p—

3. It has long been known that there are infinitely many irregular primes, but it is still not
proved that there are infinitely many regular primes. It is expected that 61% of primes are
regular and 39% are irregular.

Units in cyclotomic fields
Let ¢ be a primitive nth root of 1, n > 2. Define

QT =Q+¢7.
For example, if ¢ = 271/" then ¢ + ¢! = 2C0827n and Q[¢]T = Q[cos 2Z]. Under any

n
embedding of Q[¢] into C, £~ maps to the complex conjugate of ¢, and therefore the image
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of Q[¢]T is fixed under complex conjugation and hence lies in R. Thus, we see that Q[{]
is a CM field with maximal totally real subfield Q[¢]*. According to Proposition 5.12, the
index of w(Q[¢]) - Ugpe)+ in Ugye) is 1 or 2. In fact, when n is a prime power, it must be 1.

PROPOSITION 6.7 Assume that n is a prime power; then every unit u € Q[{] can be written
u==-v
with ¢ a root of unity and v a unit in Q[¢]T.

PROOF. We prove this only for powers of odd primes (which is all we shall need in the next
section). If the statement is false, then the homomorphism

u s u/ii:Ugge] — /1% = u(Q[¢)),

in the proof of Proposition (5.12) is surjective, and so there exists a unit u of Q[¢] such that
i = {'u, where ¢’ is a root of 1 that is not a square. Recall (6.6b) that, because n is odd,
w={%1}-(¢), and so u? = (£). Therefore {’ = —¢™ for some integer m. Let

Uu=ag+ -“—I-a(p(n)_lé'(o(n)_l, a; € 7.

Thenu =ag+--- +a(p(n)_1§“’(”)_l, and modulo the prime ideal p = (1—¢) = (1—¢) of

Oqiz1» }
u=ao+--+apm-1=Uu.

Thus
u=—{"u=—umodp,

and so 2u € p. This is a contradiction because p is prime, 2 ¢ p, and u ¢ p. O

The first case of Fermat’s last theorem for regular primes

Kummer proved Fermat’s last theorem for regular primes. Here we prove a weaker result,
known as the first case of Fermat’s last theorem.

THEOREM 6.8 Let p be an odd prime. If the class number of Q[{] is not divisible by p,
then there does not exist an integer solution (x,y,z) to

XP+YP=2?
with p relatively prime to xyz.

We show that existence of integers x, y,z with x? + y? = z? and p t xyz leads to a
contradiction. After removing any common factor, we may suppose that gcd(x, y,z) = 1.
We first treat the case p = 3. The only cubes modulo 9 are —1, 0, 1, and so

x34+y3=-2,0,0r2 mod?9,
z3=—1lorl mod 9,
which are contradictory. Similarly we may eliminate the case p = 5 by looking modulo 25.
Henceforth we assume that p > 5.
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If x=y=—z mod p, then —2z? = z? and p|3z, contradicting our hypotheses. Hence
one of the congruences can’t hold, and after rewriting the equation x? + (—z)? = (—y)? if
necessary, we may assume that p{ x — y.

The roots of X? + 1 are —1,—¢, .. .,—é‘p_l, and so

p _717°7t i
XPr1=[]_ (x+¢.
Hence .
p— .
l_L'=0 (x+¢'y) =z,

The idea of the proof is to exploit this factorization and what we know of the arithmetic of
Q[¢] to obtain a contradiction.

Let p be the unique prime ideal of Z[¢] dividing (p); thus p = (1 —¢'), where i can be
any integer such that 1 <i < p—1 (see 6.2).

LEMMA 6.9 The elements x 4 'y of Z[{] are relatively prime in pairs.

PROOF. We have to show that no prime ideal divides both x 4+ ¢y and x + ¢/ y fori # j.
Suppose, on the contrary, that q does. Then q|((¢! —¢/)y) = py, and q|((¢/ —¢)x) = px.
By assumption, x and y are relatively prime, and therefore q =p. Thusx +y=x+¢'y =0
mod p. Hence x+y e pNZ = (p). Butz? =x?+y?=x+y =0 mod p, and so p|z,
which contradicts our hypotheses. O

LEMMA 6.10 Forevery a € Z[C], a? € Z+ pZ[t].

PROOF. Write
o =ap +a1§+---—i—ap_2§p—2, aj € 7.

Then
a? Eag+alp+...+a5_2 mod p,

which lies in Z. O

LEMMA 6.11 Leta =ag+a;l+ -~-—|—ap_1§p_1 with a; € 7 and at least one a; = 0. If
« is divisible by an integer n, i.e., if « € nZ[{], then each a; is divisible by n.

PROOF. Since 1 4 ¢ +---4 P71 =0, every subset of {1,¢,...,¢P~ 1} with p — 1 elements
will be a Z-basis for Z[{]. The result is now obvious. o

We can now complete the proof of Theorem 6.8. Regard the equation

[T at+tin =7

as an equality of ideals in Z[{]. Since the factors on the left are relatively prime in pairs,
each must be the pth power of an ideal, say

(x+¢'y)=af

for some ideal a; in Z[¢]. This equation implies that a; has order dividing p in the class
group, but we are assuming that the class group of Z[¢] is of order prime to p, and so q;
itself is principal, say a; = («;).
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Take i = 1, and omit the subscript on «. Then we have that x 4+ {y = ua? for some
unit ¥ in Z[¢]. We apply (6.7) to write u = ¢" v, where v = v. According to (6.10), there is
an a € Z such that «”? = a mod p. Therefore

x+¢y=C"va? =¢"va mod p.
Also B
x+¢y=¢"va? =¢"va mod p.
On combining these statements, we find that
M+ = (x+¢7y) modp,

or
x+&y—x—t"1y=0 modp. (20)

If 1,¢,¢%2771,¢2" are distinct, then, because p > 5, Lemma 6.11 implies that p divides x
and y, which is contrary to our original assumption. The only remaining possibilities are:

(a) 1 ={?"; but then (20) says
{y—¢"ly=0 modp,
and Lemma 6.11 implies p|y, which contradicts our original assumption.
(b) 1=2¢2""1;then ¢ = ¢?7, and (20) says
(x=y)=(x—=y){=0 modp,

and Lemma 6.11 implies that p|x — y, which contradicts the choice of x and y made
at the start of the proof.

(c) ¢ =¢?"~1; but then (20) says
x—%x=0 mod p,
and Lemma 6.11 implies that p|x, which contradicts our original assumption.
This completes the proof.

NOTES Everything in this section was known to Kummer, but in terms of “ideal numbers” rather
than ideals. The methods of this section have not (so far) sufficed to prove Fermat’s last theorem but,
as the reader may already be aware, other methods have.

Exercises

6-1 Show that X3 —3X + 1 is an irreducible polynomial in Q[X] with three real roots. Let
« be one of them, and let K = Q[«]. Compute disc(Z[«]/7Z), and deduce that
Ok D Zla] D 3" Ok

for some m. Show that & and o 4 2 are units in Z[«] and Ok, and that (« + 1)3 = 3a(x +2).
Deduce that (o + 1) is a prime ideal in Ok, and show that Og = Z[a] + (a + 1)Og. Use
this to show that Ox = Z[«]. Show that (2) is a prime ideal in Ok, and deduce that Ok is a
principal ideal domain.

6-2 Show that the ring of integers in Q[cos <7] is Z[2cos 2T ].

6-3 Let K be an algebraic number field. Show that Gal(K[{,r]/ K[{p]) is cyclic for all odd
primes p and r > 1. Same statement for Gal(K[{2r]/K[C4]) and r > 2.



CHAPTER 7

Absolute Values; Local Fields

In this section, we define the notion of an absolute value (or multiplicative valuation) and
study the completions of number fields with respect to absolute values.

Absolute Values

An absolute value or (multiplicative) valuation' on a field K is a function x > |x|: K — R
such that

(a) |x| > 0 except that |0] = 0;
(®) |xy|=Ixlyl
() |x+ y| <|x|+ |y| (triangle inequality).
If the stronger condition
(©) Ix + y| = max{|x], [y}
holds, then | | is called a nonarchimedean absolute value.
Note that (a) and (b) imply that | | is a homomorphism K> — R~ (multiplicative group

of positive real numbers). Since R~ is torsion-free, | | maps all roots of unity in K> to 1.
In particular, | — 1| = 1, and | — x| = | x| for all x.

EXAMPLE 7.1 (a) For any number field K, and embedding o: K < C, we get an absolute
value on K by putting |a| = |oa|.
(b) Let ord: K* — Z be an (additive) discrete valuation, and let e be a real number with
e > 1; then
jal = (1/e)™@, a#0, |0]=0

is a nonarchimedean absolute value on K. For example, for any prime number p, we have
the p-adic absolute value | |, on Q :

lalp = (1/e)°(@.
Usually we normalize this by taking e = p; thus

lalp, = (1/p)”%@ = 1/p" ifa = ag- p" with ord,(ag) = 0.

IContrary to the assertions in mo45150, both terms are widely used. In fact, judging by the algebraic number
theory books on my bookshelf, “valuation” is the more common, but I’ve decided to use “absolute value” to
conform with Bourbaki.

105
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Similarly, for any prime ideal p in a number field K, we have a normalized p-adic absolute
value
jaly = (1/Np)™ (@,

(c) On every field K, there is the trivial absolute value, which has |a| = 1 for all a # 0.
When the field is finite, there is no other because all nonzero elements of a finite field are
roots of 1.

Nonarchimedean absolute values
Recall that this means that, instead of the triangle inequality, we have
|x + y[ < max{|x],|y[}.
By induction, this condition implies that
| x| < max{|x;[}. 21)

PROPOSITION 7.2 An absolute value | | is nonarchimedean if and only if it takes bounded
values on {ml | m € Z}.

PROOF. If | | is nonarchimedean, then, for m > 0,
ml=1+1+---+1| 1| = 1.

As we noted above, | — 1| =|1|,and so | —m1| = |ml| < 1.
Conversely, suppose that |m1| < N for all m. Then

e+ y* =1 )y =D A Iy
-

Clearly |x|"|y|*"" < max{|x|",|y|"} = max{|x|,|y|}" and (f) is an integer, and so
|x 4+ yI* = N(n + 1) max{|x],|y[}".
On taking nth roots we find that
v < NV 4 DY max{]x]. | yl}.

When we let n — oo, the terms involving n tend to 1 (to see this, take logs). =
COROLLARY 7.3 Ifchar K # 0, then K has only nonarchimedean absolute values.
PROOF. In this case, the set {m -1 | m € Z} is finite. o
ASIDE 7.4 Archimedes stated that for any two line segments, laying the shorter segment end-to-end
a sufficient finite number of times will create a segment longer than the other. In other words, for
any two nonzero positive real numbers a and b, there is an n € N such that b < na. The proposition

shows that the nonarchimedean absolute values are exactly those that don’t have this “archimedean
property”.
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As we noted above, a discrete (additive) valuation ord on K determines an absolute
value by

|X| — €_0rd(x),

any e > 1. Taking logs gives log, |x| = —ord(x), or ord(x) = —log, |x|. This suggests how
we might pass from multiplicative valuations to additive valuations.

PROPOSITION 7.5 Let | | be a nontrivial nonarchimedean absolute value, and put v(x) =
—log|x|, x # 0 (log to base e for any real e > 1). Then v: K* — R satisfies the following
conditions:

(@) v(xy) =v(x)+v(y);
(b) v(x+y)=min{v(x),v(y)}.
Ifv(K™) is discrete in R, then v is a multiple of a discrete valuation ord: K* — Z C R.

PROOF. That v satisfies (a) and (b) is obvious. For the last statement, note that v(K™)
is a subgroup of R (under addition). If it is a discrete subgroup, then it is a lattice (by
4.15), which means that v(K>) = Zc for some ¢. Now ord & ¢=1.4 is an additive discrete
valuation K* — Z. o

We shall say | | is discrete when | K*| is a discrete subgroup of R~. Note that, even
when | K*| is discrete in R, | K| usually won’t be, because 0 will be a limit point for the set
|K*|. For example, |p"|, = p~", which converges to 0 as n — oc.

PROPOSITION 7.6 Let | | be a nonarchimedean absolute value. Then
A g{a € K | |a| < 1} is a subring of K, with
U Cléf{a € K | |a| = 1} as its group of units, and
mE {a € K | |a] < 1} as its unique maximal ideal.
The absolute value | | is discrete if and only if m is principal, in which case A is a discrete

valuation ring.

PROOF. The first assertion is obvious. If | | is discrete, then A and m are the pair associated
(as in 3.27) with the additive valuation —log| |, and so A is a discrete valuation ring and m
is generated by any element 7 € K> such that |r| is the largest element of | K| less than
one. Conversely, if m = (1), then | K*| is the subgroup of R~ generated by |7|. o

REMARK 7.7 There do exist nondiscrete nonarchimedean absolute values. For example, let
Q be an algebraic closure of Q. We shall see later that the p-adic absolute value | | Q=R
extends to Q% (in many different ways). Since Q¥ contains an element p'/” for all n, we
see that |Q¥*| > (p~HY/n =1/ ¢/p foralln,and 1/ 2/p — 1 as n — oo. In fact, one can
show that |Q¥*| = {p” | r € Q}, which is not discrete in Rxg.

Equivalent absolute values

Note that an absolute value | | defines a metric on K, with distance function
d(a,b) =|a—b|,

and hence a topology on K: for a € K, the sets

U@, e)={xeK||x—a|<e}, &>0,
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form a fundamental system of open neighbourhoods of a. A set is open if and only if it is a
union of sets of the form U(a, ¢).

For example, for the topology on Q defined by | |, a and b are close if their difference
is divisible by a high power of p. In particular, the sequence

n

Lp.p%....p"...

converges to 0.
The topology on K defined by the p-adic absolute value | |, is called the p-adic topology.

PROPOSITION 7.8 Let| |1, | |2 be absolute values on K, with | |1 nontrivial. The following
conditions are equivalent:

(@) | |1, | |2 define the same topology on K ;

(®) laf1 <1=laf2 <1;

©) | |2=11¢ for somea > 0.
PROOF. (a) = (b): Since || = |a|", clearly «” — 0 if and only if || < 1. Therefore (a)

implies that
o)1 <1 <= |a|2 < 1.

(b) = (c): Because | |; is nontrivial, there exists a y € K such that |y|; > 1. Let

a =logly|2/log|yl1,

so that
log|yl2 = a-log|y|1,

or
Iyl =1yl
Note that a > 0 by (b).
Now let x be any nonzero element of K. There is a real number b such that
[l =1y13.
To prove (c), it suffices to prove that
[xl2 = 1713,
because then
1 =

b
Ixl2 =1yl =1y |x|1.

Let m/n, n > 0, be a rational number > b. Then

m
n
1

Ixli = y15 <yl

and so
|x"/y™]1 < 1.

From our assumption (b), this implies that

|x"/y™ 2 < 1
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and so
m
lx|2 < |yly .
This is true for all rational numbers % > b, and so
b
[x]2 <[yl3.

A similar argument with rational numbers 7! < b shows that

b
Ixl2 = y13.

and so we have equality, which completes the proof of (c).
(¢c) = (a): This is obvious. o

Two absolute values are said to be equivalent if they satisfy the conditions of the
proposition.
Properties of discrete valuations
We make some easy, but important, observations about discrete valuations.
7.9 For an additive valuation, we are given that
ord(a + b) = min{ord(a),ord(b)}

and we checked (p. 56) that this implies that equality holds if ord(a) # ord(b). For multi-
plicative valuations, we are given that

|a +b| = maxilal, [},

and a similar argument shows that equality holds if |a| # |b|. This has the following
consequences.

7.10 Recall that we define a metric on K by setting d(a,b) = |a —b|. I claim that if x is
closer to b than it is to a, then d(a, x) = d(a,b). For we are given that

|lx —b| <|x—al,

and this implies that
|b—a|=|b—x+x—a|=|x—al.

7.11 Suppose that
ar+az+--+a, =0.

Then an argument as on p. 66 shows that the maximum value of the summands must be
attained for at least two values of the subscript.
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Complete list of absolute values for the rational numbers

We now give a complete list of the absolute values on Q (up to equivalence). We write | |00
for the absolute value on QQ defined by the usual absolute value on R, and we say that | |~ is
normalized.

THEOREM 7.12 (OSTROWSKI) Let | | be a nontrivial absolute value on Q.
(a) If|| is archimedean, then | | is equivalent to | |so.

(b) If| | is nonarchimedean, then it is equivalent to | |, for exactly one prime p.
PROOF. Let m,n be integers > 1. Then we can write
m=ag+an+--+arn"
with the a; integers, 0 < a; <n,n” <m. Let N = max{l, |n|}. By the triangle inequality,

im| <> laillnl <> lai|N".

We know
r <log(m)/log(n),

(log relative to some e > 1) and the triangle inequality shows that
lai| <|[14+---+1|=a;i|l| =a; <n.

On putting these into the first inequality, we find that

1 logm
|m|§(1+r)nNr§(1+ ogm) T

nN logn |
ogn

In this inequality, replace m with m’ (¢ an integer), and take 7th roots:

1
t1 T logm
|m|§(1+ Ogm) nt N
logn

Now let t — oco. The terms involving ¢ tend to 1, and so

logm

Im| < N Ton (22)

CASE (i): For all integers n > 1, |n| > 1.
In this case N = |n/|, and (22) yields:

|m|l/10gm < |n|1/logn.

By symmetry, we must have equality, and so there is an ¢ > 1 such that

|1/10gm |1/logn

c=|m =|n

for all integers m,n > 1. Hence

logn logclogn logc

n| =c°®" =e =n "%, all integers n > 1.
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Let a = logc, and rewrite this
[n] = |n|%. all integers n > 1,

where | |« is the usual absolute value on Q. Since both | | and | |, are homomorphisms
Q* — R, the fact that they agree on a set of generators for the group Q* (the primes and
—1) implies that they agree on all of Q.

CASE (ii): For some n > 1, |n| < 1.

In this case, N = 1, and (22) implies |m| < 1 for all integers m. Therefore the absolute
value is nonarchimedean. Let A be the associated local ring and m its maximal ideal. From
the definition of A, we know that Z C A. Then m N Z is a prime ideal in Z (because m is
a prime ideal), and it is nonzero for otherwise the absolute value would be trivial. Hence
mNZ = (p) for some p. This implies that |m| = 1 if m is an integer not divisible by p, and
so |np”| = | p|” if n is a rational number whose numerator and denominator are not divisible
by p. If a is such that | p| = (1/p)“; then |x| = [x]|7 for all x € Q. 0

THEOREM 7.13 (PRODUCT FORMULA) For p =2,3,5,7,...,00, let| |, be the correspond-
ing normalized absolute value on Q. For any nonzero rational number a

1_[ la|p =1 (product over all p including o).

PROOF. Leta =a/b, a,b € Z. Then |a|, = 1 unless p|a or p|b. Therefore ||, = 1 for
all but finite many vs, and so the product is really finite.

Let 7(a) =[] |aly. Then 7 is a homomorphism Q* — R*, and so it suffices to show
that 7(—1) = 1 and 7 (p) = 1 for each prime number p. The first is obvious, because
| — 1] =1 for all absolute values | |. For the second, note that

Iplp =1/p, |plg=1, gaprime #p, |pleo=p.

The product of these numbers is 1. o

The primes of a number field

Let K be an algebraic number field. An equivalence class of absolute values on K is called
a prime or place of K.
THEOREM 7.14 Let K be an algebraic number field. There exists exactly one prime of K
(a) for each prime ideal p;
(b) for each real embedding;

(c) for each conjugate pair of complex embeddings.
PROOF. See Chapter 8. O

In each equivalence class of absolute values of K we select a normalized absolute value?
as follows:

2These are the most natural definitions for which the product formula hold. Alternatively, let K be the
completion of K with respect to the absolute value v, and let i be a Haar measure on (Ky,+) — it is uniquely
determined up to a nonzero constant. For any nonzero a € Ky, tq(U) &ef 1 (aU) is also a Haar measure on
(Ky,+), and so g = c(a)p for some constant c(a). In fact, c(a) = |a|, the normalized absolute value of
a. When v is nonarchimedean, we can choose p to be the Haar measure on Ky such that 4 (Og, ) = 1; then
paOk,) = lal.
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for a prime ideal p of Ok, |a|, = (1/Np)°rde(@) — Oy : (@)Y

for a real embedding 0: K — R, |a| = |oa|;

for a nonreal complex embedding o: K < C, |a| = |oa|?.
Note that this last is not actually a absolute value, because it doesn’t satisfy the triangle law.
There are various ways of getting around this problem the best of which is simply to ignore
1t.

Notation

We generally write v for a prime. If it corresponds to a prime ideal p of Ok, then we call it a
finite prime, and we write p,, for the ideal. If it corresponds to a (real or nonreal) embedding
of K, then we call it an infinite (real or complex) prime. We write | |, for an absolute value in
the equivalence class. If L D K and w and v are primes of L and K such that | |, restricted
to K is equivalent to | |, then we say that w divides v, or w lies over v, and we write w|v.
For a finite prime, this means P, N Ox = py, or, equivalently, that 13, divides p,, - Of,. For
an infinite prime, it means that w corresponds to an embedding o: L < C that extends the
embedding corresponding to v (or its complex conjugate).

THEOREM 7.15 (PRODUCT FORMULA) For each prime v, let | |, be the normalized abso-
lute value. For every nonzeroo € K,

1_[ ||y = 1 (product over all primes of K).

PROOF. The product formula for a general number field follows from the product formula
for Q and the next result. O

LEMMA 7.16 Let L be a finite extension of a number field K.
(a) Each prime on K extends to a finite number of primes of L.

(b) For every prime v of K and«a € L*,

[Jlel = INm gk alo.

w|v
PROOF. See Chapter 8. O

REMARK 7.17 The product formula is true in two other important situations.

(a) Let K be a finite extension of k(T"), where k is a finite field. According to (7.3),
the absolute values of K are all discrete, and hence correspond to discrete valuation rings
in K. As in the number field case, we can normalize an absolute value by setting |a|, =
(1/Nv)°4v@ " where Ny is the number of elements in the residue field of the discrete
valuation ring and ordy: K> — Z. Then [],|al, = 1. The proof of this is easy when
K = k(T), and the general case is obtained by means of a result like (7.16).

(b) Let K be a finite extension of k(7"), where k is an algebraically closed field. In
this case we look only at primes that are trivial when restricted to k. All such primes are
nonarchimedean, and hence correspond to discrete valuations ord,: K™ — Z. Fix an e > 1,
and define |a|, = (1/¢)*%@ for every v. Then [Tlaly =1 foralla € K*. This of course
is equivalent to the statement

Zordv (a)=0.
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For example, let X be a compact Riemann surface, and let K be the field of meromorphic
functions on X. For each point P of X we have a discrete valuation, defined by ordp ( ) =m
or —m according as f has a zero or pole of order m at P. The valuations ordp are precisely
the valuations on K trivial on C C K, and so the product formula for K is simply the
statement that f has as many zeros as poles.

The proof of this runs as follows: the Cauchy integral formula implies that if f is a
nonconstant meromorphic function on an open set U in C, and I" is the oriented boundary
of a compact set C contained in U, then

1)
r f(2)

where Z is the number of zeros of f in C and P is the number of poles of f', both counted
with multiplicities. This formula also holds for compact subsets of manifolds. If the manifold
M is itself compact, then we can take C = M, which has no boundary, and so the formula
becomes

dz =2mi(Z — P),

Z—-P=0,

1.€.,

Y ordp(f)=0. PeM.

The weak approximation theorem

Recall that an absolute value on a field K is homomorphism a + |a| : K* — R~ such that
|a+b| <la|+|b| foralla,b € K*. We extend it to K by setting |0| = 0. An absolute value
is trivial if |a| = 1 for all a # 0. Two nontrivial absolute values |- |, and |- |, are equivalent
if |a|1 < 1 implies |a|, < 1, in which case |- |2 = |-|] for some r € R~¢ (see 7.8). The
statements in this section continue to hold if we replace “absolute value” with “positive
power of a absolute value” (which, in the archimedean case, may fail to satisfy the triangle
rule).

LEMMA 7.18 If|-|1,|-|2, ..., |-|n are nontrivial inequivalent absolute values of K, then
there is an element a € K such that

lal; > 1

lal; < 1, i#1.

PROOF. Firstlet n = 2. Because | |1 and | |, are inequivalent, there are elements b and ¢

such that
{|b|l < 1, [b]2=1

lel1 = 1, Jcl2< 1.

Now a = % has the required properties.
We proceed by induction assuming that the lemma is true for n — 1 absolute values.
There exist elements b, ¢ such that

bly > 1, |bli<l, i=2,3,...,n—1
leclih > 1, Jela <1

If |b|, < 1, then a = b works. If |b|, = 1, then a = cb” works for sufficiently large r. If
|blp > 1, thena = % works for sufficiently large r, because % converges to 0 or 1

according as |b| < 1 or |b| > 1. o
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LEMMA 7.19 In the situation of the last lemma, there exists an element of K that is close

to 1 for|- |1 and close to O for |- |;, i =2,...n.
PROOF. Choose a as in (7.18), and consider a, = 1_‘:_%. Then
| 1 1 - 1 0
ar—1lj1 = = -
T+al; = Jafj—1
asr — oo. Fori > 2,
oo el lal
riv— r — r
T+alf = 1—lal;
asr — 0o. O
THEOREM 7.20 Let|-|1,||2, ---,]|*|n be nontrivial inequivalent absolute values of a
field K, and let ay,...,a, be elements of K. For every € > 0, there is an element a € K

such that |a —a;|; < ¢ foralli.

PROOF. Choose b;,i =1,...,n,closeto 1 for | |; and close to O for | |, j # i. Then
a=aiby+---+anby

works. O

Let K; be the completion of K for |- ;. The statement of the theorem also holds with a;
in K; (rather than K) — choose af € K very close to a; and a € K very close to each al’..
Thus K (embedded diagonally) is dense in [ [ K.

The theorem shows that there can be no finite product formula. More precisely:

COROLLARY 7.21 Let|-|1,|*|2,...,|*|n be nontrivial inequivalent absolute values on a
field K. If
lal}---laly =1, ri €R,

foralla € K*, thenr; =0 foralli.

PROOF. If any r; # 0, an a for which |a|; is sufficiently large and the |a|;, j # i, are
sufficiently small provides a contradiction. O

The reader should compare the Weak Approximation Theorem with what the Chinese
Remainder Theorem gives (see Exercise 7-1).

NOTES The Weak Approximation Theorem first appeared in Artin and Whaples 1945. See also
Artin 1959, Our account follows the original.

Completions

Let K be a field with a nontrivial absolute value. A sequence (aj) of elements in K is called
a Cauchy sequence if, for every € > 0, there is an N such that

|an —am| <e,allm,n > N.

The field K is said to be complete if every Cauchy sequence has a limit in K. (The limit is
necessarily unique.)
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EXAMPLE 7.22 Consider the sequence in Z

4,34,334,3334,....

As
lam —anls =5"" (m >n),

this is a Cauchy sequence for the 5-adic topology on Q. Note that
3-4=12, 3-34=102, 3-:334=1002, 3-3334=10002,...
and so 3-a, —2 — 0 asn — oco. Thus limy 0 an, =2/3 € Q.
There is a similar notion of Cauchy series. For example, every series of the form
anp " +-taotarp+-+amp™+--, 0<a; <p,
is a Cauchy series in Q for the p-adic topology.

THEOREM 7.23 Let K be a field with an absolute value | |. Then there exists a complete
valued field (I% ,| ) and a homomorphism K — K preserving the absolute value that is
universal in the following sense: every homomorphism K — L from K into a complete
szlued field (L,| |) preserving the absolute value, extends uniquely to a homomorphism
K — L.

PROOF (SKETCH) Every point of K will be the limit of a sequence of points in K, and the
sequence will be Cauchy. Two Cauchy sequences will converge to the same point in K if
and only if they are equivalent in the sense that

lim |a, —b,| =0.
n—-oo

This suggests defining K to be the set of equivalence classes of Cauchy sequences in K.
Define addition and multiplication of Cauchy sequences in the obvious way, and verify
that K is a field. There is a canonical map K — K sending a to the constant Cauchy
sequence a,da,d,..., which we use to identify K with a subfield of K. We can extend a
homomorphism from K into a second complete valued field L to K by mapping the limit of
a Cauchy sequence in K to its limit in L. O

REMARK 7.24 (a) As usual, the pair (K — K, | |) is uniquely determined up to a unique
isomorphism by the universal property (cf. GT 2.4).

(b) The image of K in K is dense because the closure K of K in K is complete, and
(K — K,||) has the same universal property as (K — K, | D.

For a prime v of K, we write K, for the completion of K with respect to v. When
v corresponds to a prime ideal p, we write K, for the completion, and @p for the ring of
integers in K. For example, Q,, is the completion of Q with respect to the p-adic absolute
value | [,. We write Z, (not Zp) for the ring of integers in Q, (the ring of p-adic integers).
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Completions in the nonarchimedean case

Let | | be a discrete nonarchimedean absolute value on K, and let 7 be an element of K with
largest value < 1 (therefore 7 generates the maximal ideal m in the valuation ring 4). Such
a 7t is called a local uniformizing parameter.

The set of values is

|K|={c"|meZ}Uu{0}, c=]|r|.

Leta € K*, and let a,, be a sequence in K converging to a. Then |a,| — |a| (because | |
is a continuous map), and so |a| is a limit point for the set | K*|. But | K*| is closed (being
discrete), and so |a| € |K*|. Thus |I€| = |K]|, and so | | is a discrete absolute value on K
also. Let ord: K* — Z be a normalized discrete additive valuation corresponding to | |; then
ord extends to a normalized discrete valuation on K.

Note that if a,, — a # 0, then |a, | — |a| # 0, and (because | K| is discrete), |a,| = |a|
for all n large enough.

The ring associated with | | in Kis

A={aecK||al <1}

Clearly A is the set of limits of Cauchy sequences in A, and it is therefore the closure of A
in K. The maximal ideal in A4 is

m={aeKk|la| <1}

Again it is the set of limits of Cauchy sequences in m, and so it is the closure of m. Similarly,
m” is the closure of m”. Let 7 be an element with ord(r) = 1; then 7 generates m in A and
min A.

LEMMA 7.25 Foreveryn € N, the map A/m" — /I/rﬁ” is an isomorphism.
PROOF. Note that
m'={aedllal <"} ={aeA]|la| <|x|""}

is both open and closed in A. Because it is closed, the map is injective; because m” is open,
the map is surjective. o

PROPOSITION 7.26 Choose a set S of representatives for A/m, and let & generate m. The
series
—n m
a_pm " +--4agt+ar+---+apr™ +---, a; €S
is a Cauchy series, and every Cauchy series is equivalent to exactly one of this form. Thus

each element of K has a unique representative of this form.

PROOF. Letsy = Zl]‘i a;j7'. Then

—n
lspg —sn| <ML if M < N,

which shows that the sequence sps is Cauchy. Let o € K. Because |I€ | = | K|, we can
write & = 7"« with @g a unit in A. From the definition of S, we see that there exists an
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agp € S such that og —ag € m. Now ao+ao € /f, and so there exists an a1 € S such that

#0740 —qy € th. Now there exists an a such that *0=29-41% —q, € m, etc. In the limit,

ao=aop+amr+-, o=n"ap.

Note that _

|2 ain'| = |7
if a,, is the first nonzero coefficient. Therefore ) a ;7 =0 (if and) only if a; = 0 for all i.
This proves the uniqueness. O

Thus, for example, every equivalence class of Cauchy sequences in Q for | |, has a
unique representative of the form

app " +--+ao+arp+azp’+--, 0<a; <p.

Note that the partial sums of such a series are rational numbers. It is as easy to work with
such series as with decimal expansions of real numbers — just remember high powers of p
are small, and hence the first to be ignored.

We explain this in more detail. The maps

Z/(p") = Zpy/(P") = Zp/(P")

are both bijective (see 3.10 for the first map). Let o € Zj,. Because the map is bijective, for
all n, there is an a, € Z such that « = a, mod p". Note that, if n <m, a, = a,, mod p”,
which implies that (a,) is a Cauchy sequence. Let

an=co+cip+-+cp—1p"" modp”, 0<c <p-—1;

then
o= Zc,- .
i>0
Conversely, if « = ) ¢; pi, 0<c¢; < p—1,thency,cy,...is the unique sequence of integers,

0 <¢; < p—1,such that
n—1

o= Zcipi mod p".
i=0
If o € Q but not Zy, then p™« € Z, for a sufficiently large m, and the above arguments
can be applied to it.
The following examples illustrate how to work with p-adic numbers.

EXAMPLE 7.27 In Q»,
1424 42"+

converges to —1, because the sum of the first n terms is

21

2" —1
2—-1

which converges to —1.



118 7. Absolute Values; Local Fields

EXAMPLE 7.28 I claim that —1 is a square in Q5. We have to find a series
ao +a15—|—a252—|—--- , a;=0,1,2,3,0r4

such that
(ao+ai15+a5>+.)*+1=0.

We first need that
aj+1=0mod5.

Thus we must take ag = 2 or 3; we choose 2 (choosing 3 would lead to the other root). Next
we need
(2+a15)%>+1 = 0mod 52,

and so we want
5420a; = 0 (mod 52).

We must take a1 = 1. Suppose we have found
Cn=ag+ai5+a5>+--+a,5"

such that
¢2+1=0(mod5"*1),

and consider ¢, + an+15”+1. We want
(cn+ans15"™H% 4+ 1 =0 (mod 5" 12),
for which we need that

2+ 14 2cnap+15""! = 0 (mod 5"12),

or that
20pan415" T = (—1 —cﬁ) (mod 5"12),
or that
2enant1 = (—1—c¢;)/5" (mod 5),
or that

4apt1 = (=1 —c2)/5" T (mod 5).

Since 4 is invertible modulo 5, we can always achieve this. Hence we obtain a series
converging to —1. In fact,

1
V=1= %\/1— = %Z:‘;O(—l)” (2)5”

EXAMPLE 7.29 We study the convergence of the power series
x? x"

exp(x) =1+x+— 44— +--

2! n!

in Qp. Write
n=ag+aip+--+arp’, 0<a;<p-1.
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o [2)-[5][2]

where here [a] denotes the floor of a (largest integer less than a), and

Then

nlo_ 2 r—1
[;] = a+ aptaszp +---+arp
2l = a + r=2
2 = 2 asp +---+arp

On summing these equalities, we find that

0—1 11 2-1 r_1
ord, (n!) =a0p —l—alp +a2p +---—|—a,p
p—1 p—1 p—1 p—1
_n—>a;
==

Therefore

n
ord, (%) =n (ordp(x) — ﬁ) + %_a{ .

As % < % + 1, we see that ’,‘l—',l — 0 if and only if ord(x) > ﬁ. Therefore (see
1

Exercise 7-2), the series exp(x) converges for ord(x) > =T
There is a leisurely, and very detailed, discussion of @, in the first chapter of Koblitz
1977°.

ASIDE 7.30 Those who have taken a course in commutative algebra will know another method of
completing a local ring R, namely

R =limR/m" = {(an) | an € R/m", an+1 = a, mod m"}.

In the case that R is a discrete valuation ring, this definition agrees with the above. There is an
injective homomorphism

R— R, aw (ay), a,=amodnr".

We can define a homomorphism R — R as follows: let (an) € R’, and choose a representative a,,
for a, in R; then (a},) is an Cauchy sequence whose equivalence class is independent of the choices
of the a},, and we can map (a,) to (a,,). It is easy to see that the map R’ — Ris surjective, and it
follows that it is an isomorphism.

Newton’s lemma

The argument in Example 7.28 works much more generally. Let f(X) = X2 + 1. All we
used was that f(X) has a simple root modulo 5.

In the rest of this subsection, A is a complete discrete valuation ring and 7 generates its
maximal ideal (unless we say otherwise).

3Koblitz, Neal. p-adic numbers, p-adic analysis, and zeta-functions. Graduate Texts in Mathematics, Vol.
58. Springer-Verlag, New York-Heidelberg, 1977.
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PROPOSITION 7.31 Let f(X) € A[X], and let ag be a simple root of f(X) mod 7. Then
there is a unique root a of f(X) witha = ag mod .

PROOF. We construct a Cauchy sequence (a,)n>0 in A whose limit a is the required root.
Suppose that we have an a, € A such that a, = ap mod 7 and

f(an) =0mod 7" 1.
Leta,11 =a,+hn"T1, h e A. We want
f(an +ha"t1) =0 mod 7" 2.
Recall (trivial Taylor’s expansion) that, for any polynomial f,
fle+t)y=fle+t-f'(e)+-,
where f/(X) is the formal derivative of f(X). Therefore
flan +ha" ) = flan) +ha" 1 f1(an) + -,

which we want = 0 mod 7 t2. Hence we must take 4 so that

_f(an)

7.[n+1

h=

- f"(an)" " mod 7.

This is possible because 7" ™1| f(a,) and

f'(an) = f'(ag) mod m,

which is nonzero, and hence invertible, modulo 7. Now (a,)»>0 is the required Cauchy

sequence.
The root a is unique, because, as the above proof demonstrates, a mod 7" is uniquely
determined for each n. o

There is a more general form of the proposition. First recall Newton’s approximation®
method for finding a solution to f(x) = 0, where f is a function of a real variable. Starting
from an a¢ such that f(ag) is small, define a sequence aj,as, ... by putting

ap+1 =dn _f(an)/f/(an)-

Often a, converges to a root of f(x). In the above proof, this is what we did, but the same
argument can be made to work more generally.

THEOREM 7.32 (NEWTON’S LEMMA) Let f(X) € A[X]. Letag € A satisty

| f(ao)| < |f'(ao)|?.
Then there is a root a of f(X) in A such that

f(ao)
f'(ao)?
4When Newton found his interpolation formula in 1670, ancient Chinese mathematicians had been using

the formula in more sophisticated forms for more than one millennium. He, Ji-Huan, Appl. Math. Comput. 152
(2004), no. 2, 367-371.

la —ap| <
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PROOF. Define a sequence ag,ay,... by setting

a —a — f(an)

n+1 n —f ; (an)
and prove that it is a Cauchy sequence converging to a root of f(X). See, for example, Lang
1970, 11, §2, Proposition 2. o

There may be more than one root a of f(X) satisfying the condition in (7.32). In the
2-adic integers, let
f(X)=X2—-8X+12=(X-2)(X —6),
so f/(X)=2X —8. Letag = 10, giving f(ao) =32, f'(ag) = 12. Thus, | f(ao)/f"(ao)?| =
1/2, and so ag satisfies the first condition. But now |2—ag| = 1/8 and |6 —ag| = 1/4 are

both less than 1/2, and so both roots are within the given radius of ag. However, it is possible
to show that there exists a root a of f(X) in A such that

f(ao)
S (ao)
and that such an a is unique (Cassels 1986, Chapt. 4, 3.1, 3.2).

Proposition 7.31 shows that a simple factor of degree 1 of f(X) mod  lifts to a factor
of f(X). This generalizes.

la—ag| <

>

THEOREM 7.33 (HENSEL’S LEMMA) Let k be the residue field of A; for f(X) € A[X],
write f(X) for the image of f in k[X]. Consider a monic polynomial f(X) € A[X]. If
F(X) factors as f = goho with g¢ and ho monic and relatively prime (in k[X]), then f
itself factors as f = gh with g and h monic and such that § = go and h = ho. Moreover, g
and h are uniquely determined, and (g,h) = A[X].

We first prove that (g,h) = A[X] (such a pair is said to be strictly coprime; in k[X]
strictly coprime just means coprime, i.e., relatively prime).

LEMMA 7.34 Let A be a local ring with residue field k. If f,g € A[X] are such that f
and g are relatively prime and f is monic, then ( f,g) = A[X]. More precisely, there exist
u,v € A[X] with degu < degg and degv < deg f such that

uf +vg=1. (23)

PROOF. Let M = A[X]/(f,g). As f is monic, this is a finitely generated A-module. As
(f.,g) = k[X], we have that (f,g) + mA[X] = A[X] and so mM = M. Now Nakayama’s
Lemma (1.9) implies that M = 0.

This shows that there exist u,v € A[X] such that (23) holds. If degv > deg f, write
v = fq+r with degr < deg f. Then

(w+qg)f+rg=1,
and u + gg automatically has degree < degg. O
We next prove uniqueness of g and 4.

LEMMA 7.35 Let A be a local ring with residue field k. Suppose that f = gh = g'h’ with
g.h, g’ h all monic, and g = g’, h = h’ with g and h relatively prime. Then g = g’ and
h="n.
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PROOF. From the preceding lemma we know that (g,4") = A[X], and so there exist r,s €
A[X] such that gr + h’'s = 1. Now

g =g'gr+g'h's=g'gr+ghs,
and so g divides g’. As both are monic and have the same degree, they must be equal. ¢

Finally, we prove the existence of g and 4. We are given that there exist monic polyno-
mials gg, 1o € A[X] such that

f—g()ho € JT-A[X].
Suppose we have constructed monic polynomials g, /4, such that
f —gnhn =0mod 7" T A[X]

and g, = go, hn = ho mod TA[X]. We want to find u, v € A[X] with degu < deggo and
degv < deghg such that

F=(gn+ 7" ) (hy + 7" '0) = 0 mod 7" T2 4[X],
i.e., such that
(f —gnhn) — 7"t (uhy, + g,v) = 0 mod 7" T2 A[X].

Thus we are looking for polynomials u, v in A[X] with degu < deg g and degv < deghy
such that
uhy + gnv = (f — gnhn) /7"t mod A[X].

Because g¢ and /¢ are monic and relatively prime, Lemma 7.34 shows that such polynomials
exist.

REMARK 7.36 An induction argument extends the theorem to show that a factorization of
f into a product of relatively prime polynomials in k[X] lifts to a factorization in A[X].
For example, in F,,[X], X? — X splits into p distinct factors, and so it also splits in Z,[X].
Hence Z, contains the (p — 1)st roots of 1. More generally, if K has a residue field k with g
elements, then K contains ¢ roots of the polynomial XZ — X. Let S be the set of these roots.
Then

ara:S —k,

is a bijection preserving multiplication (but not, of course, addition) — the elements of S are
called the Teichmiiller representatives for the elements of the residue field.

REMARK 7.37 Theorems 7.32 and 7.33 are both stronger versions of 7.31. There is in fact
a stronger version of 7.32. For a polynomial 7 = ) ¢; X', define

12| = maxc; .

Let
fX)=anX"+ap1 X" "+ +ag € A[X]

have |a,| =1 (i.e., ap is a unit). Let go(X) and Ao (X) be polynomials in A[X] with degrees
r and s respectively, and suppose that

1/ (X) = go(X)ho(X)|| < [Res(go(X). ho(X))I?,
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where Res denotes the resultant. Then f(X) factors in A[X] as the product of a polynomial
of degree r and a polynomial of degree s. The proof follows the same general lines as the
above proofs. In fact, the hypothesis can be replaced by

1/ (X) = go(X)ho(X) || < [disc(f)I.

(For this, see Cassels 1986, p107.)

Note that, this gives an algorithm for factoring polynomials in Q,[X] (for example).
Given f(X), compute disc(f). If this is zero, then f and f’ have a common factor,
which we can find by the Euclidean algorithm. Otherwise ord(disc( f)) = m for some m,
and it is enough to consider factorizations of f into polynomials with coefficients in the
finite ring Z/ p™Z. Apparently the fastest algorithms for factoring polynomials in Z[X]
begin by factoring in Z,[X] for an appropriate prime p — computers seem to have no
problem handling polynomials of degree 200. (But Exercise 7-6 shows that there exist
irreducible polynomials in Z[X] of arbitrarily large degree that factor in all the rings Z, [ X]
into polynomials of low degree.)

Extensions of nonarchimedean absolute values

We explain how to extend a absolute value to a larger field.

THEOREM 7.38 Let K be complete with respect to a discrete absolute value | |k, and let L
be a finite separable extension of K of degree n. Then | |g extends uniquely to a discrete
absolute value | g on L, and L is complete for the extended absolute value. For all 8 € L,

Bl = |Nmy ¢ A"

PROOF. Let A be the discrete valuation ring in K, and let B be its integral closure in L. Let
p be the maximal ideal of A. We know from (3.29) that B is a Dedekind domain, and the
absolute values of L extending | |, correspond to the ideals of B lying over p.

Suppose that there are distinct prime ideals J3; and B3, in B dividing p. There will be
a f € B such that 31 N A[B] # P2 N A[B]; for example, choose B € B such that 8 € B,
B ¢ P>. Let f(X) be the minimal polynomial of 8 over K, so that A[8] >~ A[X]/(f(X)).
Because f(X) is irreducible in A[X] and A is complete, Hensel’s lemma shows that f(X)
(image of f(X) in k[X], k = A/p) must be a power of an irreducible polynomial. Then

AIBI/pALB] ~ k[X1/(f (X))

is a local ring, which contradicts the fact that A[f] has two prime ideals containing p.
Hence | |, extends uniquely to an absolute value | |7 on L. Similarly, | |, also extends
uniquely to an absolute value | |z on a Galois closure L’ of L.
For each o € Gal(L’/K), consider the map L < C, B +> |o8|r’. This is again a absolute
value on L, and so the uniqueness implies that |8|;, = |0f|r/. Now

INm(B)|x =] [oBle =B}

which implies the formula.

Finally, we have to show that L is complete. Let eq,...,e, be a basis for B as an A-
module, and let («(m)) be a Cauchy sequence in L. Write a(m) = ay(m)ey +---+a,(m)ey,
with a; (m) € K. For each i, a; (m) is a Cauchy sequence, and if a; denotes its limit, then
o d:efalel + --- 4+ apey is the limit of the sequence «(m). o
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REMARK 7.39 Itis obvious from the criterion (7.2) that a nonarchimedean absolute value
can only extend to a nonarchimedean absolute value. It is possible to prove (7.38) without
assuming that the absolute value | | on K is discrete or even nonarchimedean, but the proof
is then completely different, and much longer — we shall in fact need this in the Chapter
8, and so I should have included it. The formula ||y, = [Nmz, /g ﬂl}{/n shows that | |z, is
discrete if and only if | |g is discrete.

COROLLARY 7.40 Let K be as in the theorem, and let §2 be a (possibly infinite) separable
algebraic extension of K. Then | |g extends in a unique way to an absolute value | | on 2.

PROOF. The theorem shows that | | extends in a unique way to every finite subextension
of £2, and hence it extends uniquely to £2. O

REMARK 7.41 In the last corollary, the extended absolute value is still nonarchimedean,
but it need not be discrete, and §2 need not be complete. However, the completion of £2 is
again algebraically closed.

For example as we noted in (7.6), the absolute value on the algebraic closure Q;l of
Qp is not discrete, and Exercise 7-7 shows that Q;‘,l is not complete. The completion of
Q;‘,l is often denoted C,, because it plays the same role for the p-adic absolute value on Q
that C plays for the real absolute value. (In fact C, ~ C as abstract fields because they are
both algebraically closed, and they both have a transcendence basis with cardinality equal
to that of R. The isomorphism is as far from being canonical as it is possible to get — its
construction requires the axiom of choice.)

COROLLARY 7.42 Let K and L be as in the theorem; thenn = ef, wheren = [L : K|, e
is the ramification index, and f is the degree of the residue field extension.

PROOF. We know from (3.34) thatn = ) _e; f;. In this case, there is only one prime dividing
p and so the formula becomes n = ef. o

When e = n, so that p B = B", we say that L is totally ramified over K; when f = n,
we say that L is unramified over K.

Note that the valuation ring B of L is the integral closure of the valuation ring A of K.

Many of the results proved above for complete discrete valuation rings hold also for
Henselian local rings (see §4 of my notes Lectures on Etale Cohomology).

REMARK 7.43 Let K be complete with respect to a discrete valuation, and let L be a finite
extension of K. Let 3 and p be the maximal ideals in the rings of integers A and B of K and
L. Then pB = P3¢, where e is the ramification index. Let 7 and IT be generators of p and
3. The normalized valuations ordg and ordy on K and L are characterized by equations:

ordg () =1, ordy (IT) = 1.
Note that 7 = 1€ x unit, and so
ordg = e ! ordy, .
If we denote the extension of ordg to L by ord, then
ord(LX) = e 1Z.

This characterizes the ramification index.
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From now on, “discrete absolute value” means “discrete nonarchimedean absolute

value”.?

Newton’s polygon

Let K be complete with respect to a discrete absolute value. Let ord be the corresponding
additive valuation ord: K* — Z, and extend ord to a valuation ord: K¥* — Q. For a
polynomial

f(X):aOXn+a1X"_l+"'+an, al‘EK, a():l,
define the Newton polygon®” of f(X) to be the lower convex hull of the set of points
def /. .
P; = (i,ord(a;)),i = 0,...,n.

In more detail, rotate the negative y-axis counter-clockwise about Py = (0,0) until it hits
a P; — the first segment of the Newton polygon is the line Po P;,, where P;, is the point
furthest from Py on the rotated y-axis. Repeat the process rotating about P;,, etc.. The
resulting polygon starts at Pp and ends at Pj; each of its segments begins and ends at a P;;
each P; either lies on the polygon or is above it; any line joining two points of the polygon
has no point that is below the polygon (this is what we mean by the Newton polygon being
lower convex).

PROPOSITION 7.44 Assume that K has characteristic zero. Suppose that the Newton
polygon of f(X) € K[X] has segments of x-length n; and slope s;. Then f(X) has exactly
n; roots a (in K with

ord(a) = s;.

def

Moreover, the polynomial f;(X) =] (X —«;) has coefficients in K.

ord(a;)=s;

PROOF. In proving the first part, we don’t have to assume that f(X) has coefficients in
K — any finite extension of K will do. Thus it suffices to prove the following statement:
let f(X) =][(X —a;);if exactly n; of the ;s have ord(s; ), then the Newton polygon of
f(X) has a segment of slope s; and x-length n;.
We prove this by induction on n = deg( f). If n = 1, then it is obvious. Assume it for 7,
and put
gX)=X-a)f(X) = X"t 4 b1 X" + b X" oo d bygr.

Note that b; = a; —aa;_1.

CASE (i). ord(x) < s1. Recall ord(a + b) > min{ord(a),ord(b)}, with equality if
ord(a) # ord(b). Using this, one finds that
the Newton polygon of g is obtained from that of f by adding a segment of slope ord(«)
and x-length 1, and moving the Newton polygon of f to start at (1,ord(«)). This is what
the proposition predicts.

CASE (ii). ord(«) = s1. In this case, the initial segment of slope s is lengthened by 1,
and the rest of the polygon is as before. This is what the proposition predicts.

SIn fact, archimedean absolute values are never discrete (sx2728665).

%Most people write the polynomial ag + a1 X + ---4+ X" when they define Newton polygons. This is
slightly less convenient than the way I do it, but allows you to define the Newton polygon of a power series.

7See mo15703 for an explanation of what Newton did.


https://math.stackexchange.com/questions/2728665/
https://mathoverflow.net/questions/15703/
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The remaining cases are similar.

We now prove the second statement. Let o be a root of f(X), and let mq(X) be
the minimal polynomial of «. As we saw in the proof of (7.38), ord(«') = ord(«) for all
conjugates o’ of @, i.e., for all roots of my(X). Because f(a) =0, my(X)|f(X), and the
remark just made implies that in fact mq (X)| f; (X), where s; = ord(e). If B is a root of
Ji(X)/mg(X), then a similar argument shows that mg(X)|( f;/mg). Continuing in this
way, we find that f;(X) is a product of polynomials with coefficients in K. o

EXAMPLE 7.45 Consider the polynomial

def

f(X)=

By testing 1, +2, +4, 48 (actually, by asking PARI) one sees that this polynomial is

irreducible over Q. The Newton polygon of f relative to ord, has slopes 0, 1,2, each with
x-length 1. Therefore f splits in Q2[X], and it has roots &1, a2, 3 with ords 0, 1, 2.

X3+ Xx%2+2x-38.

Locally compact fields

We now look at the compactness properties of our fields.

PROPOSITION 7.46 Let K be complete with respect to a discrete absolute value. Let A be
the ring of integers in K and let m be the maximal ideal in A. Then A is compact if and only
if A/m is finite.

PROOF. Let S be a set of representatives for A/m. We have to show that 4 is compact if
and only if S is finite.

=: Clearlym ={x € K | |x| < 1}isopenin K. As A is the disjoint union of the open
sets s +m, s € S, S must be finite if A is compact.

«: Recall that a metric space X is compact if and only if it is complete and totally
bounded (this means that for any r > 0, there is a finite covering of X by open balls of radius
r). But every element of A can be written

so+s17 +somZ 4 spmt 4o, s €S,
For a fixed n, there are only finitely many sums
so+s1m+ st 45y, si €S,
and every element of A is within |7”*!| of such an element. o

COROLLARY 7.47 Assume that the residue field is finite. Then p™, 1 +p”, and A* are all
compact.

PROOF. They are all closed subsets of A. o

DEFINITION 7.48 A local field is a field K with a nontrivial absolute value | | (as defined
at the start of this section) such that K is locally compact (and hence complete).
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REMARK 7.49 Itis possible to give a complete classification of local fields.

(a) Let K be a field that is complete with respect to an archimedean absolute value | |;
then K is isomorphic to R or C, and the absolute value is equivalent to the usual absolute
value (also a theorem of Ostrowski).® Thus for archimedean absolute values, completeness
implies local compactness.

(b) A nonarchimedean local field K of characteristic zero is isomorphic to a finite
extension of (Q,, and the absolute value is equivalent to the (unique) extension of the p-adic
absolute value. (To prove this, note that, by assumption, K contains Q. The restriction
of | | to @ can’t be the trivial absolute value, because otherwise A* wouldn’t be compact.
Therefore (see 7.12) | | induces an absolute value on QQ equivalent to the p-adic absolute
value for some prime number p. The closure of Q in K is therefore Q,. If K has infinite
degree over QQp, it will not be locally compact.’

(¢) A nonarchimedean local field K of characteristic p # 0 is isomorphic to the field
of formal Laurent series k((7")) over a finite field k. The field k((T")) is the completion
of k(T') for the absolute value defined by the ideal (T') C k[T]; it consists of finite-tailed

formal power series:
o0
E a;T".
i>—n

Unramified extensions of a local field

Again K is a field complete with respect to a discrete absolute value | |. To avoid problems
with separability, we assume that K and the residue field k are both perfect!’— of course in
the case we are particularly interested in, K has characteristic zero and k is finite. Let A be
the discrete valuation ring in K corresponding to | |.

If L is an algebraic (possibly infinite) extension of K, we can still define

B={ael||a| <1}
p={aeB|la| <1}
and call B/p the residue field of L.

PROPOSITION 7.50 Let L be an algebraic extension of K, and let | be the residue field of
L. The map K’ + k' sending an unramified extension K’ of K contained in L to its residue
field k' is a one-to-one correspondence between the sets

{K' C L, finite and unramified over K} <> {k’ C [, finite over k}.

8Here is a brief sketch of the proof. The field K contains Q, and the restriction of | | to Q is the usual
absolute value. Therefore K contains R, and after adjoining a square root of —1 (if necessary), we may assume
that K D C. Let x € K\ C, and let ¢ be the closest element of C to x. Replace x with x — ¢, so that now
|x —z| > |x| for all z in C. It follows that

" = 2" = |x —zllx = gzllx = 22|+ = o — 2",

where ( is a primitive nth root of 1. On choosing |z| < I and letting n — oo, we find that |x| > |x —z|. Hence
|x —z| = |x| and so (taking x — z in place of x) |x —2z| = |x|, and thus (repeating the argument) |x —nz| = |x|,
contradicting the archimedean property. For a detailed proof (which is several pages long) of Ostrowski’s
theorem along the lines of the sketch, see Artin 1959.

9True, but not obvious. See sx2733335

10When k is not perfect, we should define L/ K to be unramified if (a) the ramification index is 1, and (b) the
residue field extension is separable. These conditions imply that L/ K is separable. With this definition, (7.50)
continues to hold without K and k being assumed to be perfect


https://math.stackexchange.com/questions/2733335
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Moreover:
(a) if K’ < k" and K" < k", then K' C K" < k' Ck”;

(b) if K/ <> k', then K’ is Galois over K if and only if k' is Galois over k, in which case
there is a canonical isomorphism

Gal(K'/K) — Gal(k'/ k).

PROOF. Let k’ be a finite extension of k. We can write it k" = k[a]. Let fo(X) be the
minimal polynomial of a over k, and let f(X) be any lifting of fo(X) to a monic polynomial
in A[X]. Asais a simple root of fy(X), Newton’s lemma (7.31) shows that there is a (unique)
a € L such that f(«) =0and @« =a mod p. Now K’ «f K|«] has residue field k’. Thus
K’ k' is surjective. Suppose that K’ and K" are unramified extensions of K in L with
the same residue field k’. Then K’ K" is an unramified extension!! of K (see 6.5 and 6.6b)
with residue field k’. Hence

[K'-K":K]=[k":k] = [K": K],

andso K" = K.

Statement (a) is obvious.

Assume that K’ is Galois over K; then Gal(K'/K) preserves A’ (the valuation ring in
K’) and its maximal ideal, and so we get a map Gal(K’/K) — Aut(k’/ k). Write k¥’ = k[a],
and let g(X) € A[X] be such that g(X) € k[X] is the minimal polynomial of a. Let
a € A’ be the unique root of g(X) such that @ = a. Because K’ is Galois over K, g(X)
splits in A’[X], and this implies that g(X) splits in k’[X], and so k’ is Galois over k. Let
f =1k":k] =[K'":K],and let ay,...,ar be the roots of g(X). Then

{ay,....ar} ={oa |0 € Gal(L/K)}.

Because g(X) is separable, the «; are distinct modulo p, and this shows that the image of
the map Gal(K’/K) — Gal(k’/k) has order f, and hence is an isomorphism. Conversely,
suppose that k’/k is Galois. Again write X’ = k[a], and a € A’ lift a. It follows from
Hensel’s lemma that A contains the conjugates of «, and hence that K’ is Galois over K .o

COROLLARY 7.51 There is an unramified extension K of K contained in L that contains
all other unramified extension of K in L. When k is finite, it is obtained from K by adjoining
all roots of 1 of order prime to the characteristic of k.

PROOF. This is an obvious consequence of the theorem. o

The field K¢ in the corollary is called the largest unramified extension of K in L.

COROLLARY 7.52 The residue field of K is k?: there is a subfield K™ of K? such that a
subfield L of K#, finite over K, is unramified if and only if L C K"". (Recall that we are
assuming k and K to be pertect.)

'The results (6.5) and (6.6b) express the discriminant of the composite of K’ and K” in terms of the
discriminants of K’ and K”, from which it follows that if a prime does not divide the discriminant of K’ or of
K", then it doesn’t divide the discriminant of their composite.
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PROOF. Let fo(X) be any polynomial in k[X], and let f(X) be any lift of fo(X) to A[X].
Then K contains all the roots of f(X), and so the residue field k’ of K* contains all the
roots of fo(X). Hence k' is algebraic over k, and every polynomial in k[X] splits in &/, and
so it must be the algebraic closure of k. o

REMARK 7.53 For those familiar with the language of category theory, we can be a little
more precise: there is an equivalence between the category of finite unramified extensions of
K and the category of finite (separable) extensions of k.

EXAMPLE 7.54 Let K be a local field of characteristic zero (hence a finite extension of Q,
for some p), and let ¢ be the order of the residue field k of K.

Recall from (FT 4.20) that, for each n, there is an extension k, of k of degree n, and
that k, is unique up to k-isomorphism; it is the splitting field of X¢" — X. The Galois
group Gal(k, / k) is a cyclic group of order n, having as canonical generator the Frobenius
element x — x19.

Therefore, for each n, there is an unramified extension K, of K of degree n, and it
is unique up to K-isomorphism; it is the splitting field of X7 — X; the Galois group
Gal(K,/K) is a cyclic group of order n, having as canonical generator the Frobenius
element o which is determined by the property

op =B (mod p),

all B € B. (Here B is the discrete valuation ring in K, and p is the nonzero prime ideal in
B.)

Totally ramified extensions of K

Let K be a complete discretely-valued nonarchimedean field, and let 7 be a local uniformiz-
ing parameter for K. A polynomial f(X) € K[X] is said to be Eisenstein if it is Eisenstein
for the maximal ideal of the ring of integers in K, i.e., if

FX)=aoX" +a1 X" Y+ 4a,, with|ag| =1, l|a;| <1, l|an|=|7|.

Equivalently,
ord(ag) =0, ord(a;) >0, ord(ay)=1,

for the normalized additive valuation. Equivalently, the Newton polygon of f(X) has only
one segment, which has slope % n = deg f. Eisenstein polynomials allow us to give an
explicit description of all totally ramified extensions of K.

PROPOSITION 7.55 Let L be a finite extension of K. Then L/K is totally ramified if and
only if L = K[«] with a a root of an Eisenstein polynomial.

PROOF. «<: Let L = K[«] with « a root of an Eisenstein polynomial f(X) of degree
n. If ord is the extension of the normalized discrete (additive) valuation on K to L, then
ord(e) = 1/n. This implies that the ramification index of L /K is > n. But it can’t be greater
than 7, and so it is exactly n — L is totally ramified over K. (Compare the proof of 6.2.)
=>: Let L be a totally ramified extension of K of degree n. Let o be a generator of the
maximal ideal in the ring of integers in L; thus ord(c) = 1/n if ord extends the normalized
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discrete valuation on K. The elements 1, ¢, ...,a" ! represent different cosets of ord(K™)

in ord(L*), and so it is impossible to have a nontrivial relation
ao+a1ad+-+ap—1"1=0, a; €k

(because of 7.11). Hence L = K[«]. The elements 1,c,...,a" ! o are linearly dependent
over K, and so we have a relation:

" +a" '+ 4a,=0, a €K.

Applying (7.11) again, we see that the minimum ord of a summand must be attained for two
terms. The only way this can happen is if ord(a;) > 0 for all i and ord(a,) = ord(«”) =1,
i.e.,if Y a; X' is an Eisenstein polynomial. O

REMARK 7.56 Let L be a finite totally ramified extension of K. Let A and B be the discrete
valuation rings in K and L, and let = and [T be a prime elements in A and B. I claim that
B = A[IT]. The argument is the same as in the proof of 6.2 (see also Exercise 6-1). Because
B and A have the same residue field,

A[[T|+T1B = B.
The discriminant of 1,17, T2, ... is a unitxz™ for some m, and so
p’B C A[[T|C B

for some c. As before, these two conditions suffice to imply that B = A[IT].

Ramification groups

Let L be a finite Galois extension of K, and assume that the residue field k of K is perfect.

As we have noted, G & Gal(L/K) preserves the absolute value on L. In particular, it
preserves
B={ael||la|<1}, p={ael|]|a|<l1}.

Let IT be a prime element of L (so that p = (IT1)). We define a sequence of subgroups
G D Gg D G1 D -+ by the condition:

0€G; < |oa—a|<|I|,alla € B.

The group Gy is called the inertia group, the group G is called the ramification group,
and the groups G;, i > 1, are called the higher ramification groups of L over K.

LEMMA 7.57 The G; are normal subgroups of G, and G; = {1} fori large enough.

PrROOF. Foro,7 € G,
-1

[t 7' ota—a| = |o(ta) — (ta)|
(because |x| = |tx|). As « runs through B, so also does o, and so t~loT € G; exactly
when o does. This proves that G; is normal.
If 0 # 1, then oo # « for some o € B. Hence o ¢ G; as soon as o —«| > |[T|'. 1

THEOREM 7.58 Let L /K be a Galois extension, and assume that the residue field extension
[/ k is separable.



Krasner’s lemma and applications 131

(a) The fixed field of Gy is the largest unramified extension Ko of K in L, and
G/Go = Gal(Ky/K) = Gal(l/ k).

(b) Fori > 1, the group
Gi ={0€Go|loll-M| < |O'}.

PROOF. (a) Let K¢ be the largest unramified extension in L (see 7.51). Then 0Ky is also
unramified, and so it is contained in K¢. Thus Ky is Galois over K, and the canonical map
Gal(Ko/K) — Gal(l/ k) is an isomorphism (see 7.50). By definition Gy is the kernel of
G — Gal(l/k), and so Ky is its fixed field.

(b) Let Ag be the discrete valuation ring in Ko. Then B = Ag[I1] (by 7.56). Since Gy
leaves Ay fixed, in order to check that o € G; it suffices to check that |ca —a| < [IT|' for
the element o = I1. o

COROLLARY 7.59 We have an exhaustive filtration G D Gy D --- such that
G/Go = Gal(l/k);
Go/Gy — 1™,
Gi/Git1 1.

Thereftore, if k is finite, then Gal(L /K) is solvable.

PROOF. Let o € Go; then oI is also a prime element and so o /I = ull with u a unitin B.
The map o — u mod p is a homomorphism G¢ — [* with kernel G.

Let o € G;. Then |61 —I1| < |IT|'*!, and so oIT = IT +alT'*! some a € B. The
map o — a (mod p) is a homomorphism G; — [ with kernel G; 1. o

An extension L /K is said to be wildly ramified if p|e, where p = char(k). Otherwise
it is said to be tamely ramified. Hence for a Galois extension

L/K is unramified < G¢ = {1},

and
L/K is tamely ramified <— G| = {1}.

In particular, an unramified extension is tamely ramified.

Krasner’s lemma and applications

Again let K be complete with respect to a discrete absolute value | |, and extend the absolute
value (uniquely) to an absolute value on K. It is clear from our discussion of unramified
extensions of K that roots of distinct polynomials f(X) and g(X) will often generate the
same extension of K; in fact, this will be true if / = g and both are irreducible in k[X].
Krasner’s lemma and its consequences show that the roots of two polynomials will generate
the same extension if they are sufficiently close.

PROPOSITION 7.60 (KRASNER’S LEMMA) Leta,f € K3 and assume that o is separable
over K[B]. If « is closer to B than to any conjugate of « (over K), then K[a] C K[B].



132 7. Absolute Values; Local Fields

PROOF. Let ¢ be an embedding of K|[a,p] into K fixing K[B]. By Galois theory, it
suffices to show that coo = «. But

loa —B| = loa—of| = |a—B]
because 0 = B and |0 * | = | % |. Hence
loa —a| =loa—f+p—al <|a—p|
Since o« is a conjugate of « over K, the hypothesis now implies that co = . O

Now assume that K has characteristic zero (to avoid complications). As before, for
h(X) = c; X', we define ||| = max{|c;|}. Note that if 4(X) varies in a family of monic
polynomials for which ||| remains bounded, then the maximum value of a root of 4 is
bounded; in fact, if

Zcz'ﬁi =0,

we must have || < |cjﬂj| for some j <n,andso |B|"/ < cjl.
Fix a monic irreducible polynomial f(X) in K[X], and let

X =]](X-a). oiek™

The o; must be distinct. Let g(X) be a second monic polynomial in K[X], and suppose that

Il f — gl is small. For any root 8 of g(X), | f(B)| = |(f —g)(B)]| is small (because || f —g||
small implies that ||g|| is bounded, and hence |B| is bounded). But

fBI=]]IB—el-

In order for this to be small, at least one term |8 — «; | must be small. By taking || f — g||
small enough, we can force B to be closer to one root ¢; than ¢; is to any other «;. That s,
we can achieve:

IB—ai| <o —ayl,all j #i.

In this case, we say that 8 belongs to «;. Krasner’s lemma then says that K[o;] C K[B], and
because f and g have the same degree, they must be equal. We have proved:

PROPOSITION 7.61 Let f(X) be a monic irreducible polynomial of K[X]. Then every
monic polynomial g(X) € K[X] sufficiently close to f(X) is also irreducible, and each root
B of g(X) belongs to some root a of f(X). For such a root K [a] = K[B].

COROLLARY 7.62 Let K be a finite extension of Q,. Then there is a finite extension L of
Q contained in K such that [L:Q] = [K:Qp] and L-Q, = K.

PROOF. Write K = QQ[], and let f(X) be the minimal polynomial of & over Q,. Choose
g(X) € Q[X] sufficiently close to f(X), and let L = Q[f] for 8 aroot of g(X) belonging
to «. O

Fix a monic polynomial f in K[X], and let a1, a5, ... be its roots in K. As a second
monic polynomial g in K[X] approaches f, each root 8; of g approaches some root ;) of
f, and the function i — j (i) doesn’t change once g is close. Let f5(X) be the polynomial
with roots the o(;) (possibly with repetitions). Then, when g is close to f, it s close to fs
because each of its roots is close to the corresponding root of fs. But if we choose g to be
closer to f than f is to any possible f;, this will be impossible. We have proved:
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PROPOSITION 7.63 Assume that K is of characteristic zero. If two monic irreducible
polynomials f and g are sufficiently close, then each root of g will belong to exactly one
root of f, and so

{K[a] | o arootof f} ={K|[B]|B aroot of g}.

PROPOSITION 7.64 Assume that K has characteristic zero and has finite residue field. Then,
up to isomorphism, there are only finitely many totally ramified extensions of K of a given
degree.

PROOF. We fix an n and show that there are only finite many totally ramified extensions of
degree < n. Each point of

(@1,...,an) EpXpXxpx--x A 1

defines an Eisenstein polynomial of degree n, namely,
SX)=X"+ar X"+ +ap,

and hence a finite set of totally ramified extensions of degree n, namely, those generated
by the roots of f(X). According to the last proposition, each point of p xp xp x---x A% 7w
has a neighbourhood such that the points in the neighbourhood all give the same extensions
of K. In (7.47) we showed that the factors of p x p x p x --- x A7 are compact, hence the
product is compact, and so a finite number of these neighbourhoods will cover it. o

REMARK 7.65 We proved above that
(a) every finite extension L of K contains a largest unramified extension of K;

(b) for each m > 1, there is an unramified extension of degree m of K, and any two such
extensions are K-isomorphic.

Fix an n; then each extension L of K of degree n can be realized as a totally ramified
extension of degree n/m of the (unique) unramified extension of degree m, some m dividing
n. Clearly there are only finitely many such L’s (up to K-isomorphism).

Exercises

7-1 Let|:|1, ..., || be the absolute values on a number field K corresponding to distinct
prime ideals p;, and let ay,...,a, be elements of K. Let d be a common denominator for
the a; (so that da; € Ok). Show that, for every ¢ > 0, there is an element ¢ € K such that
la—ai|i <efori=1,...,n and |a| < 1/|d| for all absolute values |- | corresponding to
prime ideals other than the p; .

Hint: Apply the Chinese Remainder Theorem to the da;.

7-2 Let | | be nonarchimedean absolute value on a field K.
(a) Define an open disk with radius r and centre a to be

D(a,r)={xeK||x—a|<r}.

Prove that D(a,r) = D(b,r) for any b € D(a,r). Deduce that if two disks meet, then the
large disk contains the smaller.
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(b) Assume K to be complete. Show that the series Y a, converges if and only if
a, — 0.
(This problem illustrates the weirdness of the topology defined by a nonarchimedean absolute
value.)

7-3 For which a € Z is 7X? = a solvable in Z7? For which a € Q is it solvable in Q7?

7-4 (a) Show that (X2 —2)(X?—17)(X?—34) has aroot in Z,, for every p.
(b) Show that 5X3 —7X?2 +3X 4 6 has a root « in Z7 with |« — 1|7 < 1. Find ana € Z
such that |o —al|; < 774,

7-5 Find all the quadratic extensions of (Q,. Hint: there are exactly 7 (up to isomorphism).

7-6 Let p1,..., pm be distinct prime numbers, and let o; = /p;. Let K = Q[ay, ..., o]
Show that [K:Q] = 2. Let y = ) _«;. Show that K = Q[y], and deduce that the minimal
polynomial f(X) of y over Q has degree 2. Show that f(X) factors in Z,[X] into a
product of polynomials of degree < 4 (p # 2) or of degree < 8 (p = 2).

7-7 Fix an algebraic closure @?,1 of Qp, and for each n prime to p, let {, be a primitive nth
root of 1. Show that a finite extension K of Q, can contain only finitely many ,’s. Deduce
that the Cauchy sequence ) _ ¢, p” does not converge to an element of Q?,l.

7-8 (a) Find two monic polynomials of degree 3 in Q5[ X ] with the same Newton polygon,
but with one irreducible and the other not.

(b) Find a monic irreducible polynomial in Z[X] of degree 6 which factors in Q5[X]
into a product of 3 irreducible polynomials of degree 2.



CHAPTER 8

Global Fields

A global field is an algebraic number field (finite extension of Q) or a function field in one
variable over a finite field (finite extension of [F, (7T") for some ¢). We are mainly interested
in the number field case.

Extending absolute values

Let K be a field with a absolute value | | (archimedean or discrete nonarchimedean), and let
L be a finite separable extension of K. When K is complete, we know that there is a unique
extension of | | to L (see 7.38, 7.39), and we want to understand the extensions when K is
not complete.

Write L = K|«], and let f(X) be the minimal polynomial of « over K. Let | |" be an
extension of | | to L. Then we can form the completion L of L with respect to | |/, and obtain

a diagram:
L——
K——

Then L = K[«] because K [«] is complete, being finite over K, and contains L. Let
g(X) be the minimal polynomial of o over K. Since f(@) =0, g(X)|f(X), and so with
each extension of | |, we have associated an irreducible factor of f(X) in K [X].

Conversely, let g(X) be a monic irreducible factor of f(X) in K [X], and let K [x] =
K [X]/(g(X)). Then we obtain a diagram:

N)% h)

According to (7.38, 7.39), the absolute value on K extends uniquely to K [x], and this
induces a absolute value on L extending | |.

135
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These two operations are inverse, and so we have proved the following result:

PROPOSITION 8.1 Let L = K[| be a finite separable extension of K, and let f(X) be
the minimal polynomial of o over K. Then there is a natural one-to-one correspondence
between the extensions of | | to L and the irreducible factors of f(X) in K[X].

There is a more canonical way of obtaining the completions of L for the various exten-
sions of | |.

PROPOSITION 8.2 Let| | be a absolute value on K (archimedean or discrete nonarchimedean)
and let L be a finite separable extension of K. Let K be the completion of K with respect to

| |. Then | | has finitely many extensions | |1,...,| |g to L; if L; denotes the completion of
L with respect to the absolute value | |;, then
Lox K ~TT%, L:. (24)

PROOF. Since L is separable over K, L. = K[a] ~ K[X]/(f(X)) for a primitive element
« € L and its minimal polynomial f(X). Suppose f(X) factors in K[X] as

F(X) = fi(X)- fo(X) - fo(X)
with f; (X) monic and irreducible. Then (see 1.18)
L®k K = K[e]®k K ~ K[X]/(f(X)) = [TK[X]/(f; (X))

and so the proposition follows from (8.1). Denote the canonical map from L into its
completion by a — a;, and denote the canonical extension of K — L; to K by b + b; then
the map 24)isa ® b — (a1b,...,agh). o

REMARK 8.3 Suppose now that K is a number field, that Oy, = Ok|a], and that | | = | |,
for some prime ideal p in Ok . Because f; (X) is irreducible in K[X], Hensel’s lemma shows
that, modulo p, f;(X) is a power of an irreducible polynomial, say,

fi(X) = gi(X)%.
Then B
fX) =TT 81 (X),
and (3.41) tells us that .
pOL =TIB,". Bi = (.gi ().

The absolute values extending | |, correspond to the primes §3;, and so the two descriptions
of the extensions agree. On combining this with Ostrowski’s theorem (7.12) we get a explicit
description of the equivalence classes of absolute values on K.

COROLLARY 8.4 In the situation of the Proposition, for any element « € L,
Nmy g (@) =[[Nm; o). Trpjx(e) =3 Tr, ¢ ().
(in the i th factor or summand on the right, « is regarded as an element of L;).

PROOF. By definition the norm and trace of « are the determinant and trace of the K-linear
map x — ax:L — L. These don’t change when L is tensored with K, and it easy to see
that norms and traces in products break up into products and sums respectively. O
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EXAMPLE 8.5 According to PARI
F(X)=X®+5X°>+5X3 425X +125

is irreducible in Q[X]. Its Newton polygon for ords has three segments of x-lengths 3, 2, 1
respectively, and so it has at least three factors in Q5. The discriminant of f(X) is

24511(59)(365587),

and so according to (7.37), to find the number of factors of f(X) in Qs[X], it suffices to
factor in modulo 5!!. Better, according to Pari, f(X) has exactly 3 irreducible factors in
Qs[X], namely,

X+ (5+4-52+2:5°)+ 0(5Y
X2+ (3-5)X+(5+5%+3-55)+0(5%
X3+ (3-524+5)X%+ (4-5+3-52) X +5+ 0(5%)

(Type factorpadic(f,p,r), where r is the precision required.)
Suppose that we have a factorization

f(X) = fi(X) f2(X) f3(X)

(to whatever degree of accuracy we wish). To compute |B|;, map f = chocj to B =
ch-ai] elL; o Qs[ai], aj aroot of f;(X), and use that

1/deg f;
Bl = 1Bl = |Nmy, g, 11/ %87

The product formula

Before proving the product formula for a number field, we need one extra fact for local
fields.

Let K be a local field with normalized absolute value | |. Recall that this means that | |
is the usual absolute value if K is R, the square of the usual absolute value if K is C, and
la| = (1/Np)°(@ if the absolute value is defined by a prime ideal p.

Let L be a finite separable extension of K, and let | | be the unique extension of | | to L.
Let || || be the normalized absolute value on L corresponding to | |. What is the relation of
Il to ] ]2

LEMMA 8.6 In the above situation, ||a|| = |a|", where n = [L: K].

PROOF. When K is archimedean, there are only two cases to consider, and both are obvious.
Thus, assume that K is nonarchimedean. Since, by assumption, || || = | |¢ for some ¢, we
only have to check that the formula holds for a prime element 7 of K. Let I be a prime
element of L, and let ¢ = (/1) and p = (7r); then 7w = (unit) x [7¢, and so

Izl = 17|l = (1/NB)* = (1/Np)*/ = |=|",

as required.
Alternatively, use (7.43). For a € K, we have

def

la| £ a (149

ng—ordL (pr)—e-ordKa — |a|ef — |a|n
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PROPOSITION 8.7 Let L/K be a finite extension of number fields. For any prime v of K
anda € L,
[ Tlellw = INmgx ey

wlv

Here || || and || ||y denote the normalized absolute values for the primes w and v.

PROOF. Let||;,i =1,2,...,g, be the extensions of || ||, to L, and let || ||; be the normalized
absolute value corresponding to | |;. Then

8.4
||NmL/Ka||v = ||1_[§=1NmLi/1€0‘”v :H§=1||NmLi/12a”v

7.38 n: 8.6
= l—[;'g=1 a|il = ;'g=1||a”w’

where n; = [L,-:KA']. o

THEOREM 8.8 (PRODUCT FORMULA) Let K be an algebraic number field; for all nonzero

x e K,
[T, lledhw =1,

where the product is over the primes of K and || ||y is the normalized absolute value for the
prime w.

PROOF. We have

3.7)
[T, lele =TT, (Moplele) € T, INmg/g el

where v runs through the primes 2,3,5,7,...,00 of Q. The last product is 1 by (7.13). o

ASIDE 8.9 Artin and Whaples (1945) proved that global fields can be characterized axiomatically.
Let K be a field with a set U of primes (equivalence classes of absolute values) satisfying the
following axioms.

AXI0M 1. There is a set of representatives | |,, for the primes such that, for any nonzero a € K,
|a|y # 1 for only finitely many v and

Hv |aly = 1 (product over all v € ).

AXIOM II. There exists at least one prime v for which K, is a local field.

Then X is a global field, and U consists of all the primes for K. They then derived the main theorems
(unit theorem and finiteness of the class number) directly from the axioms, thereby avoiding the use
of either ideal theory or the Minkowski theory of lattice points.

Throughout his career, E. Artin promoted the idea that if only one could understand the similarities
between function fields and number fields sufficiently well, then one could transfer proofs from
function fields to number fields (e.g. the proof of the Riemann hypothesis!). This hasn’t worked
as well as he hoped, but the analogy has still been very fruitful. In the above paper, he suggested
one should develop number theory and class field theory as much as possible working only from the
axioms.
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Decomposition groups

Let L be a finite Galois extension of a number field K, and let G = Gal(L/K). For a
absolute value w of L, we write ow for the absolute value such that [ca|syw = |0t|w, i.€.,
|ot|ow = |0~ a|y. For example, if w is the prime defined by a prime ideal %3, then ow is
the prime defined by the prime ideal o°}3, because

ltlow <1 <= 0 laeP < acoP.

The group G acts on the set of primes of L lying over a fixed prime v of K, and we define
the decomposition (or splitting) group of w to be the stabilizer of w in G; thus

Gy ={0€G|ow=uw}.

Equivalently, G, is the set of elements of G that act continuously for the topology defined
by | |w. Each o € Gy, extends uniquely to a continuous automorphism of L,,. Note that
er - ‘L’Gw ‘L’_l .

PROPOSITION 8.10 The homomorphism G, — Gal(L,/Ky) just defined is an isomor-
phism.

PROOF. Clearly the map is injective, and so (Gy, : 1) <[Ly : Ky]. The absolute value ocw
has decomposition group 0 Gy,0~!, which has the same order as G, and so we also have
(Gy : 1) <[Low : Ky]. The number of distinct ws dividing v is (G : Gy,), and so

G:)=(C:6)Gu: D= Y [Low: K]S [L:K]
0e€G/Gy

Hence equality holds: (G, : 1) = [Ly : Ky] (and G acts transitively on the primes dividing
v, which we knew already from the proof of 3.34).! O

Let D(B) (or G(P)) be the decomposition group of B, so that D(P) = Gal(Lyg/K}),
and let /() C D(*P) be the inertia group. We have the following picture,

B L———1Ly
e| I(P) e \
By LI® Lé(fl?) i
S S S| D)/ I(P)
Bp LP® K, k
g /
P K

! Alternative proof: If o € Gal(Ly, /Ky), then the restriction 0|, of o to L is clearly a K-automorphism of
L, and it fixes w as o is an automorphism of a local field. Hence the restriction of ¢ to L is an element of the
decomposition group of w. This map is the inverse of the one in the statement of the proposition.
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Here,

Pr =PNLI®P Pp =PNLPH p=PnK;

the fields in the second column are the completions of those in the first;
the fields in the third column are the residue fields of those in the second.

PROPOSITION 8.11 (a) The only prime ideal of L lying over ‘B p is*J3.

(b) The prime ideal Bp is unramified in LT, and f(B7/Bp) = f(B/p).
(c) The prime ideal By is totally ramified in L, and e(*B/Br) = e(P/p).
(d) It D(B) is normal in G, then

pOrp =[[0%p,
where the product is over a set of representatives for G/ D ().

PROOF. (a) Because L is Galois over LP® | its Galois group D(3) acts transitively on the
set of prime ideals of L lying over 8p. Thus (a) is obvious from the definition of D(B).
(b), (¢), (d) are similarly straightforward. o

The diagram, and the proposition, show that we can construct a chain of fields
Lo>LI>1LP >k

such that all the ramification of I3 over p takes place in the top extension, all the residue
field extension takes place in the middle extension, and, when LP is normal over K , all the
splitting takes place in the bottom extension. One should be a little careful about the last
assertion when D (3) is not normal in G; all we know in general is that

p-Opp =19, B1=Fp
with e; = 1 = fj (i.e., in general p will not split completely in L?).

REMARK 8.12 Let L be a Galois extension of (Q, with Galois group G. Suppose that
Op = Z|a] for some « € L. Let f(X) be the minimal polynomial of & over QQ, and write
f_ (X) for f(X) modulo p. Choose an irreducible factor g1 (X) of f (X), and let g1(X)°!
be the largest power of g1 (X) dividing f (X). According to Hensel’s lemma, g; (X)¢! lifts
to an irreducible factor f1(X) of f(X) in Qp[X], which can be found to any desired degree
of accuracy by factoring f(X) modulo a high power of p (essentially using the method of
proof of Hensel’s lemma). Let P31 = (p, h1(e)) for any lifting /4 of g1 to Z[X]. Then

D(P1) ={o € G |01 =P},

which can be computed easily (provided G has been found explicitly as a subgroup of the
symmetric group on the set of roots of f(X)). Let & be the image of « in Or, /1 =Fp[a].
Then g1(X) is the minimal polynomial of @ over IF,, and /(J31) is the subgroup of D(31)

fixing a. Finally D(B1)/1(B1) = Gal(Fp[a]/F)p).

Consider a tower of fields
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M B

H
G L qu
K p

Assume that M is Galois over K with Galois group G, and that H is the subgroup of G
fixing L. (Recall D(*B) and G(J3) are two notation for the same object.)

PROPOSITION 8.13 Let ‘P be a prime ideal in Oy, and let Py, = PN L.

(a) The decomposition group H(B) of B over L is G(P) N H.

(b) Suppose further that H is a normal subgroup of G, so that G/H is the Galois group
of L /K. The decomposition group of Y31, over K is the image of G(Y) in G/H.

PROOF. (a) Clearly

HP)={oeGloecH oP=%=HNGDP).

(b) This is equally obvious. O

The Frobenius element

Let L /K be a Galois extension of number fields with Galois group G. Given an ideal
of L that is unramified in L/K we define the Frobenius” element o = (3, L/K) to be the
element of G () that acts as the Frobenius automorphism on the residue field. Thus o is
uniquely determined by the following two conditions:

(a) 0 € GER), i.e., 0P =L;
(b) for all @ € O, o = a2 mod B, where g is the number of elements in the residue
field Ok /p,p =PN K.

We now list the basic properties of (3, L/ K).

8.14 Let v be a second prime dividing p, T € G. Then G(tB) = tG(B)r !, and

(B, L/K) =1(B,L/K)r™ L.

Here is a direct proof of the existence of the Frobenius element. Let L /K be a finite Galois extension
of number fields with Galois group G, and let °B be a prime ideal of Of, (not necessarily unramified). By the
Chinese remainder theorem, there exists an element a of Oy, such that & generates the group (Of /B)* and lies
in P for all 7 ¢ G(P). Let F(X) = [[;eq (X —tr). Then F(x) =0 mod ‘P, and so F(e?) = F(@)? =0
mod B. Therefore o = o mod P for some o € G. If 0 ¢ G(P), then 0P #£ 9P, and so « € o~ 1P; but
then «? = oo = 0 mod B, which is a contradiction. Thus o € G(). Every element y of Oy, can be written
y =o' + B, with 8 €, and so

oy =0(a') =a'? = y9 mod P.
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PROOF. Leta € Op; then
ot N a) = t((t ') + a), some a € B, and
((t 'a)? +a) = a? + ra = a9 mod T'P. o

Thus if Gal(L/K) is abelian, then (3, L/ K) = (', L/ K) for all primes B, P’ dividing
p, and we write (p, L/ K) for this element. If Gal(L/K) is not abelian, then

{(B.L/K) [ Blp}

is a conjugacy class in G, which (by an abuse of notation) we again denote (p,L/K).
Thus, for a prime p of K, (p, L/K) is either an element of Gal(L/K) or a conjugacy class
depending on whether Gal(L/K) is abelian or nonabelian.

8.15 Consider a tower of fields

M Q
L P
‘s

and assume that £ is unramified over p; then
(Q,M/K)T*P = (@, M/L).

PROOF. Let k(Q) D k() D k(p) be the corresponding sequence of residue fields. Then

fCB/p) = [k(P) : k(p)], and the Frobenius element in Gal(k(Q)/k(P)) is the f(RB/p)th
power of the Frobenius element in Gal(k(2)/k(p)). o

8.16 In (8.15), assume that L is Galois over K ; then
(Q.M/K)|L = (B,L/K).
PROOF. Obvious. o

Let L1 and L be Galois extensions of K contained in some field §2, andlet M = L - L».
Then M is Galois over K, and there is a canonical homomorphism

o+ (0|L1,0|L2):Gal(M/K) — Gal(L1/K) xGal(L,/K)
which is injective.
8.17 Under the above map,
(Q.M/K) = (B1,L1/K) x (B2, L2/K).
PROOF. This follows from (8.16). o

Note that p splits completely in L if and only if (3, L/ K) = 1 for one (hence all) primes
B lying over it. Hence, in the situation of (8.17), p splits completely in M if and only if it
splits completely in L1 and L5.
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Examples

We find the Frobenius maps for quadratic and cyclotomic fields, and obtain a surprisingly
simple proof of the quadratic reciprocity law.

EXAMPLE 8.18 Let K = Q[{,], where {, is a primitive nth root of 1. If p|n then p
ramifies in K, and (p, K/Q) is not defined. Otherwise 0 = (p, K/Q) is the unique element
of Gal(K /Q) such that

oa =af modp, forallaeZ[t,],

for any prime ideal p lying over p.
I claim that o is the element of the Galois group such that o(¢,,) = ¢2: let p be a prime
lying over p in Z[]; then modulo p, we have,

o(Xaith) =Y a5 =Y al o = (T aitl)?

as required.
Note that (p, K/Q) has order f, where f is the smallest integer such that n|p/ —1
(because this is the order of p in (Z/(n))>).

EXAMPLE 8.19 Let K = Q[+/d], and let p be a prime that is unramified in K. Identify
Gal(K/Q) with {£1}. Then (p, K/Q) = +1 or —1 according as p does, or does not, split
in K, i.e., according as d is, or is not, a square modulo p. Thus (p, K/Q) = (%)

Application: the quadratic reciprocity law

Let K = Q[¢], where ¢ is a primitive pth root of 1, p # 2. Because Gal(K /Q) ~ (Z/ pZ)*

is cyclic of order p — 1, it contains a unique subgroup of order (p — 1)/2 (consisting of the

elements of (Z/ pZ)*> that are squares), and hence K contains a unique quadratic extension F

of Q. If p =1 mod 4, then p is the only prime ramifying in Q[,/p], and Q[,/p] is the only

quadratic field for which this is true. Similarly if p =3 mod 4, then —p =1 mod 4, and

— p is the only prime ramifying in Q[,/=p]. Thus F = Q[v/d], where d = (—1)(P~1/2. p,
If g is an odd prime # p; then

(¢. K/Q)(§) = .

Thus (¢, K /Q) restricts to the identity element of Gal(Q[+/d]/Q) or not according as ¢ is a
square in (Z/ pZ)* or not. Thus (¢, K/Q)|Q[/d] = (%). But we know that it is also equal

to (%). Hence

(9= G- ()

Here we have used that —1 is square in IF if and only if 4|g — 1, so that (_71) = (-1)l-D/2,
The displayed formula, together with the equalities

<_—1> = (—1)P=D/2 = 1 if p=1mod4
p —1 if p=—1mod4

2 2_ 1 if p==41mod8
( ):(_1)(p 1)/8:{ p

P —1 if p =45 mod8§,
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constitutes the quadratic reciprocity law. We have already proved the first equality, and the
second can be proved as follows. Let ¢ be a primitive 8th root of 1 in an algebraic closure of
Fp,andleta = ¢+ ¢~1. From {* = —1, we see that

X4+ 1=(X2=)(X? =% inF,[X]

because the roots of both polynomials are +¢, +¢~!. Therefore, {2 + (72 = 0, and so
a’?=2. When p=+1mod8,¢? +¢( P =¢+¢"1 ie,a? =a,andso | =a?~! =
20p=1)/2 — (%) When p=4+5mod 8, (P +¢ P =+ =—(+¢7Y),ie, a? = —a,

- - 2
andso —1 = g?~1 =2(-1/2 — (;).

Computing Galois groups (the hard way)

Let f(X) be a polynomial over a field K, and let a1,..., oy, be the roots of f(X) in K.
We want to determine the Galois group of f as a subgroup of the group of permutations Sy,
of {ay,...,an}.

Introduce variables ¢1,...,t,. For any o € S, and polynomial f(ty,...,t,), define
ot f = flto1)s--- tom))- Let 6 =Y a;t;, and define a polynomial

F(X,t) =]](X —0,0) (productover o € S,).

The coefficients of this polynomial are symmetric polynomials in the «;, and so lie in K.
Now factor
F(X,t)=Fi1(X,t)--- F-(X,1)

in K[X.t1.....1n].

THEOREM 8.20 Let G be the set of o € Sy, such that o, fixes F1(X,t); then G is the Galois
group of f.

PROOF. See van der Waerden, Algebra, Vol 1, §61 (Calculation of the Galois group).

This theorem gives an algorithm (unfortunately impractical) for computing the Galois
group of a polynomial f(X) € Q[X]. We may suppose f(X) to be monic with integer
coefficients. First find the roots of f(X) to a high degree of accuracy. Then compute F(X,¢)
exactly, noting that this has coefficients in Z. Factor F(X,?), and take one of the factors
F1(X,t). Finally list the elements o of S, such that o; fixes F1(X,¢). The problem with
this approach is that F(X,¢) has degree n!. It will probably work (on a computer) if n <5,
but otherwise it is like trying to compute a determinant directly from the definition as a sum
of products.

Computing Galois groups (the easy way)

We now give a more practical procedure (also largely in van der Waerden with a more direct
proof).

PROPOSITION 8.21 Let f(X) be a monic separable polynomial of degree n over a field K,
and suppose that the Galois group G of f(X) has s orbits (as a group of permutations of
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the roots of f) withny,...,ng elements respectively (so thatny +ny +---+ng = n); then
there is a factorization

f(X) = [i(X)- f5(X)
with f; (X) an irreducible polynomial in K[X] of degree n;.

PROOF. Write f(X) =[[(X —«;). For § C {1,2,...,n}, consider fs = [[;cg(X — o).
This polynomial divides f(X), and it is fixed under the action of G (and hence has coeffi-
cients in K) if and only if S is stable under G. Therefore the irreducible factors of f(X) are
the polynomials fg with S a minimal subset of {1,...,n} stable under G, but such sets S
are precisely the orbits of G in {1,2,...,n}. o

Let o € §,. In GT 4.26, it is proved that o is a product of disjoint cycles. More precisely,
if
o1 ={mi1,....min,}, 02 =1{ma1, -+ ,Man,},

are the orbits of (o) acting on {1,2,...,n}, numbered in such a way that om;; =m; j 11,
then

o=(mi1...mMip,)-(M21...M2p,)-....

This remark, together with (8.21), gives us the following result.

COROLLARY 8.22 Let f(X) be a monic separable polynomial of degree n over a finite field
k, and let £ be the splitting field of f(X). Suppose that the Frobenius element o € Gal({/ k)
(when regarded as a permutation of the roots of f(X)) is a product of disjoint cycles
0 = c¢1---cg with ¢; of length n; (so that Y n; = n). Then f(X) factors as a product of
irreducible polynomials in k[X]

SX) = fi(X)--- f5(X)
with f; of degree n;.

In other words, the type of the cycle decomposition of ¢ can be read off from the
factorization of f(X).

THEOREM 8.23 (DEDEKIND) Let f(X) be a polynomial of degree n over a number field
K, and let G be the Galois group of f. Assume f(X) € Ok[X] and is monic. Let p be a
prime ideal of K, and suppose that

f(X) = fi(X)- fr(X) mod p

with the f; distinct irreducible polynomials in k[X] and f; of degree n;, k = Ok /p. Then
G contains a permutation o that is a product of disjoint cycles of length n; .

PROOF. Take o to be the Frobenius element of any prime lying over p — the hypothesis on
the factorization of f(X) mod p implies that p is unramified in the splitting field (because it
implies that p doesn’t divide the discriminant of f'). o

REMARK 8.24 There is a similar statement for real primes, namely, if
J(X) = fiX)-- fr(X)

in R[X] with f1,..., f; of degree 2 and the remainder of the degree 1, then G contains a
permutation o that is a product of disjoint j cycles of length 2.
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This suggests the following strategy for factoring a polynomial Q[X]: factor f(X)
modulo many primes p; discard the result if f(X) mod p has multiple factors; continue
until a sequence of, say n, primes has yielded no new cycle types for the elements. Then
attempt to read off the type of the group from tables. We discuss how effective this is later.

EXAMPLE 8.25 Let f(X) = X° — X — 1. Modulo 2 this factors as (X% + X + 1)(X3 +
X2 +1); modulo 3 it is irreducible. Hence G contains (12345) and (ik)(£mn) for some
numbering of the roots. It also contains ((ik)(£mn))? = (ik), and this implies that G = S5
(see 8.28 below).

LEMMA 8.26 Let H be a subgroup of S,; if H is transitive (for example, contains an
n-cycle) and contains an (n — 1)-cycle and a transposition, then H = S,,.

PROOF. After possibly renumbering, we may suppose that the (n — 1)-cycleis (123 ...
n —1). By virtue of the transitivity, the transposition can be transformed into (in), some i <
n—1. Now the (n — 1)-cycle and its powers will transform this into (1 n), 2 n), ..., (n—1n),
and these elements obviously generate S, (because Sy, is generated by transpositions).

EXAMPLE 8.27 Select monic polynomials of degree n, f1, f2, f3 with coefficients in Z
such that

(a) f1 is irreducible modulo 2;

(b) f> =(degree 1)(irreducible of degree n —1) mod 3;

(¢) f3 =(irreducible of degree 2)(product of one or two irreducible polynomials of odd
degree) mod 5. We need to choose f3 to have distinct roots modulo 5.

Take

f=—15f1+10f, +6f3,

and let G be the Galois group of f. Then

(@) G is transitive (it contains an n-cycle because of (a));

(b") G contains a cycle of length n — 1;

(¢") G contains a transposition (because it contains the product of a transposition with a
commuting element of odd order).

The above lemma shows that G = S,.

REMARK 8.28 There are other criteria for a subgroup H of S, to be all of S;. For example,
a subgroup H of S, p prime, that contains an element of order p and a transposition is
equal to S, (FT, Lemma 4.15).

REMARK 8.29 In Pohst and Zassenhaus 1989, p73, there are suggestions for constructing
irreducible polynomials f(X) of degree n in F,[X]. A root of such a polynomial will
generate g, ¢ = p”, and so every such f(X) will divide X4 — X. One can therefore find
all f(X)s by factoring X7 — X.

For example, consider X 12> — X € Fs[X]. Its splitting field is F125, which has degree 3
over F'5. The factors of X 12° — X are the minimal polynomials of the elements of F155. They
therefore have degree 1 or 3. There are 5 linear factors, X, X —1, X —2, X —3, X —4, and 40
cubic factors, which constitute a complete list of all the monic irreducible cubic polynomials
in Fs[X]. PARI has no trouble factoring X 12° — X modulo 5 (factormod(X~125-X,5))
or X%2° — X modulo 5, but for X325 — X modulo 5, which gives a complete list of monic
irreducible polynomials of degree 1 or 5 in F5[X], I had to increase the allocated memory
(allocatemem(10000000)).
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However, if you only want one irreducible polynomial of degree n, it is easier to write
down a polynomial at random, and check whether it is irreducible.

Cubic polynomials

The group S3 has the following subgroups:

order group group elements

1 1 1

2 C, Ix1+1x2

3 As 1x14+2x3

6 S3 Ix14+3x24+2x3.

By the last row, I mean S3 has one 1-cycle, three 2-cycles, and two 3-cycles.

Note that any subgroup of S3 containing cycles of length 2 and 3 is the whole of S3; thus
if f is irreducible modulo some prime and has an irreducible factor of degree 2 modulo a
second prime, then its Galois group is S3. On the other hand, if factorizing f modulo many
primes doesn’t turn up a factor of degree 2, but f is irreducible, then expect the Galois group
of f to be A3. This can be checked by seeing whether disc( f) is a square. For example,
the calculations in Examples 3.48 and 3.49 show that the polynomials X3 4+ 10X + 1 and
X3 —8X + 15 both have Galois group S3.

To make this more effective (in the technical sense), we need the Chebotarev density
theorem.

Chebotarev density theorem

DEFINITION 8.30 Let S be a set of finite primes in a number field K, and let P be the set
of all finite primes. We say that S has natural density § if
.o HpeS|Np= N}
N—oco  [{p[Np =N}

THEOREM 8.31 (CHEBOTAREV DENSITY THEOREM) Let L be a finite Galois extension
of the number field K, with Galois group G, and let C be a conjugacy class in G. The set of
prime ideals p of K such that (p, L/ K) = C has density § = |C|/|G].

PROOF. See my notes CFT (in fact, normally one proves this result with a slightly weaker
notion of density). o

For example, if G is abelian, then for each o € G, the set of p such that (p,L/K) =0
has density 1/ |G|.

COROLLARY 8.32 The primes that split in L have density 1/[L : K]. In particular, there
exist infinitely many primes of K splitting in L.

REMARK 8.33 There is a bound for the error in implicit in (8.31) in terms of the discriminant
of the polynomial, but it is large. The existence of the bound has the following consequence:
given a polynomial f(X) € Q[X] (say), there exists a bound B such that, if a given cycle
type doesn’t occur as the Frobenius element of some p < B, then it doesn’t occur at all. For
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a discussion of the effective version of the Chebotarev density theorem, see Lagarias and
Odlyzko, 1977.2

EXAMPLE 8.34 Let K = Q[{,]. Then Gal(K/Q) = (Z/nZ)* and (p, K/Q) = [p]. The
Chebotarev density theorem says that the primes are equidistributed among the congruence
classes. In other words, each of the arithmetic progressions

k.k+n,k+2n,k+3n,... gcdlk,n)=1,

contains 1/¢(n) of the primes. In particular, each of the arithmetic progressions contains
infinitely many primes. This statement was conjectured by Legendre and proved by Dirichlet
(using Dirichlet series). The proof of the Chebotarev density theorem is a generalization of
that of Dirichlet.

EXAMPLE 8.35 In a quadratic extension, half the primes split and half the primes remain
prime.

EXAMPLE 8.36 Let f be a cubic polynomial with coefficients in Q. The Chebotarev
density theorem implies the following statements (see the above table):

G = 1: f splits modulo all primes.

G = C,: f splits for 1/2 of the primes and has an irreducible factor of degree 2 for 1/2
of the primes.

G = As: f splits for 1/3 of the primes and f remains irreducible for 2/3 of the primes.

G = S3: f splits for 1/6 of the primes, has a factor of degree 2 for 1/2 of the primes,
and remains prime for 1/3 of the primes.

EXAMPLE 8.37 Let f be a quartic polynomial with no linear factor.
(a) When disc( f) is a square, the possible Galois groups are:

order group elements

2 Cs Ix1+1x22

4 Va Ix1+3x22

12 Aq Ix14+3x2%24+8x3

(b) When disc( f) is not a square, the possible Galois groups are:

order group elements

4 Cy Ix1+1x224+2x4

8 Dg Ix14+2x2+3x224+2x4

24 S4 Ix14+3%x224+6x2+8x3+6x4

See FT, Chapter 4. Thus if f is a polynomial of degree 4 with Galois group Dg, then it will
split modulo p for 1/8 of the primes, factor as the product of a quadratic and two linear
polynomials for 1/4 of the primes, factor as the product of two quadratics for 3/8 of the
primes, and remain irreducible for 1/4 of the primes.

For a similar table for polynomials of degree 5, see Pohst and Zassenhaus 1989, p132.
One strategy for determining the Galois group of a polynomial is

3Lagarias, J. C.; Odlyzko, A. M. Effective versions of the Chebotarev density theorem. Algebraic number
fields: L-functions and Galois properties (Proc. Sympos., Univ. Durham, Durham, 1975), pp. 409-464.
Academic Press, London, 1977.
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(a) test whether f is irreducible over Q;
(b) compute the discriminant of f;

(¢) factor f modulo good primes (i.e., those not dividing the discriminant) until you seem
to be getting no new cycle types;

(d) compute the orbit lengths on the r-sets of roots (these are the degrees of the irreducible
factors in Q[X] of the polynomial whose roots are the sums of 7 roots of f);

(e) ad hoc methods.

As late as 1984, it had not been proved that the Mathieu group M1 occurs as a Galois group
over Q (M1 is subgroup of Sy of order 11!/5040 = 7920).
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Applications of the Chebotarev density theorem

We now discuss some other applications of the Chebotarev density theorem.

For any extension L /K of number fields, write Spl(L/K) for the set of primes that split
completely in L, and write Spl’(L / K) for the set of primes that have at least one split factor.
Then Spl(L/K) C Spl'(L/K) always, and equality holds if L /K is Galois, in which case
the Chebotarev density theorem shows that Spl(L/K) has density 1/[L : K].

THEOREM 8.38 IfL and M are Galois over K, then
LCM < Spl(L/K)D Spl(M/K).

PROOF. =: This is obvious.
<: We have
Spl(LM/K) = Spl(L/K)NSpl(M/K).
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To see this, note that

peSpl(LM/K) <<= (p,LM/K)=1
< (p,LM/K)|L =1and (p,LM/K)|M = 1;

but (p, LM/K)|L = (p, L/K) and (p, LM/K)|M = (p, M/K). Now

Spl(M/K) C SpI(L/K) = Spl(LM/K) = Spl(M/K)
LM K] =[M:K]=LcM i

COROLLARY 8.39 If L and M are Galois over K, then
L=M < Spl(M/K) = Spl(L/K).
PROOF. Obvious from the Proposition. O

REMARK 8.40 (a) In fact, L = M if Spl(M/K) and Spl(L/K) differ by at worst a finite
set of primes (or if they differ by at worst a set of primes of density zero).

(b) The effective form of the Chebotarev density theorem shows that (8.38) is effective:
in order to show that L. C M it suffices to check that

p splits in M = p splitsin L

for all primes p less than some bound.

(c) Corollary 8.39 is not true without the Galois assumptions: there exist nonisomorphic
extensions L and M of Q such that Spl(L/K) = Spl(M/K). In fact there exist nonisomor-
phic extensions L and M of QQ of the same degree such that

¢ L and M have the same discriminant;

¢ aprime p not dividing the common discriminant decomposes in exactly the same way
in the two fields.

(d) It is clear from (8.39) that if a separable polynomial f(X) € K[X] splits into linear
factors mod p for all but finitely many primes p of K, then f(X) splits into linear factors in
K[X]. With a little more work, one can show that an irreducible polynomial f(X) € K[X]
cannot have a root mod p for all but a finite number of primes. This last statement is false
for reducible polynomials — consider for example,

(X2-2)(X?-3)(X?—6).

For more on these questions, see Exercise 6, p361, of Algebraic number theory. Proceedings
of an instructional conference organized by the London Mathematical Society. Edited by
J. W. S. Cassels and A. Frohlich Academic Press, London; Thompson Book Co., Inc.,
Washington, D.C. 1967.

(e) It is easy to show that there exist polynomials f(X) that are irreducible over Q
but become reducible over Q, for all p, including p = oo. Since the Galois group of any
extension of local fields is solvable, one only has to choose an extension K of Q with
a nonsolvable Galois group, for example, S, for n > 5, and take f to be the minimal
polynomial of a primitive element for K over Q. For examples of extensions of Q with
Galois group Sy, see FT, 4.33.
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EXAMPLE 8.41 Fix a number field K. According to (8.39), a Galois extension L of K
is determined by the set Spl(L/K). Thus, in order to classify the Galois extensions of
K, it suffices to classify the sets of primes in K that can occur as Spl(L/K). For abelian
extensions of K, class field theory does this — see CFT (they are determined by congruence
conditions). For nonabelian extensions the sets are still a mystery — it is known that they are
not determined by congruence conditions — but Langlands’s conjectures shed some light.

Finiteness Theorems

THEOREM 8.42 For any number field K, integer N, and finite set of primes S of K,
there are only finitely many fields L O K unramified outside S and of degree N (up to
K -isomorphism of course).

PROOF. Recall (7.64) that for any prime v and integer N, there are only finitely many
extensions of K, of degree dividing N. Next

disc(L/K) = l_[w|vdisc(Lw /Ky)

in an obvious sense. This follows from the isomorphism (24). Because we are assuming that
L is ramified only at primes in S, the product on the right is over the primes w dividing a
prime v in S. Therefore disc(L /K) is bounded, and we can apply the the following classical
result. o

THEOREM 8.43 (HERMITE 1857) There are only finitely many number fields with a given
discriminant (up to isomorphism).

PROOF. Recall (4.3) that, for an extension K of Q of degree n, there exists a set of represen-
tatives for the ideal class group of K consisting of integral ideals a with

n! [ 4\° 1
N(G)Sn—n(;) |dISCK/@|2.

Here s is the number of conjugate pairs of nonreal complex embeddings of K. Since

N(a) > 1, this implies that
di T\2s ((n" 2
isc >(— — .
disck /gl (4) (n! )

Since ’;—’: — 00 as n — oo (by Stirling’s formula, if it isn’t obvious), we see that if we bound
|disck /| then we bound n. Thus, it remains to show that, for a fixed n, there are only
finitely many number fields with a given discriminant d. Let D = |d|. Let 01,...,0, be the
embeddings of F into R, and let 6,4+1,0741,-.-,0r+s,0r+5 be the complex embeddings.
Consider the map

T K—>RT2 x> (01(x),....00(x), Rorp1(x), Jor41(x),...).

In the case that r # 0, define X to be the set of n-tuples (x1,...,Xr, Vr+1,Zr+1,...) such
that |x;| < C; and y}%—zjz < 1,where C; = +/D + 1 and C; = 1 fori # 1. In the contrary
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case, define Y to be the set of n-tuples (y1,21,...) such that |y;| < 1, |z1| < +/D + 1, and
y?+z? < 1fori > 1. One checks easily that the volumes of these sets are

uw(X)=2"75V1+D, w¥)=27"1V1+D,

and so both quotients 1(X)/2"+/D and u(Y)/~/D are greater than 1. By Minkowski’s
Theorem (4.19), there exist nonzero integers in K that are mapped into X or Y, according to
the case. Let o be one of them. Since its conjugates are absolutely bounded by a constant
depending only on D, the coefficients of the minimal polynomial of @ over Q are bounded,
and so there are only finitely many possibilities for . We shall complete the proof by
showing that K = Q[a]. If r # 0, then o« is the only conjugate of o lying outside the unit
circle (if it didn’t lie outside, then Nmg /q(a) < 1). If r = 0, then o1« and 61« are the only
conjugates of o with this property, and o« # &1« since otherwise every conjugate of o
would lie on the unit circle. Thus, in both cases, there exists a conjugate of « that is distinct
from all other conjugates, and so « generates K. O

Exercises

8-1 Let K = Q[a], where « is a root of X3 — X2 —2X —8. Show that there are three exten-
sions of the 2-adic absolute value to K. Deduce that 2| disc(Z[w]/7Z) but not disc(Ok /7).

8-2 Let L be a finite Galois extension of the local field K, and let G;, i > 0, be the ith
ramification group. Let IT generate the maximal ideal in Or. For o € G;, write oIl =
IT +a(o)T' !, and consider the map G; — [, o — a(o) mod (IT), where [ = O, /(IT).
Show that this is a homomorphism (additive structure on /) if and only if i > 0.

8-3 * “It is a thought-provoking question that few graduate students would know how to
approach the question of determining the Galois group of, say,*

X0 +2X° +3X*+4X3+5X2+6X +7.

(a) Can you find it?

(b) Can you find it without using a computer?

8-4 Let K = k(X), where k is a finite field. Assume that every absolute value of K comes
from a prime ideal of k[X] or k[X '], and prove the product formula.

And after the first year [as an undergraduate at Gottingen] I went home with
Hilbert’s Zahlbericht under my arm, and during the summer vacation I worked
my way through it — without any previous knowledge of elementary number
theory or Galois theory. These were the happiest months of my life, whose
shine, across years burdened with our common share of doubt and failure, still
comforts my soul.

Hermann Weyl, Bull. Amer. Math. Soc. 50 (1944), 612-654.

41 don’t remember where this quote is from.
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Solutions to the Exercises

0-1. Use that o = m +n~/d is an algebraic integer if and only if Tr(e) = —2m € Z and
Nm(x) = m? —n?d € Z.

0-2. Similar to Exercise 2-1 below.

1-1. (a) <=: Let S = A~ |J; p; with the p; prime ideals.
X, yeS<Vi, x,y¢pi<=Vi, xyé¢p < xyeS.

=:Leta ¢ S. Then (a¢) NS = @ because § is saturated. Let / be maximal among the ideals
of A containing a and disjoint from S — exists by Zorn’s Lemma. I’ll show that / is prime.
Suppose xy € 1.

If x ¢ I, then I + (x) properly contains /, and so (/ + (x)) NS is nonempty — let
c+ax e S withcelanda € A.

Similarly, if y ¢ I, there exists ¢’ +a’y € S.

But (¢ +ax)(c’ +a’y) € I, which is not possible because S is multiplicative. Therefore
xory € [,andso [ is prime.

(b) Given S, let S’ = {x € A |3y € A such that xy € S} — verify that it is multiplicative
and saturated, and is the smallest such set containing .S'; moreover, it is a union of the prime
ideals not meeting S, and S™!M = S~ M for all A-modules. For the final statement, use
that p remains prime in S~! 4 if and only if S Np = 0.

[Cf. Bourbaki, Alg. Comm., 1961, II, Ex. §2, no. 1, and Atiyah and MacDonald, Chapt.
3,no. 7.]

2-1. By inspection, 4 = 2-2 = (3 + v/5)(3 — +/5). We have to show that 2, 3 + +/5, and
3 — /5 are irreducible, and 2 is not an associate of the other two.

If 2 = off then 4 = Nm(2) = Nm(«) - Nm(B), from which it follows that Nm(«) = £1,
42, or £4. If Nm(«) = +1, « is unit (with inverse = its conjugate); by looking mod 5, one
sees that Nm(«) = %2 is impossible; if Nm(«) = £4, then § is a unit. Hence 2 can’t be
factored into a product of nonunits. The same argument applies to the other two elements.

If 2 and 3 4 +/5 were associates, then there would be a unit m 4 n+/5 in Z[+/5] such
that 3+ /5 = 2(m+ n\/g), but this is impossible.

2-2. Suppose f(X) =[] gi(X) with g; (X) irreducible in K[X]. Let « be a root of g; (X)
in some extension field. Then g; (X) is the minimal polynomial of « over K. Because « is a
root of f(X), itis integral over A, and so g; (X) has coefficients in 4 (by 2.9).
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2-3. Consider first the case that L. = K[a], a? =a € K.
2-4. Clearly 2 does not divide 1 + +/—3 in Z[+/—3], and so a # (2), but

a? = (4,242vV-3,-242v/-3) = (4,24+2V-3) = ()2, 1+ V=3) = (Q)a.
If there were unique factorization into products of prime ideals, then
ab=ac, a#0=b=c.

We have shown that the ring Z[+/—3] doesn’t have this property.
2-5. Leta € A[B] N A[B~1]. By hypothesis, we can write

o =a0+a1,3+~--+am,3m
a=bo+bif 7+ by
Let M be the A-submodule of B generated by {7",...,1,...,™}. From the first equation,

we find that ™" € M, 0 < i < n, and from the second equation we find that ¢/ € M,
0 < j <m. We can apply (2.4) to deduce that « is integral over A.

2-6. (a) Check easily that the products «; o, i # j, are divisible by 3, and this implies that
(>_a;)" =Y ol mod 3. The rest is easy.

(b) Using Gauss’s Lemma, one finds that X +— «:Z[X] — Z[«] defines an isomorphism
Z[X]/(f(X)) ~ Z|a]. Hence

3|g() <= Fh eZ[X]st flg—3h < 3|g.

(c) Straightforward.

(d) Since 3 has only 3 elements, there are only 3 monic polynomials of degree 1.
This result can be proved more easily by using Dedekind’s theorem 8.23. The prime 3 splits
completely in K, and so, if Ox = Z[«], then the minimal polynomial of « would have to
have 4 distinct factors modulo 3. Dedekind’s example 2.38 can be proved similarly.

2-7.Leth/s € ST!B withh € Bands € S. Then

P +ab" M4 da, =0

b\"  ay (b -l an
GRTIG

Therefore b/s is integral over S~ A. This shows that S~! B is contained in the integral
closure of S~! A. For the converse, let b/s (b € B, s € S) be integral over S~! A. Then

p\" a; (b\"! an
(E) +E(E) +"'+§—0.

for some a; € A and s; € S. On multiplying this equation by s”s;---s,, we find that
s1---Spb € B, and therefore that b/s = 51 ---5,b/s51 -5, € ST B.

for some a; € A, and so

3-1. It is not a Dedekind domain because it has a chain of prime ideals

(X,Y)D(X)D(0).
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3-2. From Galois theory (or playing around, or from PARI) find that (+/3 + +/7)/2 is a root
of the polynomial X* —5X2 +1.

3-4. Let A=k[X?, X3 Ck[X]. Ask[X] = k[X?]-1+k[X?] X, itis a noetherian k[X?]-
module. Therefore, an ideal in A is finitely generated when regarded as a k[X ?]-module,
and a fortiori as an A-module. Thus A noetherian. If p is nonzero prime ideal of A, then
p contains a nonzero polynomial, and so A/p is a finite-dimensional vector space over k.
Since it is an integral domain, it must be a field (see 3.30), and so p is maximal. The element
X of k(X) is integral over A because it is a root of the polynomial 72 — X2 € A[T], but
X ¢ A. Therefore A is not integrally closed.

4-1. For example, take B =k[X,Y]| Dk[X]=Aandp= (Y),or B=k[X] Dk = A and
p=(X).

4-2. Write pB = ]_[‘Bf(mi /? and BiC = ]_[ij@“ /%) Then

; i Qij [ Bi
pC = H(qgl.c)e(‘ﬁz /p) — HQZ@ /9)e @i [¥i),
l l,]

and ;; # ;s ;s unless (i, j) = (i, j'). For the second part of the problem, see the start of
Chapter 4 of the notes.

4-3. The possibilities are determined by Y _e; fi = 3. Since the discriminant is —31, only 31
ramifies, and X3 + X +1 = (X 4 28)(X + 17)? mod 31. All possibilities except (p) = p>
occur.

4-4. Compute the Minkowski bound to find a small set of generators for the class group. In
order to show that two ideals a and b are equivalent, it is often easiest to verify that a- b1
is principal, where m is the order of b in the class group.

4-5. Let ag,...,ay be a set of representatives of the ideal classes. It suffices to find a field L
such that each a; becomes principal in L. Because the ideal class group is finite, each of the
a; is of finite order, say al'.”i = (a;), a; € K. Let L be a finite extension of K such that each
a; becomes an m;th power in L, say a; = ozlm", «; € L. In the group of fractional ideals of
L, we have

)L = (a;) = (") = (a;)™.

Since the group of fractional ideals is torsion-free, this equation implies that a; - O = (;).
[In fact, every ideal of K becomes principal in the Hilbert class field of K (see 4.9), but this
is very difficult to prove — it is the Principal Ideal Theorem (see CFT).]

4-6. The discriminant of X3 — X 42 is (—26)22, and Stickleberger’s lemma shows —26 is
not a possible discriminant, and so Og = Z[«]. To show that the class number is 1, it is only
necessary to show that the ideals dividing (2) are principal.

4-7. To show that Og = Z[i][y], y = #, observe that D(1,y) = 5, and 5 is not a square
in Z[i]; now apply Lemma 2.23. The prime 2 ramifies in Q[i], but not in Q[+/5], and so it
ramifies in K with ramification index 2 (this follows from the multiplicativity of the e’s).
Similarly, 5 ramifies in K with ramification index 2. Since disc(Og /Z[i]) = (5), only the
divisors of (5) (in Z[i]) can ramify in g, and hence only 2 and 5 can ramify in K. The proof
that Q[+/—5] has class number 2 is sketched in (4.6). [Of course, this problem becomes
much easier once one has (6.5).]
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5-1. No! Some infinite sets:
{m~2—[m~2] | m,n € 7}, [*] =integer part;
{(V2=1)" |n eNy};
{vn?+1—n|neN}

{a | a is the smaller root of X2 +mX +1=0, meZ}

5-2. The period is 10, and the fundamental unit is

48842 + 5967~/ 67.

5-3. No! One way to obtain a counterexample is to note that, if a prime p factors as p =
71 - o (7r; nonassociate primes) in a quadratic extension of Q, then Nmmy = &+ p = Nmu,,
and so 71 /75 has norm £1. For example 5 = (2+4i)(2—1i) in Q[i], and so (2+41i)/(2—1i)
has norm 1, but it is not an algebraic integer. Alternatively, note that any root of an irreducible
polynomial X" +a1 X" 1 4+...41,a; €Q, not all a; € Z, will have norm %1, but will not
be an algebraic integer.

6-1. Let o be a root of X3 —3X + 1. Then disc(Z[«]/Z) = 81. Since its sign is (—1)*,
we must have s = 0, r = 3 — three real embeddings. From their minimal polynomials,
one sees that o and « + 2 are algebraic integers with norms 1 and —1 respectively. From
(¢ +1)3 = 3a(a +2) we find (o + 1)* = (3) in Og. From the formula }_e; f; = 3, we find
that there can be no further factorization, and e = 3, f = 1. The second equality implies that
Ok/(a+1)=7Z/(3),and so Ox = Z+ (« + 1)k. The proof that Og = Z[«] proceeds as
in the proof of 6.2. The Minkowski bound is 2, and 2- O is prime, because X3 —3X + 1 is
irreducible modulo 2.

6-2. First solution: Let « be an algebraic integer in Q[¢ 4 ¢~1]. We can write it
a=Y a;C+¢. 0=i<em)/2. acQ

Suppose ay, is the last coefficient not in Z. Theno' =Y 7 _ja; ({+¢ ~1)/ is also an algebraic
integer. On expanding this out, and multiplying through by ¢”, we find that

"o’ = an " 4 terms of lower degree in &, ay, ¢ Z.

This contradicts the fact that "« is in Z[{].

Second solution: Clearly, Og¢¢-1] = Ogpe1 N Q¢ +¢ ~1]. It follows that the algebraic
integers in Q[¢ + {1] are those elements that can be expressed Y a; (¢ 4+¢77), a; € Z.
Now prove inductively that & 4+ ¢~ e Z[¢ + 1.

6-3. We have

Gal(Q[¢2r]/Qlta]) =~ Ker(Z/2"Z)™ — (Z/4Z)"),
which is cyclic (GT, 3.5). Replacing Q with K, only replaces the Galois group with a
subgroup. When p is odd, Gal(Q[¢,7]/Q) =~ (Z/ p"Z)*, which is already cyclic (ibid.).
7-2. (a) Easy. (b) Show s, = Z?:o a; is Cauchy if and only if a; — 0.
7-3. If a = 0, there is a solution, and so we now take a # 0. To have a solution in Z7, clearly
it is necessary that @ = 72™+1.h, m > 0, with b an integer that is not divisible by 7 but is a

square modulo 7 (hence b = 1,2,4 mod 7). Newton’s lemma shows that this condition is
also sufficient.
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For a € Q, 7X? = a has a solution in Q7 if and only if a = 72mtlp melZ,beZ,
b=1,2,4 mod7.

7-4. (a) Because the product of two nonsquares in Z/(p) is a square, and least one of X2 —2,
X2 —17, X2 —34 has a root modulo p, and if p =£ 2,17, the root is simple and hence lifts
to a root in Z, (by Newton’s lemma). The polynomial X 2 _2 has 6 as a simple root modulo
17, and so it has aroot in Z17. Let g(X) = X2 —17 and ag = 1. Then |g(ao)|2 = 1/16 and
|g’(a0)?|2 = 1/4 and so Newton’s lemma (7.32) again shows that it has a root in Z,.

(b) Apply the method of proof of (7.31) to find

a=145T+742.7 457 +---.

7-5. If k is a field of characteristic # 2, a quadratic extension of k is of the form k[\/a_] for
some a € k, a ¢ k2, and two nonsquare elements a and b of k define the same quadratic
extension if and only if they differ by a square (FT 5.28). Thus the quadratic extensions of k
are in one-to-one correspondence with the cosets of k*? in k* other than k*? itself.

We have to find a set of representatives for Q;Z in Q3. Clearly an element u-2" of Q7,
u € 75, is a square if and only if z is even and u is a square in Z5, and Newton’s lemma
shows that u is a square in Z, if (and only if) it is a square in Z5 /(8) = Z/(8). The elements
+1,£5 form a set of representatives for (Z/(8))*, and of these only 1 is a square. Hence
{£1,£542,£10} is a set of representatives for Q7 / Q;z, and so the distinct quadratic
extensions of Q, are the fields Q,[+/a] fora = —1, 42,45, +10.

There is a description of the structure of Q; in Serre, Course..., [L.3. Let U = Z; and let
U; be the subgroup 1 + p’ Zyp of U; we know from (7.27) that Q, contains the group pp—1
of (p— 1) roots of 1, and one shows that

Q;%ZX/,LP_IXUL U ~ Zp. p #2;

Q;%ZXUL U1={:|:1}XU2, U2%ZZ.

There is a general formula,

(KX K™y = (2 1)
Imll

for any finite extension K of Qp; here y,, is the group of m'™" roots of 1 in K. See CFT VII.

7-6. If 2 occurs among the «;, number it «;. Then «; ¢ Q[oy, a2, ...,;—1] because p; does
not ramify in Q[o1,®2,...,a;—1]. Therefore the degree is 2 (alternatively, use Kummer
theory). The element y is moved by every element of Gal(K/Q), and so it generates K.
The group Gal(K/Q) is abelian of exponent 2 (i.e., every element has square 1). The same
is true of the decomposition groups of the primes lying over p. Write K ®q Q, = [[ K|,
so that K; ~ K[X]/(fi(X)), where f;(X) is the i** irreducible factor of f(X) in Qp[X]
(cf. 8.2). Kummer theory and the description of Q; given above show that [K; : Q,] < 4
if p # 2 and [K; : Q2] < 8 (because their Galois groups are abelian of exponent 2). This
implies that f(X) factors as stated.

7-7. The degree of Q,([,], p does not divide n, is f, where f is the smallest integer such
that n|p/ —1. Asn — oo, f — 00, and so a finite extension K of Qp can contain only
finitely many ,’s. Suppose Y ¢, p" converges to 8 € Q;‘,l. Then K = Qp[f] is a finite

extension of Q. Let oy = 251:1 Cn p". Then «; is further from its conjugates than it is from
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B, and so Krasner’s lemma (7.60) implies that Qp[c;] C Q,[B]. It follows (by induction)
that Q,[B] contains all the {,, and this is impossible.
7-8. (a) The polynomial
X+ X2+ X +1
has the factor X — 1, but
X34+ X2+ X-1

is irreducible because it is irreducible modulo 5.
(b) Consider

f=XC+3x5X5+3x5X*+3x5*X3 +3x5*X24+3x5°X +3x5°.

It is Eisenstein for 3, and hence is irreducible over Q. Its Newton polygon for 5 has slopes
1/2, 3/2, and 5/2, each of length 2. Correspondingly, in Q5[X] it is a product of three
polynomials f = fj f> f3. Each of the f; is irreducible because the field generated by a root
of it is ramified (because the slope isn’t an integer).

8-1. The Newton polygon of f(X) = X3 — X2 —2X —8 has three distinct slopes 1,2,3,
and so it splits over Q2. Now (8.1) shows that | |, has three distinct extensions to K. Using
that ) e; f; = 3, we see that 2 doesn’t ramify in K, and so 2 does not divide disc Og /Z.
On the other hand 2|disc( f(X)) because f(X) has multiple roots modulo 2 (according to
PARLI, its discriminant is —2012).

8-2. Straightforward.
8-3. (a) In PARI, type polgalois (X" 6+2*X " 5+3*%X"4+4*X"3+5xX"2+6*X+7).

(b) There are the following factorizations:

mod 3, irreducible;

mod 5, (deg 3) x (deg 3),
mod 13, (deg 1) x (deg 5);
mod 19, (deg 1) x (deg 4);
mod 61, (deg 1) x (deg 2)?;
mod 79, (deg 2)3.

Thus the Galois group of f has elements of type:
6, 343, 145 1+144, 1+14242, 24242,

No element of type 2, 3, 3+ 2, or 4 + 2 turns up by factoring modulo any of the first 400
primes (so I'm told). Thus it is the group 7'14 in the tables in Butler and McKay (see p. 149)
of the notes. It has order 120, and is isomorphic to PGL;(FF5) (group of invertible 2 x 2
matrices over [F'5 modulo the scalar matrices al,, a € IE‘;().

8-4. Prime ideals of k[X] and k[X ~!] define the same valuation of k(X) if and only if
they generate the same prime ideal of k[X, X ~!]. Thus there is one valuation ord, for each
monic irreducible polynomial p(X) of k[X], and one for the polynomial X ~! in k[X ~!].
The normalized absolute value corresponding to p(X) is

El

)ordp g—ordp h

lg(X)/h(X)] = (

qdeg D
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where ¢ = #k and ord, (g) is the power of p(X) dividing g(X), and the normalized absolute
value corresponding to X ! is

) degh—degg

1

/ol = (-

q

Thus the product formula is equivalent to the formula,

Z deg p(ord, g —ord, h) = degg —degh,
r(X)

which is obvious.



APPENDIX B

Two-hour examination

Prove (or, at least, explain) your answers.

1. (a) Is (1 +i)/+/2 an algebraic integer?
(b) Is Z[+/29] a principal ideal domain?

2. Let K = Q[«a], where « is aroot of X" —2,n > 2,
(a) Find [K : Q).
(b) In how many ways can the usual archimedean absolute value on Q be extended to K?
(c) Same question for the 2-adic absolute value.
(d) Find the rank of the group of units in Og and the order of its torsion subgroup.

3. Let ¢ be a primitive 8th root of 1. Show that Q[{] contains exactly 3 subfields of degree 2

over Q, and they are Q[+/—1], Q[v/2], Q[v-2].

4. Let o and 7 be nonzero elements of the ring of integers Ok of a number field K with
n irreducible (i.e., 7 = ab = a or b a unit). If w|a3, can you conclude that 7|a? What
condition on the class group would allow you to conclude this?

5. Let K = Q3][¢], where ¢ is a primitive 3rd root of 1. Find the Galois group of K over Q3
and its ramification groups.

6. Let K be a finite Galois extension of (Q with Galois group G. For each prime ideal 3 of
Ok, let I(*33) be the inertia group. Show that the groups /(*3) generate G.
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