Math 411 Worksheet 1: Binary Operations

WORKSHEET 1: BINARY OPERATIONS

1. Which of the following are binary operations on the given set? (You should be able to
explain why or why not these are binary operations.)

(a) - (multiplication) on S = {1}

This is a binary operation on S; 1-1 =1 is always defined and is in S.
(b) -on S={1,-1}

Homework!
(c) ~on S={2"|neZ}

This is a binary operation on S: if s = 2" and sy = 2™, then s - 59 = 272" = 2"+,
which is in S.

(d) % on Z given by axb=a%+b+1
This is a binary operation on Z: for any a,b € Z, a®> + b+ 1 is always defined and is
an integer.

(e) axb=abon S =1{1,6,3,2,18}
Homework!

(f) - on C (to do this, you may want to figure out what the product of two complex
numbers is, like (a + bi)(c + di))
This is a binary operation: given two complex numbers a+bi and c+di, their product
is

(a + bi)(c+ di) = ac+ bei + adi — bd = (ac — bd) + (ad + be)i.

This is of the form (real number) + (real number)i, so is an element of C.

(g) ~on S={a+bicC|a®+b*=1}
This is a binary operation on C, so we know the product of any two complex numbers
is again a complex number. To be a binary operation on S, we must check that the

product of two elements in S is still in S. So, suppose a+bi € S, meaning a?+b* = 1,
and ¢+ di € S, meaning ¢? + d? = 1. Then, by the previous part, we know

(a+bi)(c+ di) = ac+ bei + adi — bd = (ac — bd) + (ad + be)i.

For this to be an element of S, we must have (ac —bd)? + (ad +bc)? = 1. Let us check
if this is true:

(ac — bd)* + (ad + be)? = a*c® — 2acbd + b*d* + a*d® + 2adbe + b*c?
= a?c + a?d® + b*c* + b*d?
— CL2(62 +d2) +b2(62 +d2)
= (a® +b%)(c* + d*)

1-1 Dbecause of our assumption on a,b, ¢, d
1.

Therefore, (ac — bd) + (ad + be)i € S, so multiplication is a binary operation on S.
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2. For a set X, the power set of X is the set P(X) of all subsets of X.

(a) If X = {1,2}, find P(X).

P(X) = {07 {1}7 {2}7 {17 2}}

(b) For A, B € P(X), define A B = AN B (the intersection of A and B). Is  a binary
operation on P(X)?
* is a binary operation on P(X) because the intersection of two subsets of X is still
a subset of X.

(c) For A,B € P(X), define AAB = (A— B)U (B — A). (Reminder/definition: A — B
means the elements in A that are not in B; B — A means the elements in B that are
not in A; and U means union). Is A is a binary operation on P(X)?

A is also a binary operation: by definition, AAB consists of certain elements in A
with certain elements of B, and because A and B are subsets of X, AAB is a subset
of X. Therefore, AAB € P(X).

3. For each of the following binary operations, determine if it is associative and/or commu-
tative.

(a) axb=a—bonZ
This is not commutative or associative. For general a,b,c € Z, a — b # b — a, and
(a—b)—c=a—-b—c#a—(b—c)=a—-b+ec.

(b) axb=a+b—abonZ
Homework!

(¢c) axb=0bonZ
Homework!

(d) The operations in 2(b) and 2(c) on P(X) in problem 3
For 2(b), Nis both commutative and associative: ANB = BNA and (ANB)NC = AN(BNC).
Proof-by-picture:
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Similarly, A is both commutative and associative:
AAB=(A-B)U(B—A)=(B—-A)U(A—- B)=BAA

(see picture, too)
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and for associativity, draw the diagram:

blue -
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As an exercise, verify that you get the same blue region for AA(BAC) to show that
(AAB)AC = AA(BAQ).

4. For finite sets, we can make a table describing the binary operation. For example, if
S = {a,b,c}, we can list the elements in the top row and left-most column of the table,
and then we fill in the table with the element obtained by applying the binary operation
of the element in the left column with the element in the top row:

a b c

axa axb axc

bxa bxb bxc

QO o Q|+

cxa cxb cxc

(a) Let Z,, = {0,1,2,...,n—1}. Let axb=a+b (mod n) (where (mod n) means the
remainder when dividing by n). For n = 4, fill in the table for the binary operation
a+b (mod 4) on Zy.

Homework!
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(b) For X = {1,2}, fill in the table for the binary operation N on P(X). (Bonus: make

a second table for A.)

N 0 {1}y {2} {1,2}
0 0 0 0 0
{1 |0 {1p 0 {1}
{2t |0 0o {23 {2}
{1.2} |0 {1y {2} {12}
Bonus table for A:
A 0 {1y {2} {1,2}
0 0 1y {2} {1,2}
{1} | {1} 0 {12y {2}
{23 | {20 {12t 0 {1}
{r.2} | {12} {2} {1} 0

(c) From looking at the table for a general binary operation x on a set .S, how would you

determine if x is commutative?

The operation * is commutative if and only if s1 x s9 = s9 * s1. These are the same
element if and only if the table is symmetric across the main diagonal (going from

upper left to lower right).



