Quiver coefficients of Dynkin type

Anders Buch (Rutgers) Q : quiver without oriented loops 5 1 3 2 4 Vertex set: [n] = {1, 2, . . . , n} Dimension vector: e = (e1, . . . , en) ; set Ei = Fe^i , F field Representation space: V = ⨁ i→j Hom(Ei, Ej) Group action: G = GL(E1) × · · · × GL(En) acts on V : (g1, . . . , gn) . (ϕi→j) = (gj ϕi→j g−1i ) Let Ω ⊂ V be any closed G-stable subvariety (e.g. orbit closure) ∃ G-equivariant resolution of OΩ = k[V ]/I(Ω) by free k[V ]-modules:

0 → Fr → · · · → F1 → F0 → OΩ → 0 Grothendieck class of Ω : [OΩ] = ∑ i≥0 (−1)i [Fi] ∈ KG(V )

1,3 5 5,7,8 4 6, 8

Stable Grothendieck polynomials Define Gλ(x1, x2, . . . ) = ∑ T (−1)|T |−|λ| xT T set-valued tableaux of shape λ ; xT = ∏ x# boxes ∋ i i Bialgebra of stable Grothendieck polynomials: Γ = ⨁ Z G_λ Littlewood-Richardson rule (B): Gλ · Gμ = ∑ ν cνλμ Gν Coproduct (B): Δ : Γ → Γ ⊗ Γ

Δ(Gν) = ∑ λ,μ dνλμ Gλ ⊗ Gμ ; dνλμ = cρR,ν where ρ = R λ μ

Let U be a rational representation of G. Fix maximal torus T ⊂ G. Write U = L1 ⊕ · · · ⊕ Ld , where Li one-dim. T -representation. Set Gλ(U) = Gλ(1 − [L1]−1, . . . , 1 − [Ld]−1, 0, 0, . . . ) ∈ KG(point) = KG(V ) Definition: Given G-representations U1 and U2 , set

Gν(U1 − U2) = ∑ λ,μ dνλμ Gλ(U1) · Gμ′(U ∗2) ∈ KG(V )

Equioriented quiver: Q = {1 → 2 → 3 → · · · → n} Thm (B–Fulton) Formula for [Ω] ∈ H∗G(V ) Thm (B) [OΩ] = ∑ μ cμ(Ω) Gμ_2(E2 − E1) . . . Gμ_n(En − En−1) ∈ KG(V ) sum over sequences μ = (μ2, . . . , μn) of partitions μi =

Conjecture (B–Fulton, B) , Thm (Knutson–Miller–Shimozono, B, Miller) Quiver coefficients have alternating signs: (−1) ∑ |μi|−codim(Ω) cμ(Ω) ≥ 0.

Quiver of type A: Q = {1 → 2 ← 3 ← 4 → 5 ← 6} Thm (B–Rimányi) [Ω] = positive sum of products of Schubert polynomials Conj. (B–Rimányi) [OΩ] = alternating sum of prds. of Grothendieck polys

Quiver of Dynkin type:

Thm (Fehér–Rimányi) Linear equations determine [Ω] Thm (Knutson–Shimozono) Formula for [OΩ] using Demazure operators

Generalized quiver coefficients

For i ∈ [n] set Mi = ⨁ j→i Ej . E.g. gives M2 = E1 ⊕ E1 ⊕ E3

Definition: Let Ω ⊂ V be any closed G-stable subscheme.

The quiver coefficients for Ω are the unique cμ(Ω) ∈ Z for which [OΩ] = ∑ μ cμ(Ω) Gμ_1(E1 − M1) . . . Gμ_n(En − Mn) ∈ KG(V ) sum over sequences μ = (μ1, . . . , μn) of partitions μi with ℓ(μi) ≤ ei.

Conjecture:

(1) There are finitely many non-zero quiver coefficients cμ(Ω) for each Ω. (2) Cohomological quiver coefficients are non-negative, i.e. ∑ |μi| = codim(Ω) ⇒ cμ(Ω) ≥ 0 (3) If Ω is irreducible with rational singularities, then the quiver coefficients for Ω have alternating signs, i.e. (−1) ∑ |μi|−codim(Ω) cμ(Ω) ≥ 0

Example

Q = { 1 → 2 } , dimension vector e = (3, 3)

Ω = G.ϕ ⊂ V ; ϕ = ([ 0 0 0 1 0 0 0 1 0 ] , [ 1 0 0 0 0 0 0 0 1 ])

Zwara : Ω does not have rational singularities.

With help from Macaulay 2 :

[OΩ] = 3 ⊗ G3,1 + 4 G1 ⊗ G3 + 1 ⊗ G2,2 + 2 G1 ⊗ G2,1 + 3 G2 ⊗ G2 + G2 ⊗ G1,1 + 2 G3 ⊗ G1 + G4 ⊗ 1 − 3 ⊗ G3,2 − 8 G1 ⊗ G3,1 − 6 G2 ⊗ G3 − 2 G1 ⊗ G2,2 − 5 G2 ⊗ G2,1 − 4 G3 ⊗ G2 − 2 G3 ⊗ G1,1 − 2 G4 ⊗ G1 −1 ⊗ G4,2 − 3 ⊗ G4,1,1 − 6 G1 ⊗ G4,1 − 3 G2 ⊗ G4 − 6 G1,1 ⊗ G4 + 4 G1 ⊗ G3,2 + 7 G2 ⊗ G3,1 + 2 G3 ⊗ G3 + G2 ⊗ G2,2 + 4 G3 ⊗ G2,1 + G4 ⊗ G2 + G4 ⊗ G1,1 +1 ⊗ G4,3 + 5 ⊗ G4,2,1 + 10 G1 ⊗ G4,2 + 10 G1 ⊗ G4,1,1 + 14 G2 ⊗ G4,1 + 15 G1,1 ⊗ G4,1 + 4 G3 ⊗ G4 + 12 G2,1 ⊗ G4 − G2 ⊗ G3,2 − 2 G3 ⊗ G3,1 − G4 ⊗ G2,1 −2 ⊗ G4,3,1 − 4 G1 ⊗ G4,3 − 1 ⊗ G4,2,2 − 16 G1 ⊗ G4,2,1 − 16 G2 ⊗ G4,2 − 12 G1,1 ⊗ G4,2 − 12 G2 ⊗ G4,1,1 − 10 G1,1 ⊗ G4,1,1 − 10 G3 ⊗ G4,1 − 29 G2,1 ⊗ G4,1 − G4 ⊗ G4 − 7 G3,1 ⊗ G4 − 3 G2,2 ⊗ G4 + · · · − G2,1 ⊗ G4,3,2 − 2 G3,1 ⊗ G4,3,1 − G4,1 ⊗ G4,2,1 − 3 G3,2 ⊗ G4,2,1

Resolution of singularities for orbit closures of Dynkin type Let X be a variety with a quiver E_• of vector bundle maps: E^• =

E1 E2 E3 E4 E5 Fix i ∈ [n] and 0 ≤ a ≤ ei := rank(Ei) Set Y = Gra(Ei) ρ −−→ X , tautological short exact 0 → Se^i−a → ρ∗Ei → Qa → 0 Set Xi,a = Xi,a(E_•) = Z(Mi → Ei → Q) ⊂ Y , where Mi = ⨁ j→i Ej

Note: On Xi,a all maps Ej → Ei of E_• factor through S ⊂ Ei

Obtain new quiver E′_• on Xi,a with bundles E′j =

Ej if j ≠ i S if j = i Given I = (i1, . . . , im) and A = (a1, . . . , am) , define

XI,A = XI,A(E_•) = (· · · ((Xi_1,a_1)i_2,a_2) · · · )i_m,a_m π−−→ X Thm (Reineke) Let Q be of Dynkin type and let Ω ⊂ V be an orbit closure. Let E_• be the quiver of tautological bundle maps over V , where Ei = Ei × V . Then ∃ I, A s.t. π : VI,A(E_•) → Ω ⊂ V is a resolution of singularities of Ω.

Thm (Reineke) Let Q be of Dynkin type and let Ω ⊂ V be an orbit closure. Let E_• be the quiver of tautological bundle maps over V , where Ei = Ei × V . Then ∃ I, A s.t. π : VI,A(E_•) → Ω ⊂ V is a resolution of singularities of Ω.

Corollary [Ω] = π∗( [VI,A] ) ∈ H∗G(V )

Thm (Bobinski–Zwara) If Q is of Dynkin type A , or Dynkin type D in char(F) = 0, then any orbit closure Ω ⊂ V has rational singularities.

Corollary [OΩ] = π∗( [OV_{I,A}] ) ∈ KG(V )

Main result: For any quiver Q, formula for cμ(I, A) ∈ Z such that π∗( [OV_{I,A}] ) = ∑ μ cμ(I, A) Gμ_1(E1 − M1) · · · Gμ_n(En − Mn) ∈ KG(V )

Consequences:

(1) Only finitely many non-zero quiver coefficients for Dynkin quivers. (2) Quiver coefficients of type A3 have alternating signs.

Conjecture cμ(I, A) have alternating signs.

Formula for cμ(I, A) , where I = (i, i2, . . . , im), A = (a, a2, . . . , am).

Construct “polynomial” PI,A = ∑ μ cμ(I, A) Gμ_1 ⊗ · · · ⊗ Gμ_n in Γ⊗n

Induction on m : If m = 0 then set P∅,∅ = 1 ⊗ · · · ⊗ 1

Assume PI′,A′ ∈ Γ⊗n already constructed, I′ = (i2, . . . , im) , A′ = (a2, . . . , am)

Given j ∈ [n], define ψj : Γ⊕n+1 → Γ⊕n+1 by ψj(Gμ_1 ⊗· · ·⊗Gμ_n ⊗Gλ) = ∑ σ,ν ( ∑ τ d μj σ,τ cντ,λ ) Gμ_1 ⊗· · ·⊗Gμ_{j−1}⊗Gσ⊗Gμ_{j+1}⊗· · ·⊗Gμ_n⊗Gν

Define A : Γ⊗n+1 → Γ⊗n by A(Gμ_1 ⊗ · · · ⊗ Gμ_n ⊗ Gν) = Gμ_1 ⊗ · · · ⊗ Gμ_{i−1} ⊗ G(c)a+ν,μ_i ⊗ Gμ_{i+1} ⊗ · · · ⊗ Gμ_n where c = rank(Mi) − rank(Ei) + a and (c)a + ν, μi = (c + ν1, . . . , c + νa, μi)

Theorem Let {i → j1 , . . . , i → jr} be the arrows of Q with tail i. Then PI,A = A(ψj_1 · · · ψj_r( PI′,A′ ⊗ 1 ))