Math 421 Midterm 1 Solution Fall 2002

1. (36 points) Let z =

Compute the following (in cartesian or polar form):
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a) The polar form of z is

b) |23 = |2 = 5° = 125.
c) Log(z") = ln}zg‘ +iArg(2”) = 9In(5) + iArg(e%) = 9In(5) — gz

d) The three values of 2% are:

s’ 2nmi

1
23 = 51/3eﬁ.€ 3

)

where n = 0, 1,2. More explicitly, they are
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e) All values of 2% are:

2 _ 2ilog(z) _ ezuog(e)ei%) 2i[In(5)+i( T +2n)

z = e ]:e_

[5+4nm] | 2n(5)i
where n is an integer.
2. (18 points) a) Find the image, under the principal branch of Log(z), of the set
{z such that |z| = 2 and z # —2}
(circle of radius 2, with the point —2 removed).
Answer: Log(2¢") = In(2) +i6, if —7 < 6 < 7. Thus, the image set is:
{(In(2) + i0), where —7m <6 < 7}

This is an interval, on the vertical line # = In(2), with y-coordinate between —m
and .

b) Find the image of the vertical line = 2 under the function f(z) = e*.
Answer: !t = =¥ . ¢% Thus, the image set is:

{e7¥.e* where y is real}.

This is the open ray (since e Y is any positive number) with angle 2 radians, on
the line passing through the origin.



i@ — () -1
3. (18 points) a) cos(i) = € +2€ _°€ 2+e‘

b) Find all solutions of the equation cos(z) = 10.

Answer: We need to solve the equation

ez +e (iz)

= 10.
2

Substitute w = e* and multiply both sides by 2 to get

1
w4+ — = 20.
w

The latter is equivalent to the quadratic equation

w? —20w+1 = 0.

Its two solutions are

Wi2 =

20+ 2400_4 = 10 £ /99.

Expressing the solution in terms of z requires solving the two equations
e” = 10 £v99.

We get

z = —ilog(10 + v/99) —iln(10 4+ v/99) + 2nmr, where n is an integer.

and

z = —ilog(10 —v99) = —iln(10 — V99) + 2nm, where n is an integer.

4. (18 points) a) Prove that the function
u(z,y) = 2° — 3xy* — 22 + e 7Y cos(z)

is harmonic on the whole of R2.

Answer: Method 1: A short answer to all three parts can be obtained by solving
part (c) first. One then answer part (a) using the Theorem, that the real part of
an analytic function is a harmonic function. Part (b) can be solved by calculating
the imaginary part of the entire function in part (c).

Method 2: We need to prove that u satisfies the Laplace equation ug, + ty, = 0.
We calculate

uy = 3x? —3y? —2— e ¥sin(x) (1)
Uz = 62— e Ycos(z),

u, = —6xy—eYcos(x), (2)
Uy, = —6x+e Ycos(x).

The Laplace equation is obviously satisfied.
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b) A harmonic conjugate v of the function u can be calculated as follows:

v(z,y) = /vxdx + h(y) = /—uydx + h(y) @ /6$y + e Yceos(z)dr + h(y) =
= 32’y + e Ysin(z) + h(y),

where h(y) is a function of y (independent of z). We determine h(y) using the
equation v, = u,. Using (1) we get

W(y) = —3y* -2
and h(y) = —y> — 2y + C'. Summarizing,

v(z,y) = 32%y + e Vsin(z) — v — 2y + C.

c¢) An entire function f(z), such that Re(f) = u, is

f(z) = 2° =2z 4"

. (10 points) Let f(z) be an entire function, whose real and imaginary parts satisfy
the following relation

Re(f) = 2Im(f). (3)

Prove that f must be a constant function. Hint: Use the Cauchy-Riemann equa-
tions to prove that f'(z) = 0.

Answer: Write f = u + iv. The Cauchy-Riemann equations are

Ugp = Uy, (4)

Uy = —U. (5)
Equation (3) yields

Uy = 20, (6)

u, = 2uv,. (7)

The four equations above is a system of four linear homogeneous equations, in the
four “unknowns” u, u,, vz, v,. It has only the trivial solution, namely

Uy = Uy = Uy = vy = 0.
You can see that by raw reduction, or as follows:

up 22, 2 —ou, D —an, @ gy,

Thus, 5u, =0 and u, = 0. By (6), v, = 0. By (4), v, = 0. By (5), u, = 0.

We conclude, that the partials of u and v vanish. By a theorem from third semester
calculus, v and v must be constant functions on the whole plane.



