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Abstract

We use Grobner bases of modules as a tool in the construction and classification of quasicyclic
codes. Whereas previous studies have been mainly concerned with the 1-generator case, our
results elucidate the structure of arbitrary quasicyclic codes and their duals. As an application
we provide a complete characterisation of self-dual quasicyclic codes of index 2. © 2001
Elsevier Science B.V. All rights reserved.

1. Introduction

Quasicyclic codes of index / over a (finite) field F, defined by the property that
a cyclic shift of a codeword by 7 places is another codeword, generalise the class of
cyclic codes (£ = 1). Many such codes have been discovered with minimum distance
exceeding that previously known for any linear code of the same length and dimension,
or, indeed, taking the maximum possible value.

The theory of Grobner bases of modules (developed in [1,2]) has been applied [6-9]
to decoding Reed—Solomon codes, to scalar rational interpolation, and to various other
problems, such as Padé approximation, that can be represented as solving systems of
polynomial congruences. In [22], the authors use the theory to develop machinery for
analysis of Hermitian codes. The essential idea is to use a cyclic group of automor-
phisms of the code to represent it as a module over the polynomial ring F[x]. In this
paper we adopt the same approach to provide new insight into the algebraic structure
of quasicyclic codes.

Early studies by Chen et al. [3], Karlin [18,19], and Townsend and Weldon [32]
established connections between quasicyclic codes, multicirculant, and power residue
codes, while [20] showed that quasicyclic codes meet a modified Gilbert—Varshamov
bound (see also [23]). The close link between quasicyclic and convolutional codes is
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indicated by the obvious similarity between the polynomial form of the generator matrix
of a quasicyclic code (see Section 2) and the generator matrix of a convolutional code
[24,25,30].

Generally, a quasicyclic code of length /m and index / may be represented as the
row space of a block matrix, each row of which has the form (Gy,...,G,), where G;
is an m x m circulant. These rows, or the equivalent polynomial vectors, are conven-
tionally called “generators”. A method for constructing 1-generator quasicyclic codes
was given by van Tilborg in [33], as well as the results of an exhaustive computer
search for such codes over the binary alphabet, for m = 7,8 and length up to 120.
Some of these codes meet the best possible values of minimum distance for any linear
code. Further developments of van Tilborg’s technique were provided by Gulliver and
Bhargava [11-15], who carried out non-exhaustive searches, using heuristic combinato-
rial optimisation techniques and selection algorithms, again resulting in the construction
of many new 1-generator quasicyclic codes that improved the known lower bounds.
The same authors extended their research to the 2-generator case in [16]. Quasicyclic
codes over other fields were studied in [10,13] and many good or optimal codes were
constructed. Currently, Zhi Chen maintains a searchable database of quasicyclic codes
at http://rimula.hkr.se/~chen/research/codes/searchqc2.htm.

The structure of quasicyclic codes was explored by Séguin and others [4,26-28],
and Tanner [31]. We adopt a new approach based on the construction of a canonical
generating set for a quasicyclic code regarded as a submodule of the algebra R’ where
R=F,[x]/{x" —1). We use the language of Grobner bases which, although not strictly
necessary, leads to concise arguments and has the potential for generalisation to codes
over other domains. Our primary aim here is to elucidate structure, so we do not address
the important issues of minimum distance, decoding algorithms, and the existence of
good quasicyclic codes. Nevertheless, our methods can be used to construct quasicyclic
codes of index ¢ and length /m for all dimensions permissable by the degrees of the
irreducible factors of x” — 1. As a consequence we have constructed many binary
quasicyclic codes which are optimal or meet the best known bounds for linear codes,
many of which are the first known quasicyclic codes meeting the bounds. Also, using
an early version of this paper [21], Siap et al. [29] have constructed many quasicyclic
codes over the fields of order 3 and 5 that improved the known bounds.

NB: Throughout the paper the word “code” means “quasicyclic code” unless
otherwise specified.

2. Basic structure

Let € be a code of length /m and index / where / is defined as the smallest
power of the cyclic shift operator under which % is invariant. It is obvious that
by a coordinate permutation we may assume that each element of & can be repre-
sented as a vector ¢ = (c¢1(x),...,c/(x)) of polynomials of degree less than m. In this
form the defining property of % is that it is closed under multiplication by x and
reduction modulo x™ — 1 in each component, that is, ¢ € ¥ implies xc = (xc;(x)
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modx” — 1,...,xc,(x)mod x™ — 1) € . If R=F[x]/{(x™ — 1), where F is a finite field,
this implies that % is an R-submodule of R/, which is the precise generalisation of
the structure of a cyclic code. It follows that the preimage % of % in F[x]’ is an
F[x]-submodule containing A= ((x™=1)e;, i=1,...,¢) where ¢; is the standard basis
vector with 1 in position i and O elsewhere. The tilde will be used conventionally
throughout to represent structures over F[x].

Since % is a submodule of the finitely generated free module over the principal ideal
domain F[x] and contains Va , it has a generating set of the form {r;, i=1,...,7,(x" —
Dej,j=1,...,/} where r; = (ri1,...,ri) (see [17, Chapter 7]). Thus the rows of

ry o Ty
a1 ot Ty
M= 't Ty
X" =1 - 0
0 XM=
generate 4. Using elementary row operations in F[x] we may triangularise M so that
another generating set is given by the triangular set of rows 4 = {g91,---,9s} of
gn g1z --- Jir
- 0 g2 ... g
G= (1
0 0 ... dr/

where the diagonal component g; divides x™ — 1 for all i. Note that g; # 0 for all i.
Each non-zero element of @ may be expressed in the form (0,...,0,¢,,...,c/), where
r=1 and ¢, # 0. Writing this as an F[x]-linear combination Zle a;g;, it is immediate
that ¢, is divisible by the corresponding diagonal component g,,.. This implies that &
is a Grobner basis of % with respect to the position-over-term (POT) order in F[x]’,
where e; > --- > ¢, and the monomials x’ are ordered naturally in each component.
Throughout the paper Grobner bases will be defined with respect to POT order unless
otherwise stated. For the theory of Grobner bases see [1,2,5].

Using further elementary operations we can guarantee that

where @ denotes degree and 90 = —1, and then ¥ is the reduced Grobner basis of %.
This is uniquely defined up to multiplication by constants, and where appropriate we
adopt the natural normalisation in which the diagonal components are monic. We will
often make uniqueness statements intending uniqueness up to constant multiples without
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explicit mention. If ¢ is a reduced Grobner basis and the diagonal component gj; is
equal to x™ — 1 then (0,...,0,¢;i+1,...,9i) € % which means that it is an F [x]-linear
combination of {g;;1,...,9,}. Since dg;; < dg;; for all j > i this forces g;; =0 for all
j > i and hence g; = (x" — 1)e;.

The leading term Lt(0,...,0,v,,...,v7), r=1, v, # 0, of an element v € F[x]/ is
xre,. Each such v has a uniquely defined normal form Nf;(v) = (0,...,0,0,...,0))
with respect to %, obtained by successive division of its components by the g;; and
satisfying

/
v:(O,...,O,U;,...,v})+Zbigl-,
i=1

where s>r and au; < 0gj; for s<j</. (This division algorithm is given in detail in
[8,9] and is a straightforward generalisation of that in [5].) Also, v € % if and only
if Nf(v) =(0,...,0). Since the dimension of the quotient Flx]’ /A is finite we may
immediately compute the F-dimension of F[x]’/% as the number of terms x'e; which
are in normal form modulo %. This is clearly Zle 0gii.

We summarise in the following theorem.

Theorem 2.1. Each submodule € of F[x]’ containing A has a reduced Grébner basis
of the form

g’?:{gi:(gilsgiz,---agi/)ai:19---5/}5 (3)

where
(i) g;; =0 for all j <1,
(i1) Ogn < 0gyi for k < i,
(iii) if the left-most non-zero component of an element of % lies in the ith place then
it is divisible by g;; in particular, g; divides x™ — 1,
(iv) if gi =x" — 1 then g; = (x" — 1)e;,
(v) the F-dimension of F[x]'/% is Zle 0gii.-

Any triangular set % is a Grobner basis of the submodule of F[x]’ that it generates.
The condition that the submodule should contain " is equivalent to the existence of
a matrix A € Mat,(F[x]) such that

apyp ap ... ay g diz ... dis

. a axy ... ay 0 g2 ... 9

AG = =" -1, (€))
as ap ... gy 0 0 dcr

where [ is the identity matrix. It is immediate that 4 is also upper triangular, and
its non-zero entries can be computed recursively from those of G. If we consider the
equation AG=(x"—1)I over the field of fractions of F[x] then the factors are invertible



K. Lally, P. Fitzpatrick | Discrete Applied Mathematics 111 (2001) 157-175 161

and therefore also GA = (x — 1)I over F[x]. It follows that the entries of G satisfy
an analogous system of equations in terms of those of A.

Theorem 2.2. The set 4 is a Grébner basis of a submodule Fx]’ containing A if
and only if there exist a;; for 1<i, j</{ satisfying
0 if j <i,
=1 if j=i,
ajj = o (5)

j—1
;71(2 aixgr;) if j>1i.
k=i

Moreover the corresponding equations with the roles of g;j,a;; interchanged also hold,
and m — 0g;; = Oay; for all i. The Grébner basis is reduced if and only if 0g; > 0g;;
for all j < i, if and only if Oa; > Oa;; for all j > i.

Proof. This is an easy consequence of the definitions and (4), apart from the degree
conditions on the a;;. Suppose that the Grobner basis is reduced so that dg; > dg;:
for all j < i. The equation a;;g; ;11 + aii+19i+1..+1 =0 implies either g; ;11 =a; ;11 =0 or
0aj; — 0ajiy1 = 0giy1,i+1 — 0gii+1 > 0. Using an induction argument, if da; > da;; for
j=i+1,....,k — 1 and day > da;; then the last summand on the left-hand side of the
equation

@iigie + @it gisi k- + Gik—19k—1.4 + GG =0

has degree strictly greater than the degrees of the others, which is a contradiction. Hence
Oaj; < Oa; and, by induction, the proof in one direction is complete. The converse is
true by a symmetrical argument. [

Remark 2.3. Given a triangular set ¢, verification in practice that it generates a sub-
module containing 4 is carried out as follows. For each i, we check that the diagonal
component is a divisor of x™ —1. Then the generator g; is multiplied by a; =(x"—1)/g::
and subtracted from (x™ — 1)e;. The residual vector must then be reduced to zero by
subtracting multiples of g;;1,...,¢,. This process takes (/ — 1)(/ —i+ 1)/2 polynomial
multiplication—subtraction operations, and the total number of such operations required
for verification is (£ — 1)/(£ + 1)/6.

The code % is the image of % under the natural homomorphism ¢: F[x]’ —
R/,(ct,...rcr) = (c1+ {(x™ —1),...,c,+ (x™ — 1)). Dropping the coset notation we see
immediately that ¥ has an R-generating set ¥ comprising the elements of a Grobner
basis 4 not mapped to zero under ¢, that is, those elements not of the form (x” — 1)u
for some u € F[x]’. We refer to this set of generators as a GB generating set of
%. This is the central structural notion of our theory. Of course, such Grobner basis
generating sets depend on the choice of order (we have used POT order and later will
introduce an alternative rPOT order). If the generating set of € is derived as the set
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of images of a reduced Grobner basis then it will be called an RGB generating set.
This generating set is uniquely defined with respect to the given order.

Applying part (v) of Theorem 2.1 and subtracting the codimension of % from that
of A", we can immediately assert

Corollary 2.4. The dimension of the code € with GB generating set {o(g;),
i=1,....,0} is given by

’ ’
‘m— Z 0gii = Z(m — 09ii)-
i=1 i=1

The possible dimensions of codes can also be enumerated straightforwardly. From
now on we fix the notation x” — 1 =[]’ _, f%, where m = (char F)'m’ with gcd
(m',char F) =1 and ¢ = (char F), for the decomposition of x™ — 1 into irreducible

factors f, over F. It will be convenient to use the notation N ={1,2,...,s}.

Corollary 2.5. The codes of length {m and index ¢ have dimensions Zle > tniOf
where 0<t,; <e. Every such dimension arises in some code (for instance, in a code
with block diagonal generator matrix).

Remark 2.6. The most frequently studied codes in the literature are those with one
“generator” (in the sense of the Introduction), that is, the cyclic submodules of R’.
These are usually referred to as “1-generator” codes. Such codes may well have Grobner
basis generating sets containing more than one element. It is not at all obvious how to
determine the dimension of the code from such a generator (but see Corollary 2.14).

We now give two examples %, %, which will be used as illustrations.

Example 2.7. Let %, be the binary code of index /=3 and length n=/m=21,m="7
generated by elements

v :()c5 L P x+ L+ —|—x2)
vy :(x4 +x2 4+ + l,x,x4 +x3+x+ 1).
Let fi=x+1,fo=x>+x+1,f3=x+x>+1 so that x’ + 1 = f| f2 3. The reduced
Grobner basis of €1 = (v,v2, (x7 + 1)er, (x7 + 1)ez, (x” + 1)e3) comprises the rows of
fr /1 X

0 f3 fif3
0 0 x"+1

so the diagonal components are indeed divisors of x” — 1. The corresponding RGB
generating set of ¥ consists of the rows of

(fzf% x? )
0 f3 f1f3
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since the third row is mapped to zero by ¢. From the diagonal components we may
calculate the dimension of % as Zle(m —0gi)=4+4+0=8.

There is no restriction to the semisimple case (corresponding to ged(m,char F)=1)
in the Grobner basis formulation, that is, the value of m need not be relatively prime
to the characteristic (compare [4,27]). The binary code %, of index / =3 and length
n={m=84,m =28 whose RGB generating set is given by the rows of

Si2f5 S +x+1) 1
0 fifafs  fox
0 0 fi
has dimension Zle(m —0g;;) =14+ 18 + 19 = 51.
Using the restrictions on the off-diagonal elements of G and A imposed by Theorem

2.2 we can, in principle, construct RGB generating sets for all possible codes of a
given index, limited only by the computational effort involved.

Example 2.8. Suppose that we wish to construct RGB generating sets for all binary
codes of index /=3 and length 21 with diagonal components as in %;. Then we may
take

Sifs p g foa b
A= 0 fifar|, G=|0r5 ¢ : (6)
0 0 1 0 0 x"+1

The equations 4G = GA = (x" 4+ 1)I lead to p= fia,c = f3r,b= f2q + ar, while the
degree restrictions on the off-diagonal elements of G give da<2,9b<6,0c¢<6,dp<3,
0q <3,0r<3. Conversely, any set of polynomials satisfying these constraints is valid.
We can choose a,q,r freely and this fixes the code. Hence there are 2!' such codes.
The same analysis can be carried out for other choices of the diagonal components g;;.
In the particular case of %, we find the (unique) solution a= f?, b=x>, c=f1f3, p=

?, q=1,r=f.

A generator matrix for the code %, comprising linearly independent rows, can be
constructed directly from any GB generating set ¥ = {g;,i =1,...,/} as follows. The
diagonal component g; and its m — dg; — 1 cyclic shifts xg;;, x*gi, ..., x" %9~ 1g; are
clearly linearly independent over F (since the leading coefficient of ¢; is non-zero).
Hence the set of vectors

9i =1(0,0,...,0, 9, gii+1- - - Gir)

xg; = (0,0,...,0,Xgii,XGi it15- - > XGir)

m—0g;;—1 m—0g;;—1 m—0g;;—1 m—0g;i—1
X gi gi:(oaoa"'aoax gii Jiirs X Jii gi,i-Ha"':x gii gi/)
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is also linearly independent over F' for each i. The block upper triangular matrix

g g1z Yy

Xgi1 Xd12 Xgis

xm—éyu—lgll xm—ff‘.c]u—lglz """ xm—a.c]ll—lgl/

0 92 e G

0 Xg22 T XGy

: : 7

0 xm—(?gzz—lgzz ...... xm—(?gzz—lgy

0 0 e gry

0 0 e xgsy

0 0 xm—ég//—lgN

is an / x ¢ block matrix in which each block is a truncated circulant. Since the
diagonal components g;; all lie in different positions, the rows of this matrix are linearly
independent and therefore form a basis of /m — Zle dg;; vectors in F/™,

Example 2.9. For 4| we find the following generator matrix:

1101000 1010000 0010000
0110100 0101000 0001000
0011010 0010100 0000100
0001101 0001010 0000010

0000000 1011000 1110100
0000000 0101100 0111010
0000000 0010110 0011101
0000000 0001011 1001110

Previous authors have constructed this form of generator matrix in the 1-generator case
(for example [12,26,33]).

Using the RGB generating set ¢(%) = {o(g1),...,0(gs)} of the code € we can
compute the decomposition of ¥, regarded as F'[x]-module, into its primary components
(cf. [17, Chapter 8]). These are the submodules u% generated by the sets of elements
{up(yg;), i=1,...,/} where u is of the form (x” —1)/f% for n € N. In the semisimple
case they correspond to the irreducible submodules. However, in order to determine the
RGB generating sets of the components, we first carry out the computation in F[x]’,
by reducing the generating sets {ug;,i =1,....,4,(x" — 1)e;,j =1,...,/} to Grobner
basis form, and thus determining the RGB generating sets for the components of %.
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Example 2.10. %, is the sum of the submodules [ 2%, + A, f1f3% + A, and
f2f3%3 + A which intersect in #". The reduced Grobner basis generator matrices of
the summands are

L fif1 f200 10 1
Sif2l 030 ), fifs| 01 /1], fafs3{010
00 13 001> 00 f4

respectively. It now follows that the primary components of % have reduced Grobner
bases given by

(NS00 fr )@ (17501 f >>@<f2f3 (é (1) (1>>>

and that the component subcodes have dimensions 3, 3, 2.
Similarly, the component submodules of %, are

300 fr 1 P +x+1)f 110
il o o), sl o GrextDf |, il o oo
0 01 0 0 13 0 01

and here the RGB generating set of each of the three primary components of %,
contains three elements. The dimensions of the primary subcodes are 24, 21, and 6.

The matrix 4 in (4) may be interpreted as the matrix of # relative to %, where
A is regarded as the kernel of the surjective homomorphism ?lg % — €, restricting
ot . By a standard argument ([17, Chapter 7]), the Smith normal form of Adis a
diagonal matrix D = XAY, and the basis of % given by the rows of Y~'G provides
a direct decomposition of ¥ as a direct sum of cyclic submodules. We may use this
to decompose the primary components of % into direct sums of submodules of prime
power order. In the semisimple case the RGB generating sets of the primary components
already give the decomposition, as the following lemma shows.

Lemma 2.11. If ged(m,char F) = 1 then each primary component of € decomposes
into a direct sum of irreducible cyclic submodules generated by the elements of its
RGB generating set.

Proof. Let f be an irreducible factor of x” —1 corresponding to the primary component
ZF of € and let x” — 1 = fh. Then the matrix of the reduced Grobner basis of the
preimage % has the form

C11 C12 --- C1z
0 Cy ... Cy

h 1,
0 0 .. Cpy

where the diagonal entries are either 1 or f, and if ¢;; = f then the corresponding
element of the reduced Grobner basis is (x” — 1)e;, while if c¢;; = 1 then all entries
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Table 1

Irreducible decomposition of %,

Generator Order Dimension
SRR LD 4 12
11/3(0,0,1) 13 12
S0, f2, 6 +x + 1) f2) 3 9

[ x a7+ 4+ 1) /3 12
7 12.0) 12 2
ARG 1 4

above it are zero. Thus, reducing modulo x” — 1, the RGB generating set & corre-
sponds to a matrix in reduced row echelon form. It is obvious that no multiple of any
element of ¥ is contained in the submodule generated by the others, and this gives the
result.

Example 2.12. The code % decomposes as the direct sum

(f1f201 f1 fIN@(f1f3(01 f1)) @ (f2f3(10 1) & (f2f3(010)),

where the orders of the cyclic summands are f3, /2, f1, f1, respectively, and their
orders dimensions are 3,3, 1, 1.

The corresponding analysis for %, requires the construction of the matrices </ and
their decomposition into Smith normal form. Omitting the details, we find that %, has
a direct decomposition into irreducible cyclic submodules as shown in Table 1.

We end this section with a result describing the diagonal components of a Grobner
basis of a 1-generator code.

Theorem 2.13. Let € be the code generated (as R-module) by (f1, f2,..., f7). Then
the diagonal components of a Grébner basis of the preimage € are

S =ged(f1,x" — 1),

_ "™ — Dged(f1, f2,..-5 fiX™ — 1)
ng(flaf27"'7fi—l:xm_1) ’

fi i=2,....7.

Proof. A Grobner basis is constructed by reducing the matrix whose rows are
(f15 2,5 fr),(x™"=1) ¢, i=1,...,/. Consider first the case /=2. Let uf+v(x"—1)=
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dy =ged(f1,x™ — 1). Then we carry out the following steps:

4 Af dy ufs
1 2
fi /2 0 fzfﬁufz
" S /2 d,
x"—=1 0 — m_1 0 — X" —1
X" —
m _ 0 — u
0 x 1 0 "1 i f2
0 x"—1
dy ufs
=1 di  uf>
0 d UfZ 1
= m1 - 0 f2 5
0 -z _lufz dl
d; 0 x"-1
0 x"—1

where the last step is carried out using the fact that u,v are relatively prime. In the
general case, let the corresponding sequence of operations be defined by the entries in
the top left hand 2 x 2 submatrix. Thus, in this first sequence the (1,1) entry has been
replaced by dy, the (2,1) entry by 0 and the (2,2) entry by (x"—1)/d; f>. By induction,
suppose that after i > 1 steps the (i,i) entry is d; = (x" — 1)/(d;—1)ged(d;_1, fi), and
the (i+1,7) and (i 4+ 1,i+ 1) entries are 0 and (x™ — 1)/d, f1, respectively. Then, by
an identical sequence of operations, the induction step holds, and this completes the
proof. [

Application of Corollary 2.4 gives

Corollary 2.14. The dimension of the code generated by (f1, f2,..., f¢) is

m — deg(ged(f1, f2,-.., f1,x" — 1)).

This formula was given by Séguin and Drolet in [27].

3. Dual codes, parity check matrices

We denote by a;, i =1,...,/ the rows of the matrix A determined in Theorem 2.2.
The structure of A" implies that its rows form a reduced Grobner basis for the module
they generate, but with respect to the reverse POT term order (rPOT) in which the basis
vectors are ordered e; < --- < ¢,. (Note that analogous results to those of the previous
section hold for rPOT Grobner bases.) The equation GT/IT =(x"—1)I implies that this
module contains 4. We define a scalar product on F [x]’ by (u,v) :Z;ZI u;v;, and for
any submodule % the mod-A -dual of € by (g; ={u € F[x]": (u,c) € A forall c €
¢ }. By projection this gives the usual scalar product on R’ and the image (p((g*) is the
algebraic dual €* = {u € R’: {(u,c) =0 for all ¢ € ¢}. Note that this is not the usual
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dual code %, which will be discussed presently. The algebraic dual is characterised
by the following theorem.

Theorem 3.1. The rows of i Jorm an rPOT reduced Grobmer basis for Qg;

Proof. One direction is clear from the equation GA = (x” — 1)I. Now suppose that
u=(ur,...,us) € 4", that is, Gu™ € A". Then usq,, is divisible by x — 1 so u, is
a multiple of a,,. Thus, there is a v, such that u — v,a; has last component 0 and
lies in & Suppose that v’ =u — Z:/H vial € @ has last j — 1 components 0.
Then u)_ 9¢—j.c—j s divisible by x™ —1 so u,_ ; is a multiple of a,_;,—;. Subtracting
a multiple of a] ; we may remove the (£ — j)th component of u', leaving a residual

vector in (é*. By induction, u may be reduced to 0 by {af,i=1,...,/} and the theorem
follows. [

As a consequence we have

Corollary 3.2. The dimension of €* is Zf:](m — Oaj}) = Zl./:](m — (m — dg;)) =
Zl./:l 0gii, and this is also the codimension of €. Thus dim%* =/m — dim%.

Example 3.3. From Example 2.8 the mod-# -dual (% 1)} has rPOT-reduced Grobner
basis consisting of the rows of

fifs 0 0
fi f1f20
LAl

The dimension is (7 —4)+(7—4)+(7—0)=13 which is equal to 21 — 8 as expected.
The primary decomposition of € is

ni(o f D)enn(y 1) erstion

respectively. The component submodules have dimensions 6,6, 1.

We now wish to find a generator matrix for the dual code ¥+ and a corresponding
GB generating set. It is convenient to adopt the notation [a] for the m x m circulant
matrix whose first row is the sequence of coefficients {ay,...,a,—1} of the polynomial
a(x)modx™ — 1. The isomorphism between the algebra of circulant matrices and R
implies that for two polynomials a,b the congruence ab = 0 mod x™ — 1 corresponds to
the matrix equation [«][b]=0. This means that the rows of [b]" are orthogonal (for the
scalar product over F) to the rows of [a]. Now, if b= o+ fix +-- -+ Bp_1x"~! then
[b]" has first row (Po> Pm—1,---,P1) so it corresponds to the polynomiall;:ﬁ0+ﬁ,,l_1x+
coo 4 Bix"= 1 that s, [b]T = [l;]. Also, using f ~ g to indicate that the polynomial
f is a constant multiple of g, x®hmodx™ — 1 ~ b* =x%b(x~") , the conventional
“reciprocal” of b, so that the rows of [b*] are a cyclic permutation of those of [l;].
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If Zle a;b; € Va , for polynomials a;,b;, then the corresponding matrix equation is
([a1] [a2] ... [a:])([B1] [B2] -.. [b/])T =0 and so the rows of ([b1] [b2] ... [b/]) are
orthogonal to those of ([a;] [a2] ... [a/]).

With these preparations, we can now determine a parity check matrix for 4. Denote
by [A4],[G] the matrices over F derived from A,G by replacing each entry by the
corresponding circulant, and setting [x” — 1] =0 where necessary. This gives [4][G] =
[G][4] =0 and the rows of

[a]" 0 - 0 [édu] 0 --- 0
LT — [an]" [an]” --- 0 B [di2] [d22] --- O
[a1/]" a2 ]" -+ as 1" [d1/] [d2] -+ [dr /]

are in the dual code ¥. We already know from Corollary 3.2 that the dimension
of the code generated by the rows of s /m— dim(%) and, since the rank of
[a;;] is equal to that of [a,-j]T, it follows that the rank of [A]" is /m — dim(%). This
means that [4]" is a parity check matrix for %. However, the polynomial vectors
corresponding to the rows of [A]T do not form a Grébner for %+, so instead we
define the polynomial matrix 4 whose (j,i) entry is hj; :xa"”d_ﬁ modx™ — 1. The
rows of [H] are a permutation of those of [A]" and hence [H] also generates .
Let P denote the permutation matrix that carries out this transformation and consider
the relation [G]TP~'P[A]" = ([G]TP*I)[I:] 1= 0. The left-hand factor is derived from
[G]" by permuting its columns in the corresponding manner via P~'. Replacing the
circulant matrices in these factors by their polynomial equivalents we obtain

—0 A Bl A
x~gy, 0 0 xMay, o - 0
—day 4 —oay A day A day 4
X gin X 9o - 0 xX2q1, xa4y - 0
. b
—dan A —dam A —das s A o da, A da, s A
x“Mmg, xR g,, e xTg,, X% Gy X% Gy e X% Gy,
gl 0 e 0 al 0 e 0
7(’3(1]1 A * (?azz" *
X din J7)e8 - 0 x“2dapn ay - 0
== . 9 . 2
—dan 4 —daxn 5 * das s das s » *
X Gy Xy e gy X rdy X ay e agy

=0modx™ — 1
where each entry is interpreted modulo x™ — 1. It follows that this product is equal to

a lower triangular matrix of the form

my 1 -0
(" —=1)

my myy ce 1
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This can be reduced to (x™ — 1)/ by a sequence of left multiplications by elementary
matrices, none of which changes the diagonal entries. Carrying out the same sequence
on the left-hand factor above gives a relation GH= (x™ —1)I and applying the rPOT
analogues of Theorem 2.2 and (7) gives the following result.

Theorem 3ﬁ. The rows of H form an rPOT Gréobner (usually not reduced) for the
preimage €+ of €+ in F[x]’. Redundant rows of the parity check matrix [H] may
be removed to form a parity check matrix with linearly independent rows by omitting
all but the first m — Oa;; rows in each block row.

Example 3.5. The construction of a parity check matrix for % by this theorem begins
with the matrix 4 defined in Example 2.8, namely
C+DEF2+1) (x+1y 1
0 +DEEFx+1)x+1
0 0 1
from which on transposing and replacing each entry a;; by 4;; we obtain
X4+ + 1 0 0
I+ 3 +10
1 X1 1

Multiplying each row by the corresponding x% gives the rPOT Grobner matrix

P+ 41 0 0
A+t 2 +x+10
1 X+ 1 1

from which, on replacing each polynomial by the corresponding circulant and dropping
the redundant rows, we obtain the parity check matrix

1011100 0000000 0000000
0101110 0000000 0000000
0010111 0000000 0000000

0111100 1110100 0000000
0011110 0111010 0000000
0001111 0011101 0000000

1000000 1000001 1000000
0100000 1100000 0100000
0010000 0110000 0010000
0001000 0011000 0001000
0000100 0001100 0000100
0000010 0000110 0000010
0000001 0000011 0000001
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For the analysis of self-dual codes of index 2 in the following section it is convenient
to have a formula, in the index 2 case, for the POT RGB generating set of the dual
code %+ in terms of an rPOT GB generating set.

Theorem 3.6. Let {(a 0),(b c¢)} be any rPOT Grébner of a submodule & of
F[x]*. Let ua + vb = d = ged(a,b), where v is chosen so that dv < d(a/d). Then
{(d ve),(0 ajdc)} is the POT-reduced Grébner basis of 9.

Proof. The transformations are as follows:

a 0 a 0 d ve
b c b ¢ OCfgvc
— —

xX"—1 0 d e 0 Zypc
0 x"-1 0x"—1 0 x"—1
d v

0 Juc (d UC)
- a - a

0 Jve Ogc

0x"—1

These are straightforward apart from the last step. First, we use the fact that u,v are
relatively prime. Second, the equation expressing # C & is

u 0 a0\ (x"—-1 0

vw be) 0 x"-1
from which va +wb =0, v(a/d) + w(b/d) =0 and hence (a/d) divides w. Thus (a/d)c
divides we=x" —1. O

More generally, an rPOT Grobner of a submodule of F [x]’ can be converted into a
POT Grobner basis by a sequence of such transformations defined by 2 x 2 submatrices.
If G is the generator matrix of the rPOT Grobner basis then we perform in succession
the 2 x 2 transformations defined by the lower triangular submatrices indexed by

11 12 11 13 11 1/
2122 )° 3133 )77\ /1 4/

and making the consequent changes in the corresponding rows and columns of G at
each step. The result is a matrix, with zeros in its first column apart from the (1,1)
position, such that the submatrix indexed by (i, /),2 <i,j </ remains lower triangular.
The process continues with this submatrix and eventually gives a generator in upper
triangular form.

4. Self-dual codes of index 2

In this section we classify completely the self-dual codes of index 2. We divide the
irreducible factors f,,n € N of x™ — 1 =[] _, f% into two types according to whether
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or not f*¥ ~ f,. Let ICN be the set of indices of irreducible factors having this
property. The other irreducible factors then fall into reciprocal pairs. Let J C N be a
set of indices comprising one element of each of these pairs and define the map 7 from
J to the complementary subset N \ (/ UJ) by f /* = fx(j)- Throughout this section the
subscripts 7, j,n will be assumed to run through the set ,J, N without further comment.
The factorisation of x” — 1 may be expressed as

=~ T AT AT e

where f* ~ fi, fF ~ fuj» S5, ~ [ and we note that 3 f(,y=0f,. For convenience
we denote the monic factor ¢ [] /7 [ f f’ I1s Zz(j’)), where ¢ is an appropriate constant,
by the triple [, o), %r(j)]. Throughout the following argument we will freely choose
monic representatives without further mention. Now any code € of index 2 corresponds

to a submodule % C F[x]* with minimal Grébner basis matrix

G= ([Ofi,aj,dn(j)] B, ﬂjaﬁn(j)]) , (8)
0 [Vis V7> 7]

where v is relatively prime to x” — 1. The divisibility condition derived by multiplying

the first row by (x” — 1)/[o;, &), ot ;)] implies

Vngs_an"_ﬁn- (9)
The complementary matrix 4 is

<k—ab&—%ﬁ—ﬂmn]—ﬂa—%+ﬁrﬂms—%~%&—W%s—aﬂn+ﬁmp—%wﬂ)_
0 [6—7is &= 7)€ —Va(j)]

Theorem 3.4 may be applied to show that %L has rPOT Grébner matrix given
by

< [&— 0, & — Ot jy, € — %] 0 >
V'le— o+ Bi = Vis & = () + By = Vatiyr € — %+ B =] [e— Ve = Va6 —01)
(10)

where v/ = —x"0 with r defined so as to compensate for the replacement of f” L by /¥
in the (2,1) entry. Explicitly, r = > 0 f,(oy — Bu) (Where, of course, x” is interpreted
modulo x™ — 1). Note that v’ is relatively prime to x™ — 1. Next, by applying Theorem
3.6 to H (and in the notation used there) we obtain a matrix for the POT Grobner
basis of %L in the form

E:(d ule — 71,8 = Yr(j)s € — 51 )) (11)
0 (a/d)[e = yire = Pa(j) & — V)]
where for the moment we leave a,d unevaluated.

Now suppose that % is self-dual so that G, H represent bases for the same space %.
Then there are (inverse) matrices E, F such that EG =H,FH = G. With E = (eij), F =
(fi;) we have the following consequences derived from divisibility conditions. From
EG=H

(1) 20 <6, 0 4 o) <&, €11 = [€ — 20,6 — 0 — On(jy, & — 0Lj — Un( ],
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(i) 204 <e+ fi = 7020 + tn() SE+ Bj = 7j % + %n(j) K&+ Py = Va(i)s €21 = V'[6 -
20 + Bi = Vis& = % = Oy + Prij) = V(i) 8 — % — sy + B — ¥4,
(iii) [using eq; from (i)] ein = —v[e — 20; + fi — Vi€ — 0 — On(jy + Bj — Vj6 —
—ta(j) + Py — Yl
(iv) [using ey from (ii)] v0'[e — 20 4 2 — Vi — otj — tn(jy + B 4 Bay) = V(i) €
=0 = tn(j) + B & Br(jy = 7] + enlvis v va(n] = [6 = vin& = Vniin & = 751
Similarly, from FH =G
(V) €21, + Y2y, S22 =20 — &7 + Vn(j) — &7 + V=) — €l
(Vi) e<Bit+yi,e<PBi+7n(i) < Priy+ 7 fr2=0[Bi+yi—& B+ —& Bry +7i— ¢l
(vii) [using f2 from (V)] f21 = —V'[Bi + i — & Bacjy + 7 — & B + Va(j) — &,
(viii) [using f12 from (vi)] fiile — o, & — o jy, € — o]+ 00 [2; — o, B + Py
—a(j)s By + PBryy — o] = [0, o), ot )]
Next, the diagonal entries of L are equal to those of G so
(ix) d = [0, 0, o ), (@/d)e = Vi — Pu(jyo€ — V] =6 — 0 — o + & —yise
—On(j) = % & = Va(j)» € — % = On(j) + & = 7] = [Vi> 77> Vn(y], hence oy +
=&, 0 + da(j) + 7 + V() = 26

It now follows that ¥ has dimension m since

(x) dim @ =3_0fi(ou +7:) + D 0f (o + oajy +7; + Va(iy) = 22 0 i(e) + D2 0 f j(2¢)

=m.

From the conditions thus determined it follows that (iv) and (viii) may be divided

through by their right-hand sides, and that the resulting equations are identical apart

from the coefficients e, f11, which are therefore equal. We write w for their common

value in

(xi) 00'[2Bi — 204, B + Br(jy — % — %), B + Brii) — % — o] + w2y — &, 75
a0y — &7 + Yy — €] = [0,0,0].

We have now determined a set of necessary conditions on o, 3., ¥, v (contained in (i),

(i), (v), (vi), (ix), (xi)) for the structure of a minimal Grobner basis of a self-dual

code of index 2. Their sufficiency follows from the fact that if these conditions hold

then the inverse matrices

_ ( (27 = &7+ a0y = 87+ va0) =81 —VLBi =0, Bj 4 ) — & Py + 75 — ] )
O'[Bi — o, Bagjy + 7 — & B+ V() — €] w
P ( w B = o B+ vaijy — & Brijy + 7 — €] >
- /
=V [Bi — i Pr(jy v — & B+ vy — €l [29i — &9 4 V(i) — &7 + Va) — €]
are well defined, have determinant 1, and satisfy E G=H JFH = G, which implies that
¢ = (gl. We have therefore proved the following characterisation.

Theorem 4.1. The code € of index 2 is self-dual if and only if each minimal Grébner
basis of € has a generator matrix

( [0, o), o jy] OLBis By B )] )
0 NI A
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where

(a) 205 <e, 05 + gy <&,

(b) 204 <e 4 Bi — i, % + o) <&+ Bj = 775 % + () <&+ PBagj) = Vri)s

(¢) e<Pi+ Vi <P+ Vn(j)» 6 < Prij) + 7>

(d) oy +7yi=e0; + oty + 7+ Va(jy = 28,

(€) v0'[2Bi =20, B+ P jy =% = ta jys B+ Brijy = % — e j)] = 1mod [29; =04,y +7a(jy =
&7+ 7a(j) — &l where v' =—x"0,r=>3",0fi(0— Bi)+>_; 0.f (040 jy— Bj — Bri ))-

In the special case [}i,7;,vx(jy] =x" — 1 the reduced Grobner basis generating set of

€ is (1 v) where v0 = —1modx™ — 1 and dv < m.
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